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5 PLAN of the Wornucrione given. in the end 


25 by the DUBLIN SOCIETY, to enable YouTH to become 
roficients in the different Branches of that Art, and to' purſue with 


Succeſs. Letten kita nautical, mechanical, commercial or military. In- 


uit. 


/ 


20 07% ret? S Þ 1 ſont les * 3 e te tous les hpi 5 
ſordres, & les plus grands Fleaux de la Societe. | 


ME Education of Youth i is conſi deed 1 in all Countries as the Ob- Wiſe Re 


je which intereſts moſt immediately the Happineſs of Families, e 


tive to the 


as well as that of the State. To this End, the ableſt Hands are employ- Education 
ed in forming Plans of Inſtruction, the beſt calculated for the various of Youth, in 


Profeſſions of Life, and Societies are formed, compoſed of Men diſtin- — 


guiſhed, as well by their Birth and Rank, as by their Experience and and other 


Knowledge, under whoſe Inſpection, and by whoſe Care they are carried Pets of Eu- 


into Execution, by Perſons of acknowledged Abilities in their different 


rope. 


Departments: And thus the Education of Youth is conducted, from 
their earlieſt Years, in a Manner the beſt fuited to engage their Minds 


in the Love of uſeful Knowledge, to, improve their Underſtandings, to 


form their Taſte and ripen their Judgments, to fix in them an Habit of 
Thinking with Steadineſs and Attention, to promote their Addreſs 
and Penetration, and to raife their Ambition to excel i in their reſpective 


Provinces. 


However neceſſary ſuch Regulations may appear to every reaſonable Fatal Conſe 
| Perſon, however withed for by every Parent who feels the Loſs of a pro- 


per Education in his own Practice; nevertheleſs the 
i of in 1 this Country, where that Extent of 


Uenccs re- 
N e 
had not been even the 


RoWiedge requiſite 


* 
ofthis Object 


3 
22 


— 


| * 8 the to purſue with Succeſs, geographical, nautical, mecha 


COURSE or 


4 Youth wv-appear with Dignity in the wap Employ. 

| prep pr enable them to bring to Perfection the different 1 "EY 
they- are deſigned, being: not K. r to ·; Education was regarded 

pouerile Object, and of Courſe abandoned to illiterate P T 
their illiberat and mechanic Methods of teaching baue Ye 

no Information. 3 bf 
To remove ſo en and well grounded a Complaint, 
that the Youth of this Kingdom fhould receive in the Dove 
_ eſtabliſhed by the DvnLin-SoctrTy, the InflruQi 
ble them to become Proficients in the different Branches EW that 


Driving: nieal, | 
School «ſta. or military Enquiries : in this View, an Abſtract of the followi in Es 
5 in. were delivered to their Secretaries and Treafurer in the Month Oddo 
yarn r ber, 1 764, to be laid before the Society; and to prevent an Undertaking of 

e Dublin National Utility, to be defeated through the Suggeſtions of Deſign 6h 
92 75 but norance, the Plans were printed; which being received by the Public 
| Foo 4 with general Approbation, the DusLin-So CIETY, purſuant to the Report 

lies thi of their Committee appointed to examine into the Merit of the Plans, 
and the Character of the Propoſer, reſolved, the 4th of February, 1 768, 
that they ſhould be carried into Execution bY the Author, under their 


immediate Inſpection. 


1285 


The PLANS are as follow. 


„* 

L. A N of a Courſe of pure Mathematicks, abſolutely DR for 
the right underſtanding any Branches of praQtical Mathematicks in 
their Application to geographical, nautical, mechanical, commercial and 

military Enquiries. | 1. 


PLAN of the phyſical and moral Syſtem of the W. orld, including 
the Inſtructions relative to young Noblemen at Gentlemen of Vere | 
tune. 
mM. 


PLAN of the military Art, including the InfruBtinns 1 


Engineers, Gentlemen of the Artillery, and, in general, to all Land. 
Officers. 
IV. 


: PI. AN of the merchantile Arts, or the Inflrufions relative t to thoſe. 
Who are intended for Trade. 
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MAT HEMAT CES. 
PLAN of the naval Art, including the Inſtructions relative to 
Ship-Buiders, Sea-Officers, and to all thoſe concerned in the Buſineſs 


. PLAN of a School of Mechanic Arts, where all Artiſts, ſuch as 
Architects, Painters, Sculptors, Engravers, Clock-makers, &c. receive The youth 
the Inſtructions in Geometry, Perſpective, Staticks, Dynamicks, Phy- of this King 
ſicks, Ac. which ſuit their reſpective Profeſſions, and may contribute to _ _ 
improve their Tafte and their Talents | moſt impor- 
Thoſe Pr.ans have convinced the Noblemen and Gentlemen of For- 55 a 
tune of this Kingdom, that their Children, and in general, the Youth „ 
of this Country, were deſtitute of the moſt important Means of Inn 
ſtruction, and would ever be deſtitute of them, until they had reſolved. - * 
that Men of Genius and Education ſhould be encouraged to appear as 
Teachers. | e 5 7 Ss . 


PLAN of a Courſe of FRY Mathematicks, abſolutely neceſſary for the 

' right underſtanding any Branches of practical Mathematicks in their Ap- 

| plication to geographical, nautical, mechanical, commercial, and military 

Inquiries. e | BE | 3 

Vix quicquam in univerſa Matbeſi ita dificile aut arduum occurrere poſſe, 
Jus non inoffenſa Pede per banc Met bodum penetrare liceat. n 


P RE Mathematicks comprehend Arithmetick, and Geometry. 

1 Practical Mathematicks, their Application to particular Objects, 

as the Laws of Equilibrium, and Motion of ſolid and fluid Bodies, the. 5 
Motion of the heavenly Bodies, Ec. they extend to all Branches of Utility of che 


S 


higheſt Importance, that the Youth “ of this Country ſhould be me- 
thodically brought acquainted with a Courſe of pure Mathematicks, to 
ſerve as an Introduction to ſuch Branches of Knowledge as are- requiſite 
to qualify them for their future Stations in Life. The Noblemen and 
Gentlemen of Fortune, therefore, have unanimouſly reſolved, that ſuch 
| a Courſe ſhould be given on the moſt approved Plan, in the DxawixGg 
SCHOOL eftablifhed- under their Inſpection, by a Perſon, who, on ac- 
Count of the Readineſs and Knowledge he has acquired in theſe Matters, 
during the many Years that he has made them his principal Occupation, 
is qualified for making the Entry to thoſe abſtruſe Lode, acceſſable to 

the meaneſt Capacity. - | a7 47 

- V T be proper Age to commence this Courſe is 14. 


* 


U Ovast D098: 


— 
- 


tematics. Yhich cannot be rightly deduced but from their Formation, and ſuiting 
Beginners, who, little accuſtomed to what demands a ſerious Attention, 


ſuch as Figures, and by a certain Detail in the Demonſtrations, is fol- 
lowed in the Elements (a). But as this Method, when applied to any 
other Reſearch, attains its Point, but after many Windings and per- 


Ine bode cidental Propoſitions which are ſo many Acceſſaries to the Subject; and 
| ſhould not very few having pic 46 enough, or even are capable of ſo earneſt an 
extend fur- Application as is neceſſary to follow the Thread of ſuch complicated 
fimple Ele Demonſtrations : afterwards a Method more eaſy and leſs fatiguing to 
ments. the Attention is purſued. This Method is the analitic Art, the inge- 

nious Artifice of reducing Problems to .the moſt ſimple and eaſieſt 

Calculations that the Queſtion propoſed can admit of; it is the uni- 
verſal Key of Mathematicks, and has opened the Door to a great Num- 
ber of Perſons, to whom it would be ever ſhut, without its Help; by 

its Means, Art ſupplies Genius, and Genius, aided by Art ſo uſeful, 
has had Succeſles that it would never have obtained by its own Force 

alone; it is by it that the Theory of curve Lines have been unfold- 
ed, and have been diſtributed in different Orders, Claſſes, Genders, 
and Species, which as in an Arſenal, where Arms are properly arrang- 
| ed, puts us in a State of chuſing readily thoſe which ſerve in the Re- 
The Anali- ſolution of a Problem propoſed, either in Mathematicks, Aſtronomy, 
tick Method Opticks, c. It is it which has conducted the great Sir [/aac Newton 
_ 2 wes to the wonderful Diſcoveries he has made, and enabled the Men of 


tical Diſcore Genius, who have come after him, to improve them. The Method of 
ries, Fluxions, both direct and inverſe, is only an Extention of it, the firſt be- 


Scotland. &c. the Maſters commence their Courſes by the Elements of Geometry; we ſhall 
only inſtance that of Edinburgh, where a hundred young Gentlemen attend from the firſt of 
November to the firſt of Auguſt, and are divided into five Claſſes, in each of which the Maſter 

employs a full Hour every Day. In the firſt or loweſt Claſs, he teaches the firſt ſix Books of 
Euclid's Elements, plain Trigonometry, practical . the Elements of Fortification, and 
an Introduction to Tigebra. The ſecond Claſs'ſtudies Algebra, the 11th and 12th Books of 
_ Euclid, ſpherical Trigonometry, conic Sections, and the general Principles of Aſtronomy. The 
third Claſs goes on in Aſtronomy and Perſpective, read a Part of Sir Iſaac Newton's Principia, 
and have a Courſe of Experiments for illuſtrating them, 1 and explained to them: the 

Maſter afterwards reads and demonſtrates the Elements of Fluxions. Thole in the ſourth Claſs 

read a Syſtem of Fluxions, the Doctrine of Chances, and the reſt of Newton's Principia, with 

| Improvements they have received from the united Efforts of the firſt Mathematicians of 

Europe. 1 8 | CODER Son gh or 


| ; 4 21. 1 | | : 
© Methodot As to the Method of teaching Mathematicks, the fynthetic Method 
teaching Ma being neceſſary to diſcover the principal Properties of geometrical Figures, 


ſtand in Need of having their Imagination helped by ſenſible Objects, 


plexing Circuits, viz. by multiplying Figures, by deſcribing a vaſt many 
Lines and Arches, whoſe Poſition and Angles are carefully to be ob- 
ſerved, and by drawing from theſe Operations a great Number of in- 


(a) It is for theſe Reaſons that in all the public mathematical Schools eſtabliſhed in England, 


minen, vu 
ing the Art of finding Magnitudes infinitely ſmall, which are the Ele- 


d ments of finite Magnitudes; the ſecond the Art of finding again, b 
„% the Means of Magnitudes infinitely ſmall, the finite Quantities to whic 
* they belong; the firſt as it were reſolves a Quantity, the laſt reſtores 
E it to its firſt State; but what one reſolves, the other does not always 
of reinſtate, and it is only by analitic Artifices that it has been brought 
7 to any Degree of Perfection, and 5 in Time, will be rendered 
4 univerſal, and at the ſame Time more ſimple. What cannot we ex- 
Y pect, in this ReſpeQ, from the united and conſtant Application of the 
5 firſt Mathematicians in Europe, who, not content to make uſe of this 
5 ſublime Art, in all their Diſcoveries, have perfected the Art itſelf, and 


e,, 5-5 Et 5 . 5 
This Method has alſo the Advantage of Clearneſs and Evidence, and Has che Ad- 
the Brevity that accompanies it every where does not require too ſtrong vantage of 


an Attention. A few Years moderate Study ſuffices to raiſe a Perſon, . 


of ſome Talents, above theſe Geniuſes who were the Admiration of and Brevity. 
Antiquity ; and we have ſeen a young Man of Sixteen, publiſh a Work, 
('Traite? des Courbes d double Courbure par Clairaut) that Archimedes 
would have wiſhed to have compoſed at the End of his Days. The 
Teacher of Mathematicks, therefore, ſhould be acquainted with the 
different Pieces upon the analitic Art, diſperſed in the Works of the 
moſt eminent Mathematicians, 'make a judicious Choice of the moſt ge- 
neral and eſſential Methods, and lead his Pupils, as it were, by the 
Hand, in the intricate Roads of the Labyrinth of Calculation; that by 
this Means Beginners, exempted from that cloſe Attention of Mind, 
which would give them a Diſtaſte for a Science they are deſirous to at- 
tain, and methodically brought acquainted with all its preliminary Prin- 
ciples, might be enabled in a ſnort Time, not only to underſtand the 
Writings of the moſt eminent Mathematicians, but, reflecting on their 
Method of Proceeding, to make Diſcoveries honourable to themſelves - 
and uſeful to the Public. 2 1 
| NV Tp © PT | | 8 BZ Fran 
Arithmetick comprehends the Art of Numbering and Algebra, conſe- 1% At 
quently is diſtinguiſned into particular and univerſal Arithmetick, becauſe metick nu- 
the Demonſtrations which are made by Algebra are general, and nothing 2 and 
; can be proved by Numbers but by Induction. The Nature and Forma- Aested. 
tion of Numbers are clearly ſtated, from whence the Manner of per- 
forming the principal Operations, as Addition, Subtraction, Multipli- 
cation and Diviſion are deduced. The Explication of the Signs and 
Symbols uſed in Algebra follow, and the Method of reducing, add- 
ing, ſubtracting, multiplying, dividing, algebraic Quantities ſimple 
and compound. This prepares the Way for the Theory of vulgar, 
algebraical, and decimal FraQtions, where the Nature, Value, Man- 
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The Art of 


tions. 


Chance. 


Diviſion of 


into Elemen To 


ſolving Eqa- 


4 thod — 2 moſt natural, as it is the moſt conducive towards. a juſt and — 
of the Subject, by beginning with ſuck Particulars as are mo cally conceived, and flow moſt 


where a 


LEY 


covRsrt or 


Manner of comparing then, and their Operations, are carefully un- 
folded. 'The Compoſition and Refolution of Quantities comes after, 


including the Method of raiſing Quantities to any Power, extracting of 


Roots, the Manner of performing upon the Roots of imperfect Powers, 
radical or incommenfurabte Quantities, the various Operations of which 
they are fuſceptible. The Compoſition and Reſolution of Quantities 
being finifhed, the Doctrine of Equations preſents itſelf next, where 
their Gals: the Nature and Number of their Roots, the different 
Reductions and 'Transformations that are in Uſe, the Manner of folvi 

them, and the Rules imagined for this Purpoſe, ſuch as Tranſpoſition, 
Multiplication, Diviſion, Subſtitution, and the Extraction of their Roots, 
are accurately treated. After having conſidered Quantities in themſelves, 
it remains to examine their Relations; this Doctrine comprehends arith- 
metical and geometrical Ratios, Proportions and Progreffions: The 
Theory of Series follow, where their Formation, Methods for diſcover- 


ing their 8 or Divergency, the Operations of which they 


are ſuſceptible, their Reverſion, mation, their Uſe in the Inveſti- 


gation of the Roots of Equations, Conſtruction of Logarithms, Cc. are 
The Naw of taught. In fine, the Art of Combinations, and its Ap lication for de- 


termining the Degrees of Probability in civit, moral and political Enqui- 
ries are diſclofed. Ars cujus Ufus et Neceſſitas ita uniuerſale eſt, ut fine 
illa, nec Sapientia Philofophi, nec Hiftorici Exactitudo, nec Medici Dex- 
teritas, aut Politici Prudentia, confif ere queat. Omnis enim horum Labor 
in conjeftando, et omnis Conjectura in Trutinandis Cauſarum Complexioni- 


Bus aut Combinationibus r. 


gy: | | 
GEOMETRY | is divided into ELEMENTARY, Transe suo xu at 
and SuRLIME. | 


. open to Youth an accurate and eaſy Method for acquiring a 
ſcendentel Knowledge of the Elements of Geometry, all the Propoſitions in Euclid 
1 00 in the Order they are found in the beſt ige, are retained with 


(a2) « Perſpicuity in the Method and Form of Reaſoning i of is the' peculiar Characteriſtic of 

« Enclid's Elements, not as interpalated by Campanus and 1 by Herigunc and 

** Barrow, ar depraved by 'Tacquet and pong goon root handed down ta us by 
2 1 His Demonſtrations being conducted with the moſt expreſs Neſign of reducing 

ciples aſſumed to the feweſt Number, and moſt evident that mi; Shit des and in a Me- 


« readily from the Principles | aid down ; thence by gradvally pr dog to ſuch as are < more ob- 
«' foure, and require a lo r Chain of — ren and have mee bo all A 
« 2s the molt perfect in their Kind. Such. is the Judgment of the ROYAL SOCIETY, 6. 9 
have _— at the fie Time their Diſlike to the new modelled Elemerits that at preſent « eve 
nd; and to the iibera? and mechanie Methods: of teaching thoſe moſt perfect Art 
which is to-be hoped, wilt never- be: countemanced: im the Public: bckwols. 9 


land, &e. 


* 
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all poſſible Attention, as alſo the Form, Connection and Accuracy of 
his Demonſtrations. The eſſential Parts of his Propoſitions being ſet Methodical 


4 | forth with all the Clearneſs imaginable, the Senſe of his Reaſoning are Order in 


explained and placed in ſo advantageous a Light, that the Eye the IN; entre 


attentive may perceive them. To render theſe Elements ſtill more eaſy, Evclid are 
the different Operations and Arguments eſſential to a good Demonſtra- 9 
tion, are diſtinguiſhed in ſeveral ſeparate Articles; and as Beginners, in 

order to make a Progreſs in the Study of Mathematicks, ſhould apply 
themſelves chiefly to diſcover the Connection and Relation of the differ- 

ent Propoſitions, to form a juſt Idea of the Number and Qualities of 

the Arguments, which ſerve to. eſtabliſh a new Truth; in fine, to diſ- 

cover all the intrinſical Parts ofa Demonſtration, which it being impoſſible 

for them to do without knowing what enters into the Compoſition of a 


SE Theorem and Problem, Firſt, The Preparation and-Demonſtration are 
8 diſtinguiſhed from each other. Secondly, The Propoſition being ſet 
down, what is ſuppoſed in this Propoſition is made known under the 
Title of Hypotheſis, and what is affirmed, under that of Theſis. Third- 


ly, All the Operations neceſſary to make known Truths, ſerve as a Proof 
to an unknown one, are ranged in ſeparate Articles. Fourthly, The 
Foundation of each Propoſition relative to the Figure, which forms the 
Minor of the Argument, are made known by Citations, and a marginal 
Citation recalls the 'Truths already demonſtrated, which is the Major : 
In one Word, nothing is omitted which may fix the Attention of Be- 


ginners, make them perceive the Chain, and teach them to follow the 


Thread of geometrical Reaſoning. 
| = ; 5 + ; | 
Tranſcendental Geometry preſuppoſes the algebraic Calulation; it com- Tranſcen- 

mences by the Solution of the Problems of the ſecond Degree by Means of 3 
the Right-line and Cirtle: This Theory produces important and curious 
Remarks upon the poſitive and negative Roots, upon the Poſition of 
the Lines which expreſs them, upon the different Solutions that a Pro- 
blem is ſuſceptible of; frgm thence they paſs to the general Principles 
of the Application of Algebra to curve Lines, which conſiſt, Firſt, 
In explaining, how the Relation between the Ordinates and Abciſſes of 
a Curve is repreſented by an Equation. | Secondly, How by ſolving this 
Equation we diſcover the Courſe of the Curve, its different Branches, 


In what it 
conſiſts. 


and its Aſymptots. Thirdly, The Manner of finding by the direct Me- 
thod of Fluxions, the Tangents, the Points of Maxima, and Minima. 
Fourthly, How the Areas of Curves are found by the inverſe Method 


of Fluxions. VV : 4; 
The Conic Sections follow; the beſt Method of treating them is to Beſt Method 
conſider them as Lines of the ſecond Order, to divide them into ef treateng 


| 5 l Ny | : | ic Sec- 
their Species. When the moſt ſimple Equations of the Parabola, — he, 


1 


4 


* FUT | 
Ellipſe, and Hyperbola are found, then it is eaſily ſhewn that theſe 
Curves are generated in the Cone. The Conic Sections are terminated 
by the Solution of the Problems of the third and fourth Degree, by the 
Means of theſe Curves. | LE ir . 
| The Conic Sections being finiſhed, they paſs to Curves of a ſuperior 
The differ- Order, beginning by the Theory of multiple Points, of Points of Inflec- 
ef rer tion, Points of contrary Inflection, of Serpentment, Cc. Theſe Theo- 
ries are founded partly upon the ſimple algebraic Calculation, and partly 
on the direct Method of Fluxions. Then they are brought acquainted 
with the Theory of the Evolute and Cauſtiques by Reflection and Re- 
fraction. They afterwards enter into a Detail of the Curves of different 
Orders, aſſigning their Claſſes, Species, and principal Properties, treat- 
ing more amply of the beſt known, as the Folium, the Conchoid, the 
Ciſſoid, A c 55 ; 35 8 5 e 
The mechanic Curves follow the geometrical ones, beginning by the 
exponential Curves, which are a mean Species between the geometrical 
_ Curves and the mechanical ones; afterwards having laid down the ge- 
neral Principles of the Conſtruction of mechanic Curves, by the Means 
of their fluxional Equations, and the Quadrature of Curves, they enter 
into the Detail of the beſt known, as the Spiral, the Quadratrice, the 
Cycloid, the Trochoid, Cc. | 
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Sublime Sublime Geometry comprehends the inverſe Method of Fluxions, and: 
Geometry. its Application to the Quadrature, and Rectification of Curves, the 

cubing of Solids, Sc. 5 | 
Fluxional Quantities, involve one or more variable Quantities ; the 
natural Diviſion therefore of the inverſe Method of Fluxions is into the 

Its Piviſion. Method of finding the Fluents of fluxionary Quantities, containing one 
variable Quantity, or involving two or more variable Quantities; the 

Rule for finding the Fluents of fluxional Quantities of the moſt ſimple 
Form, is laid down, then applied to different Caſes, which are more 
compoſed, and the Difficulties which ſome Times occur, and which em- 

: barraſs Beginners, are ſolved. | N 1 | 
What the 'Theſe Reſearches prepare the . e finding the Fluents of fluxional 
— — Binomials, and Trinomials, rational Fractions, and ſuch fluxional Quan- 
hends. tities as can be reduced to the Form of rational Fractions; from thence 

: they paſs to the Method of finding the Fluents of ſuch fluxional Quan- 
tities which ſuppoſe the Rectification of the Ellipſe and Hyperbola, as 
well as the fluxional Quantities, whoſe Fluents depend on the Quadra- 
ture of the Curves of the third Order ; in fine, the Reſearches which 
Mr. Newton has given in his Quadrature of Curves, relative to the Qua- 
drature of Curves whoſe Equations are compoſed of three or four Terms ; 


4 


> "MATHEMATICES 
und this firſt Part is terminated by the Methods of finding the Fluents 
of fluxional, logarithmetical, and exponential Quantities, and thoſe 


thods of Approximation, for the Solution of Problems, which can be 
reduced to the Quadrature of Curves. 5 . 

5 The ſecond Part of the inverſe Method of Fluxions, which treats of 
FEE Auxional Quantities, including two or more variable Quantities, com- 


as require no previous Preparation ; the Methods for knowing and 

3X diſtinguiſhing theſe Quantities or Equations; afterwards they paſs to 

bl the Methods of finding the Fluents of fluxional Quantities, which have 
SE need of being prepared by ſome particular Operation, and as this Oper- 
ation conſiſts moſt commonly in ſeparating the indeterminate Quantities, 
after being taught how to conſtruct differential Equations, in which the 
_ indeterminate Quantities are ſeparated, they enter into the Detail of the 


Equation, either by Multiplication, Diviſion, or Transformations, be- 
being taught how to conſtruQ theſe Equations in all Caſes, the Manner 


thod of indeterminate Co-efficients can be employed for finding the 
Fluents of fluxional Equations, including a certain Number of variable 
Quantities, and how by this Method, the Fluent can be determined by 


of the third Order, have three Fluents of the ſecond Order, but the laſt 
Fluent of a fluxionary Equation: of any Order is ſimple; then the vari- 
ous Methods imagined by the moſt eminent Mathematieians for finding 
theſe Fluents, ſuppoſing the Fluxion of any one variable Quantity con- 
Kant, are explained, and the Whole, in fine, terminated by the Applica- 


different Methods for ſeparating the variable Quantities in a propoſed 


which are affected with many Signs of Integration, and the various Me- 


mences by ſhewing how to find the Fluents of ſuch fluxional Quantities 


What the 
ſecond Part 
compre- 


hends. 


ing ſhewed their Application, firſt to homogeneous Equations, and after 


of reducing Equations to their Form is then explained. How the Me- 


certain Conditions given of a fluxional Equation. Fluxional Quantities | 
of different Orders follow; it is ſhewn, firſf, that fluxional Equations 


non of this Doctrine to the Quadrature and Rectification of Curves, 


Cubing of Solids, c. | 
| | VII. 


Such is the Plan of a Courſe of pure Mathematicks traced by New- 
ton, improved by Cotes, Bernoully, Euler, Clairaut, D' Alembert, M*Laurin, 
Simpſon, Fontain, * &c. which ſerves as a Baſis to the Inſtructions re- 
quiſite to 22 Youth to appear with Dignity in the different Employ- 
ments of Life, or to enable them in Time, to bring to Perfection the 
various Arts for which they are intended. „ 


* Quadratura curyarum, hatmonia menfurarum, &C, 


Concluſion: 
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PLAN of the Syſtem of the Phyſical and Moral World, including the 
Inſtructions relative to young Noblemen and Gentlemen of Portune. 


1. | e ar 
PLAN of the Syſtem of the Phyſical World. N 
— Nubem pellente matheſi, HDD. fats 0 
Clauſtra patent cœli, rerumque immobilis ordo: u 
Jam ſuperum penetrare domos, atque ardua cœli fe 
Scandere, ſublimis genii conceſſit acumen. F 
85 | I. | F 
Utility of A T UDW in general is neceſſary to Mankind, and eſſentially contri- S 
of the 87 butes to the Happineſs of thoſe who have experienced that active 1 


ſtem of the Curioſity which induceth them to penetrate the Wonders of Nature. 
World, It is, beſides, a Preſervative againſt the Diſorders of the Paſſions; a 
1 Pre. Kind of Study therefore which elevates the Mind, which applies it 
fervative Cloſely, conſequently, which furniſhes the moſt aſſured, arms againſt 
againſt the the Dangers. we ſpeak of, merits particular Diſtinction. „ It is not 
| Paſſions. 4 ſufficient, ſays Seneca, to know what we owe to our Country, to our 
« Family, to our Friends, and to ourſelves, if we have not Strength of 
« Mind to perform thoſe Duties, it is not ſufficient to eſtabliſh Precepts, 
© we muſt remove Impediments, ut ad prœcepta que damus pofſit animus 
ce ire, ſolvendus eſt. (Epiſt. 95.) Nothing anſwers better this Purpoſe 
than the Application to the Study of the Syſtem of the World; the 
Wonders which are diſcovered captivate the Mind, and occupy it in a 
noble Manner ; they elevate the Imagination, improve the Underftand- 
ing, and fatiate the Heart: The greateſt Philoſophers of Antiquity 
3 have been of this Opinion. Pythagoras was accuſtomed to ſay, that 
= cance Men ſhould have but two Studies, that of Nature, to enlighten their 
Uncderſtandings, and of Virtue to regulate their Hearts; in effect to be- 
come virtuous, not through Weakneſs but by Principle, we muſt be 
able to reflect and think cloſely ; we muſt by Dint of Study be delivered 
from Prejudices which makes us err in our Judgments, and which are 
ſo many Impediments to the Progreſs of our Reaſon, and the Improve- 
ment of our Mind. Plato held the Study of Nature in the higheſt 
Eſteem ; he even goes ſo far as to ſay, that Eyes were given to Man to 
© contemplate the Heavens: To which alludes the following Paſſage of 
| Finxit in effigiem moderantum cundla deorum, 
| Pronaque cum ſpetiant animalia cetera terram, 
Ot bomini ſublime dedit, cœlumgue tueri 
Tuſfit, et erectos ad ſidera tollere vultus. 
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PHYSICAL WORLD... XII 


II. 


The Poets who have illuſtrated Greece ad haly, and whoſe Works 22 
are now ſure of Immortality, were perfectly acquainted with the Hea- ae * 


vens, and this Knowledge has been the Source of many Beauties in their 


Works: Homer, Heſiod, Aratus, among the Greets: Horace, Virgil, 
Ovid, Lucretius, Manilius, Lucan, Claudian, among the Latins; make 
uſe of it in ſeveral Places, and have expreſſed a ſingular Admiration 


for this Science. 


Ovid after having anounced in his Faſti, that he propoſes celebrating 
the Principles on which the Diviſion of the Roman Year is founded, 


enters on his Subject by the following pompous of the firſt 


Damme of the Syſtem of the World. 


" Felices animos, quibus hec cognoſcere primis,. 
Inque domos ſuperas ſcandere cura fuit, 
Credibile eſt illos pariter vitiiſque W 
Altius humanis exeruiſſe caput. 
Non venus aut vinum ſublimia pectora fregit, 
Officiumve fori militiægue labor, 
| Nec levis ambitio perfuſaque gloria fuco, 
Magnarumve fames ſollicitavit opum. 
Admovere oculis diftantia ſydera nofiris, 
Atberaque ingenio ſuppoſuere ſu * 
Sic petitur cœlum. 


W in the following . ti Archimedes on his Inven- | 
tion EM a Sphere admirably. contrived to repreſent the celeſtial Motions. 


upiter in parvo cum cerneret ætbera vitro, 
Riſit, et ad ſuperos talia dicta dedit : 
Huccine mortalis progreſſa potentia cure ! 
Jam meus in fragili luditur orbe labor. 
Jura poli, rerumque fidem legeſque deorum 
Ecce Syracuſius tranſtulit Arte ſene ; 
Incluſus Variis famulatur ſpiritus aftris, 

Et vivum certis motibus urget opus; 
Fercurrit proprium mentitus ſignifer, annum, 
Et ſimulata novo Cynthia menſe redit : 

Jamque ſuum volvens audax induſtria mundum 


Ganda, et dumme won mente regit. 


Xv 


ject: 


SYSTEM OF THE 


Virgil ſeems deſirous of renouncing all other Study, to contemplate 


the Wonders of Nature. 


Me vero primum dulces ante omnia muſæ, 
Quarum ſacra fero ingenti percuſſus amore, 
Accipiant, celique vias et ſydera monſtrent 
Defectus ſolis varios, lunæque labores, | 
Unde tremor terris, qua vi maria alta tumeſcant 
Objicibus ruptis, rurſuſque in ſeipſa reſidant, 
Duid tantum oceano properent ſe tingere ſoles 
Hyberni, vel que tardis mora noftibus obſflet . . . . . 
Felix gui potuit rerum congnoſcere cauſas. 


La Fontaine imitates the Regrets of Virgil in a maſterly Manner, 


where he ſays, . 2 
Quand pourront les neuf ſæurs loin des cours et des villes, 
M occuper tout entier, et m' apprendre des cieux | 
Les divers mouvements inconnus d nos yeux, 
Les noms et les vertues de ces clartes errantes. 


Songe dun habitant du Mogol. 


Voltaire, the firſt Poet of our Age, has teſtified in many Parts of his 
Works, his Taſte for Aſtronomy, and his Eſteem for Aſtronomers, whom 
he has celebrated in the fineſt Poetry. What he ſays of Newton is 
worthy of Attention. £ | „ | 


Confidens du Tres Haut, Subſtances eternelles, 

Dui parez de vos feux, qui couvrez des vos ailes, 

Le trone ou votre maitre eſt aſſis parmis vous: 
 Parles! du grand NEWTON wetiez vous point jaloux. 


To which we can only oppoſe what Pope has faid on cert haue Sub- 


Nature and Nature's Laws lay hid in Night; . 
God ſaid, Let Newton be, and all was Light. 


The great Geniuſes of every Species have been ſurprized at the In- 
difference which Men ſhew for the Spectacle of Nature. 74% puts 
Reflections in the Mouth of Rinaldo, which merit to be recited for the 
Inſtruction of thoſe to whom the ſame Reproach may be applied; it is 
at the Time when marching before Day towards Mount Olivet, he con- 
templates the Beauty of the Firmament. e 
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| Con gli occhi alzati contemplando intorno, 
Quinci notturne e quindi matutine 
Bellezze, incorruptibili e divine; 
Fra ſe ſteſſo penſava, o quanto belle 
Luci, il tempio celeſte in ſe raguna ! 
Ha il ſuo gran carro il de, Paurata ſtelle 
Spiega la notte, e Pargentata Luna; 
Ma non è chi vagbeggi o queſta, o quelle; 
E miriam noi torbida luce e bruna,. 
Cb'un girar docchi, un balenar di riſo 
Scopre in breve confin di fragil viſo. = 
| IxRVs. Cant. xvii. St. 12, 13. 


late 


5 | 1 | 5 = ; 
The Knowledge of the Syſtem of the World has delivered us from Effets 


: a . which the 
the Apprehenſions which Ignorance occaſions; can we recal without Innorance 


Compaſſion, the Stupidity of thoſe People, who believed that by making of the Syſ⸗- 
2 great Noiſe when the Moon was eclipſed, this Goddeſs received Relief tem of the 


from her Sufferances, or that Eclipſes were produced by Inchantments (a) ? ————— 


er, | 


Cum fruſtra reſonant Æra auxiliaria Lung. Met. iv. 333. 
Cantus et e Curru Lunam deducere tentant, 


is Et faceret fi non Ara repulſa ſonent. Tib. EL 8. | 
is 1 The Knowledge of the Syſtem. of the World has diſſipated the Errors of The Know- * 
—Aſtrology, by whoſe fooliſh Predictions Mankind had been ſo long abuſed. Ro og 9 


The Adventure of 1186, ſhould have covered with Shame the Aſtrologers the World: 
of Europe; they were. all, Chriſtians, Jews and Arabians, united to 1 
anounce, ſeven Years before, by Letters publiſhed throughout Europe, ron Geke, 
a Conjunction of all the Planets,, which would be attended with ſuch Aſtrology. — 
terrible Ravages, that a general Diſſolution of Nature was much to be | 
dreaded, ſo that nothing leſs than the End of the World was expected: 
this Year notwithſtanding paſſed as others. But a hundred Lies, each 
as well atteſted, would not be ſufficient to wain ignorant and; credulous 
Men from the Prejudices of their Infancy. It was neceſſary that a Spi- 
rit of Philoſophy, and Reſearch, ſhould ſpread itſelf among Mankind, 
open their Underſtandings, unveil the Limits of Nature, and accuſtom 
them not to be terrified without Examination, and without Proof. | 
Ihe Comets, as it is well known, were one of the great Objects of 
Terror which the Knowledge of the Syſtem of the World has, in fine, 


(0 Seneca, Hpolit, 587, Tacit, Ann, Flutarch in Pericle, et de defeftu.Oraculoram. 


SYSTEM OF THE 
removed. It is not without Concern we find ſuch ſtrange Prejudices in 
the fineſt Poem of the laſt Age, whereby they are tranſmitted to the 


lateſt Poſterity. _ x 


Qual colle chiome ſanguinoſe horende, 
Splender cometa ſuol per Paria aduſta, 
Che i regni muta, ei fieri morti adduce, 


Ai purperei tiranni infauſia luce. Ixkus. Lib. 7. St. 52. 


The Charms of Poetry are actually employed in a Manner more phi- 
loſophical and uſeful, witneſs the following fine Paſſage. EET 


Cometes que Pon craint @ legal du tonnerre, 
Ceſſez depouvanter les peuples de la terre; 
Dans une Ellipſe immenſe achevez votre cours, 
Remontez, deſcendez pres de Paſtre des jours; 
Lancez vos feux, volez, et revenant ſans ceſſe, 
Des mondes epuiſez ranimez la vielleſſe. 


Thus the profound Study of the Syſtem of the World has diſſipated 
abfurd Prejudices, and re-eſtabliſhed human Reaſon in its inalienable 
Rights. - | | | 
The Know To the Knowledge of the Syſtem of the World, are owing the Im- 
— 14 provements in Coſmography, Geography, and Navigation; the Obſer- 
the World vation of the Height of the Pole, taught Men that the Earth was round, 
_ 1 Eclipſes of the Moon taught how to determine the Longitudes of 
and Nabe the different Countries of the World, or their mutual Diſtances from 
tion, and ' Eaſt to Weſt. The Diſcovery of the Satellites of Jupiter, has contri- 
| _ vent buted more effectually to improve geographical or marine Charts, than 
Ss im ten thouſand Years Navigation; and when their Theory will be better 
portance to known; the Method of Longitudes will be ſtill more exact and more 
8 eaſy. The Extent of the Mediterranean was almoſt unknown in 1600, 
: and To-Day, is as exactly determined as that of England or Ireland. 
By it the new World was diſcovered. Chriſtopher Columbus had a more 
intimate Knowledge of the Sphere, than any Man of his Time, ſince it 
gave him that Certainty, and inſpired him with that Confidence with 
which he directed his Coutſe towards the Weſt, certain to rejoin by the 
| Eaſt the Continent of Aſia, or to find a new one. And nothing ſeems 
to be wiſhed for, to render Navigation more perfe& and ſecure, but a 
Method for finding with Eaſe, the Longitude at Sea, which is now ob- 
tained by the Means of the Moon: And if the Navigators of this 
Kingdom were initiated in Aſtronomy, by able Teachers, as is practiſed 
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PHYSICAL WORLD. 


in other Parts of Europe, their Eſtimation would approach within twenty _ 1 
Miles of: the Iruth, whilſt in ordinary Voyages, the Un certain 
amounts to more than three hundred Leagues, by which the Lives and 

= Fortunes of Thouſands are endangered. The Utility therefore of the 
Marine to thoſe Kingdoms, where Empire, Power, Commerce, even 
Peace and War, are decided at Sea, proves that of the Knowledge of 


s in 
the 


me Syſtem of the World. | 3 
| 1850 5 LL a Es 1 : 4 
= The aQual State of the Laws, and of the eccleſiaſtical Adminiſtra- The Refor 2 


phi- | tion, is eſſentially connected with the Syſtem of the World; St. Au- mation of 


guſtine recommended the Study of it particularly for this Reaſon ; St. - = 3 
=_—_ Hyppolite applied himſelf to it, as alſo many Fathers of the Church, ed on it. 

= notwithſtanding our Kalendar was in ſuch a State of Imperfection, that 
the Fews and Turks were aſtoniſhed at our Ignorance. Nicholas V, 
Leon X, &c. had formed a Deſign of re-eſtabliſhing Order in the Ka- 

= lendar, but there were at that Time no Philoſophers, whoſe-Reputa- 
tion merited ſufficient Confidence. Gregory the XIIIth, governed at a 


Time when the Sciences began to be cultivated, and he alone had the E 
8 =—= Honour of this Reformation. Hy 
ated ed | > 55 VIL. = 8 5 5 
able Agriculture borrowed formerly from the Motions of the celeſtial Is uſeful in 
Bodies, its Rules and its Indications Fob, Heſiod, Varro, Eudoxus, Agriculture 
= Aratus, Ovid, Pliny, Columella, Manilius, turniſh a thouſand Proofs of it. 
Im- The Pleyades, Ardturus, Orion, Syrius, gave to Greece and Egypt the 
bſer- Signal of the different Works; the riſing of Syrius anounced to the 
und, RR Greeks the Harveſt ; to the Egyptians the overflowing, of the Nile. The 
es of Kalendar anſwers this Purpoſe exactly. 7 | e 
from . N = Wi : % 
ntri- TP Ancient Chronology deduces from the Knowledge and Calculation of is the Funn 
than Eclipſes, the moſt fixed Points which can be found, and in remote Times dation of 
etter we find but Obſcurity. The Chineſe Chronology is entirely founded up- e 
more on Eclipſes, and we would have no Uncertainty in the ancient Hiſtory - 


600, of Nations as to the Dates, if there were always Philoſophers. (See 
land. the Art of verifying Dates.) | ; bb W | 

| | | go © gs . | 
ce it It is from the Syſtem of the World we borrow the Diviſion of Time, Furniſhes 
with and the Art of regulating Clocks and Watches; and it may be ſaid, the Means 
7 the chat the Order and Multitude of-our Affairs, our Duties, our Amuſe- — 
eems ments, our Taſte, for Exactneſs and Preciſion, our Habitudes have ren- 
ut a , deered this Meaſure of Time almoſt indiſpenſable, and has placed it in 


ob- the Number of the Neceſſaries of Life; if inſtead of Clocks and 
Bar Watches, Meridians and ſolar Dials are traced, it is an Advantage that 
tiſed 


| the Knowledge of the Syſtem of the World has procured us, Dial- 


* 


A r * 75 oy. 


NI 


ls uſeful in 
Phyſick. 


- 
— 


ans, who are not acquainted with the Motions of the celeſtial Bodies, 
becauſe Remedies given at unſeaſonable Times are uſeleſs or hurtful, 
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ling being the Application of ſpherical Trigonometry; a Projection 
of the Sphere upon a Plane, or a Section of a Cone, according to the 


Forms given to a Dial, Lb 5 


| 7, | > 42 VF 
The Knowledge of the Changes of the Air, Winds, Rain, dry Wea- 


ther, Motions of the Thermometer, Barometer, have certainly an eſſen- 


tial and immediate Relation with the Health of the human Body; the 
Knowledge of the Syſtem of the World will be of ſenſible Utility, when, 
by repeated Obſervations, the phyſical Influences of the Sun and Moon 
upon the Atmoſphere, and the Revolutions which reſult will be diſ- 


covered. Galen adviſes the Sick not to call to their Aſſiſtance Phyſici- 


and the ableſt Phyſicians of our Days are convinced, that the Attractions 


which elevate the Waters of the Ocean twice a Day, influence the State 


Cultivated 
in all Ages 
by all the 
civilized Na 
tions of the 
World. 


Has been 
the favorite 
Study of 
great 
rinces. 


of the Atmoſphere, and that the Criſis and Paroxiſms of Diſorders cor- 
reſpond with the Situation of the Moon in reſpect of the Equator, Sy- 
ſigies, and Apſides. See Mead, Hofman, &c. . 

| | | XI. 


Thoſe Advantages which reſult from the Knowledge of the Syſtem of 


the World, has cauſed it to be cultivated and held in ſingular Eſteem by 


all the civilized People of the Earth. The ancient Kings of Perſia, 
and the Prieſts of Egypt, were always choſen amongſt the moſt expert 


in this Science. 'The Kings of Lacedemon had always Philoſophers in 


their Council. Alexander was always accompanied by them in his mili- 


tary Expeditions, and Ariſtotle gave him ſtrict Charge to do nothing 


without their Advice. It is well known how much Ptolemeus the ſecond. 


King of Egypt, encouraged this Science; in his Time flouriſhed Hypar - 
chus, Calimachus, Apollonius, Aratus, Bion, Theocrites, Conon. Fulius 
Cæſar was very curious in making Experiments and Obſervations, as it 
appears by the Diſcourſe which Lucan makes him hold with Achore? 
Prieſt of Egypt, at the Feaſt of Cleopatra. : 5: 8 


Media inter prelia ſemper _ 
Stellarum cœligue plagis ſuperiſque vacavi, 
Nec meus Eudoxi vincetur faſtibus annus. PHAR: 


The Emperor Tiberius applied himſelf to the Study of the Syſtem of 
the World, as Suetonius relates; the Emperor Claudius foreſaw there 
would be an Eclipſe the Day of his Anniverſary, and fearing it might 


occaſion Commotions at Rome, he ordered an Advertiſement to be pub- 


| liſhed, in which he explains the Circumſtances, and the Cauſes of this 


Phenomenon. It was cultivated particularly by the Emperors Adrian 
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Oxferd two Schools, which have been of vaſt Utility to England; the 8 
Maſters have been Men all eminent in this Science, Fobn Bainbridge in t 

1619, Jobn Greaves in 1643, Seth Ward, Chriſtopher Wren, Edward Foundation 

Bernord in 1673, David Gregory in 1691, Briggs, Wallis, and J. Caſ- of — 288 


at Naples. 


PHYSICAL WORLD. 


and Severus, by Charlemagne, by Leon V, Emperor of Conflantinople, by 
Alpbonſo X, King of Caſtile, by Frederick II, Emperor of the * Weſt, 


[- * Calife Almamon, the Prince Ulubeigh, and many other Monarchs of 
Aa, if + | „„ | 


Among the Heroes who alfo cultivated it, are reckoned Mahomed II, 
Conqueror of the Greek Empire; the Emperor Charles V, and Lewis XIV. 
In fine, the Eſtabliſhments of different Philoſophical Societies in Eng- 
land, Scotland, France, Italy, Germany, Poland, Sweden, Ruſſia, &c. have 
given the Monarchs, Nobility, and Gentry of thoſe Countries, a Taſte 
for the more refined Pleaſures attending the Study of the Sciences, and 


| particularly of the Syſtem of the World, an Example worthy to be imi- 


tated by thoſe of this Kingdom. 
5 ; 1 XII. „„ | Publick 
Beſides thoſe renowned Societies which have all contributed to the On _ 


25 Progreſs of every Branch of human Knowledge, and particularly of the in the dif- 
Fyſtem of the World, there has been eſtabliſhed in the different Parts of ferent Parts 


of Europe 


Europe public Schools, conducted by Men of ſuperior Talents and Abi- for inſtfag 
lities, who make it their Buſineſs to guide and inſtruct the young No- ing young 


bility and Gentry in this noble Science, and furniſh thoſe who diſcover Noblemen 


ſingular Diſpoſitions with every Means of Improvement. — 


N 


An illuſtrious Engliſbman, Henry Saville, founded in the Univerſity of tune in what 


ards the 


: em of 


Sav 


10 ll in 1108, Keill in 1712, Hornſby, &c. 


The Schools eſtabliſhed at Cambridge, among whoſe Maſters were Founda- 

Barrow, Newton, Cotes, Wiſton, Smyth, and Long, all celebrated Aſtro- s 5 

nomers. | | | . 5 
The School of Greſham at Biſhops-Gate in London, which has eſlen- college of 


_ tially contributed to the Progreſs of Aſtronomy ; among the Maſters of Greſham. 
this School were Doctor Hook, and other eminent Men. 


s 7 


The Royal mathematical School at Chri/Ps-Hoſpital, where Hodgſon, reer 
Aſtronomers. Hoſpital. 
The Schools of Edinburgh, Glaſgow, and Aberdeen, are known all Mathemati 
over Europe; the Nobility, and Gentlemen of Fortune of Scotland, ſu- cal Schools 
perintending them, and taking every Method of encouraging both Maſ- in Scotland. 
ters and Students to Aſſiduity and Attention, to go through their reſpec- +» 
tive Taſks with Alacrity and Spirit; the Names of Gregory, Me Laurin, 
Stuart, Simpſon, &c. the famous Maſters, will never be forgotten, _ 


* He ordered the Works of Ptolemey to be tranſlated into Latin, and publickly to be taught 


CIP, | 


Robertſon, & c. have bred up a great Number of expert Navigators and of chriges 


World. 
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= Ob:ervato 


ries and 


Schools of 


Experimen 
: tal Philoſo 
phy. 


Of Caſſel. 


Of Urani 
bourg. 


ol Dantzick The firſt Obſervatory of the laſt Age, was that of Hevelius, eſtab- 
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of Pekin. 
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The Royal School of France, founded by Francis I, has eſſential y con- 


tributed to the Progreſs of the Knowledge of the Syſtem of the World. 


Orance, Fine”, Stadius, Morin, Gaſſendi, de la Hire, de Liſle, who were 
ſucceſſively Maſters of it, have been celebrated Aſtronomers, Ce. 


; XIII, Ix 5 i 
Experiments and Obſervations are the Foundation of all real Know- 


Syitem of the World, are made and learned in Experimental Schools 


and Obſervatories: The firſt Obſervatory of any Celebrity, was built 
by William V, Landgrave of Heſſe, where he collected all the Inſtru- 


ments, Machines, Models, Cc. which were known in his Time, and 
put it under the DireQion of Rothman and Byrgius, the firſt an Aſtrono- 
mer, the ſecond an expert Inſtrument-Maker: The Duke of Broglio, 


General of the French Army, having rendered himſelf Maſter of Caſſel 


in 1760, took a Copy of the Obſervations and Experiments made in 
this Obſervatory, and depoſited it in the Library of the Academy. 
Frederick 1. King of Denmark, being informed of the ſingular Merit 


of Ticho Brabe, granted him the Iſland of Venuſia, oppofite Copenhagen, 
and built for him the Caſtle of Uranibourgb, furniſhed it with the larg- 
eſt, and the moſt perfect Inſtruments, and gave Penſions to a Number 


of Obſervers, Calculators, and Experiment-Makers, to aſſiſt him, which 
enabled him in the Space of 16 Years, to lay the Foundation of the Syſ- 


tem of the World, in a Manner more ſtable, than was ever before ef- 
fected. The moſt eminent Men took Pleaſure in viſiting this incom- 
parable Philoſopher: The King of Scotland going to eſpouſe the Prin- 
ceſs Anne, Siſter of the King of Denmark, paſſed into the Iſland of Fenuſia 


with all his Court, and was ſo charmed at the Operations and Succeſs 
of Tycho, that he compoſed his Elogium in Latin Poetry: So much 
Merit raiſed him Enemies, and the Death of King Frederick II, furniſh- 


ed them the Means of ſucceeding in their Machinations. A Miniſter called 


Walchendorp, (whoſe Name ſhould be devoted to the Execration of the 


Learned of all Ages) deprived him of his Iſland of Venufia, and forbad 
him to continue at Copenhagen his Experiments and Obſervations. © 


XIV. 


liſhed at Dan?zick ; it is deſcribed in his great Work, intitled, Machina 
Celeſlis. 855 | | 


theſe 400 Years, built on the Walls of the City: Father Perbieſt be- 
ing made Preſident of the Tribunal of Mathematicks in 1669, obtained 


of the Emperor Cam-by, that all the European Inſtruments, Machines, 
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ledge, thoſe which ſerve as a Bafis to the Diſcoveries relative to the 
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The Aftronomical Tower of Copenhagen was Gnithed in 1656, built 
by Chriſtian IV, at the Solicitation of Longomontanus, © MN | 
There has been an Experimental School and Obſervatory at Pekin 


A 0 „ 1 * PL. 
A * * * a x * 8 up OY IST, E 4 
e 9 R BIR] FE N 
EL . : 3 P _w—_ LEY 3 2m n i 3 OTST TIT 4 L > 
5 6 W 5 5-4 p i L POE . * by 8 ES $ e 1 Fa 
: . d * 4 þ 7 7. 1 
: 8 Fs N 


7 ²˙· EST SY a e 723 
ae”; 7 3 * 1 * 


JET | 

Models, &c. ſhould be added to thoſe with which it was already furniſh- 
ed. (See the Deſcription of China by Dubald.) There has been made 
there-a vaſt ColleQion of uſeful Experiments and Obſervations, a Copy 


of which is depoſited in the French Academy. in 


| 1 IV. ; | | 
The Royal Obſervatory of England was built by Charles II. under the 
Direction of Sir J. Moore, four Miles from London, to the Eaſtward 
upon a high Hill : It will be for ever famous by the immortal Labours 


ö ; 1 Fo Flamſtead, Halley, and Bradley; Flamſiead was put in Poſſeſſion of this 


Obſervatory in 1676, where, during the Space of 33 Years, he made 


a prodigious Number of Obſervations contained in his Hiſtory of the 


Heavens : Halley ſucceeded him, and was, without Doubt, the greateſt 
Aſtronomer England produced ; at the Age of Twenty he went to the 
Iſland of St. Helen, to form a Catalogue of the Southern Stars, which 


he publiſhed in 1679; then he went to Dantzrci to confer with Hevelius, 


he travelled alſo through Italy and France for his Improvement; in 1683 
he publiſhed his Theory of the Variation of the Magnetic Needle; in 


1686 he ſuperintended the Impreſſion of the Principia Mathematica Phi- 
lo ſopiæ Naturalis, which its immortal Author could not reſolve with him- 
ſelf to publiſh. The ſame Year he publiſhed his Hiſtory of the Trade 
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Winds; in 1698 he received the Command of a Veſſel to traverſe the 


| Atalantic Ocean, and viſit the Engliſh Settlements, in order to diſcover 
whether the Variation of the Magnetic Needle, found by Experiment, 


agreed with his Theory, and to attempt new Diſcoveries ; he advanced 8 


as far as 52 Degrees South Latitude, where the Ice impeded his further 
Progreſs; he viſited the Coaſt of Braſil, the Canaries, the Iſlands of 


Cape Verde, Barbadoes, & c. and found every where the Variation of the 


Compaſs comformable to his Theory; in 1701 he was commiſſioned to 
traverfe the Engliſh Channel, to obſerve the Tides, and to take a Survey 
of the Coaſts; in 1708 he viſited the Ports of Trieſle and Boccari in the 


Gulph of Venice, and repaired the firſt, accompanied by the chief In- 


gineer of the Emperor; he publiſhed in 1705 the Return of the Comets 


of which he was the firſt Diſcoverer; and we have ſeen in 1759 the 


Accompliſhment of his Prediction; in 1713 he was made Secretary of 


the Royal Society ; he examined the different Methods for finding the 
Longitude at Sea, and proved that thoſe which depend on the Obſerva- 


tions of the Moon were the only praQticable ones, and as thoſe Me- 


Obſervation more than two Minutes, he ſet about rectifying them, hav- 


ing diſcovered that to obtain this Point it was ſufficient to determine, 


every Day during 18 Years, the Place of the Moon by Obſervation, and 
to know how much the Tables differed from it, the Errors every Period 


„ 


afterwards being the ſame, and returning in the ſame Order: It was 


3 4, 
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on 


thods required accurate Tables of this Planet, which did not differ from 
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8s YSTEM OF THE 
in 1722 that this courageous Aſtronomer, in the 65th Year of his Age, 
undertook this immenſe Work, and after having completed it, and pub- 
liſhed the Succeſs of his Labours for foretelling accurately the Moon's 


Place, and deducing the Longitude at Sea; we loſt this great Man the 
25th of Fanuary 1742. Bradley ſucceeded him, who inriched M rd 
e 


with his Diſcoveries and accurate Obſervations. He departed this Li 


Other Obſer 


vatories and 


Experi men 


tal Schools 
in England. 


Thoſe of 
Edinburgh, 
We: 


The Royal 
Obſervatory 
of Paris, 


the 13th of Fuly 1762, in the 7oth Year of his Age. M. Maſkeline, his 
Succeſſor, continues his Obſervations. with the moſt active Zeal and 
happy Diſpoſitions  —, | | 
The Royal Obſervatory not being ſufficient for all thoſe who purſue 
the Study of natural Philoſophy, there has been formed ſeveral Obſerva- 
tories in London and the different Parts of England, for Example, the 
Obſervatory of Sherburn near Oxford, where the Lord Maclesfield, late 
Preſident of the Royal Society, M. Hornſby, &c. have made Experiments 
and Obſervations for many Years. os | 
The Experimental School and Obſervatory of Edinburgh, built by the 
Subſcription of the Nobility and Gentry of that Kingdom, has been 
rendered famous by MC Laurin. The Royal Academy of Sciences de- 
puted in 1747 the King's Aſtronomer, Le Monier, to obſerve there an 
annulary Eclipſe of the Sun. PE, | | 
5 XVI. | 5 . 
The Royal Obſervatory of Paris, the moſt ſumptuous Monument that 
ever was conſecrated to Aſtronomy, was built under the Direction of 


the great Colbert, immortal Protector of the Arts and Sciences. It is 


near 200 Feet in Front, 140 from North to South, and 100 in Height, 


the Vaults are near eighty Feet deep; there are alſo ſeveral others in 


Other Ob 


ſervatories 


and Experi 

mental 
Schools in 

France. 


Of Nurem 
berg in 
1678, 


Of Leiden 


in 1690. 


Paris, and in other Parts of France, as that of M. Lemonier at the Ca- 
puchines of St. Honore, that of M. Deliſie at the Hotel de Cluny, that of 
M. La Caille at the College of Maſarin, that of the Palace of Luxem- 
burgh, that of M. de Fouchy in Rue des Poſtes, and that of M. Pingre at 
St. Genevieve; the Obſervatory of Marſeilles which F. Pezenas has ren- 
dered famous, that of Lyons where F. Beraud made Experiments and - 
Obſervations for a long Time, that of Rowen and Toulouſe from which 
M. Bowin and M. Dulange, M. d' Auguier ſend annually to the Academy 
a great Number of uſeful and curious Experiments and Obſervations ; 
that of Siraſburgh where M. Brakenaffer has made ſome. FEED 
| XVII. 

The Senate of the Republic of Nuremberg, erected an Obſervatory 
in 1678, and put it under the Direction of Geo. Chriſtopher Eimmart. 
Phil. Wurzelban built another in 1692, deſcribed in his Book Uranies 
Noricæ Baſis. The Adminiſtrators of the Univerſity of Leyden, eſtab- 
liſhed in 1690, an Experimental School and Obſervatory. Frederick I. 
King of Pruſſia, having founded in 1700, an Academy of Sciences at 
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Berlin, built an Experimental School, with an Obſervatory. The pre- 2 n . 


ſent King of Pruſſia, added a ſuperb Edifice, where the Academy actu- 


ally holds its Aſſemblies. The Inſtitution of Bo/ogn, a famous Academy, 5 4 | 
eſtabliſhed in 1709, by the Count of Marſigli, with the Permiſſion oi ee 


* 


Clement XI. has a fine Experimental School and Obſervatory, which 
Manfredi and Zanotti have rendered famous. There are four Experi- 
mental Schools, with Obſervatories, at Rome; that of Blancbini, that 
of the Convent of Are Cœli, that of the Convent of Minerva, and that 
of Trinite du Mont. There is alſo one at Genea, founded by the Mar- 


quis of Salvagi; one at Florence, which Ximenes has rendered famous; 


one at Milan, ere&ed in the College of Brera, in 1713. The Supe- 


riors of the Univerſity of Altorf, in the Territory of Nuremberg, ereQ- of Altorf 


ed an Experimental School, and an Obſervatory, and furniſhed it with in 1714. 
all the neceſſary Implements. In 1714, the Landgrave of Heſſe, Charles J. 
Heir of the States and Talents of the celebrated Landgrave we have al- 
ready ſpoke of, built a new Experimental School and Obſervatory, and 


| 2 it under the Direction of Zumback. In 1722, the King of Portugal, Of Liſbon 


obn V. erected an Experimental School and Obſervatory, in his Palace in 1722. 
at Liſbon ; there is alſo one in the College of St. Antony. The Expe- 


rimental School and Obſervatory at Peterſbourg, is one of the moſt mag- Of Pe erf 


bourg in 


nificent in Europe, it is ſituated in the Middle of the ſuperb Edifice of ,,,- 


the Imperial Academy of Peterſbourg, it is Mypoſed of three Flights of Of Utrecht 
Halls, adapted for making Experiments and 
Feet high. In 1726, the Magiſtrates of the Republic of Utrecht, built 


an Experimental School, and an Obſervatory, in which the famous 


Mu ſcbembroeł made his Experiments and Obſervations. In 1739, the 


King of Sweden erected one at Upſal, and put it under the Direction of Upſal 


of Margentin. In 1740, the Prince of Heſſe Darmſtad, erected ano- 739. 


ther at Gieſſen, near Marborough. There are two Experimental Schools 


and Obſervatories, at Vienna, where F. Hell, and F. Liganig, diſtinguiſh Of Vienns. 


themſelves actually. There is one at Tyrnaw in Hungary; one in Po- 


land, at Wilna, &c. cc. of Wilma. 


Such are the renowned Eſtabliſhments to which we are indebted for 
our Knowledge of the Syſtem of the World, and the Improvements it 
receives every Day ; -but there are a great many Branches, which require 
fuch long Operations, and ſo great a Space of Time, that Poſterity 
will always have new Obſervations and Diſcoveries to make.. Multum 
egerunt qui ante nos fuerunt, ſed non peregerunt, multum adhuc reſtat Ope- 
ris multumgue reſtabit; nec ulli nato poſt mille Sæcula precludetur Occaſio 
aliguid adbuc adjiciendi, (SENnEc. Epiſ. 64.) | 
| x XVIII. N | 
\ Thoſe great Examples of all the civilized Nations of the World, 
Have at length brought the Noblemen and Gentlemen of this Country, 
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SYSTEM OF THE 


to a true Senſe of the Importance of procuring to their Children, thoſe 


Means of Inſtruction, which may prevent their regretting in a more 
advanced Age, the miſ-ſpent Time of their Youth z which is the only 
Period of Life in which they can apply themſelves with Succeſs, to the 


| Study of Nature: In this happy Age, when the Mind begins to think, 
and the Heart has no Paſſions voilent enough to trouble it. Shortly, 
the Paſſions and Pleaſures of their Age will engroſs their Time, and 


when the Fire of Youth is abated, and they have paid to the Tumult 
of the World the Tribute of their Age and Rank, Ambition will gain 
the Aſcendant. And though in a more advanced Age, which will not 
however be more ripe, they ſhould apply themſelves to the Study of the 


Sciences, their Minds having loſt that Flexibility which they had in their 


youthful Days, it is only by the Dint of Study, they can attain what 
they might acquire before with the greateſt Eaſe. 1 


Publick 
School 


eſtabliſh'd in 


the City of 
Dublin for 


inſtructing 


Louth in 
evry Branch 
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mixt Mathe 
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To improve therefore the Dawn of their Reaſon, to ſecure them from 


Ignorance, ſo common among People of Condition, which expoſes them 


daily to be ſcandalouſly impoſed upon, to accuſtom them early to the 
Habit of thinking and acting on rational Principles, a School has been 
eſtabliſhed on the moſt approved PLAN, where, after having ſpent ſome 
Time in learning ELEMENTARY MATHEMATICKS, they are initiated 


in the Miſteries of SUBLIME GEOMETRY, and of the IN FNITESIMAI. 
ſe abſtract Truths, they are led to the Diſ- 


CALCULATION; from 
covery of the Phenomena of Nature, they are taught how to diſcern 
their Cauſes, and meaſure their Effects; from thence they are con- 
ducted as far as the Heavens, thoſe immenſe Globes which roll over our 


Heads with ſo much Majeſty, Variety and Harmony, letting themſelves 


be approached ; they are taught how to obſerve their Motions, and in- 


veſtigate the Laws according to which this material World, and all 


Things in it, are ſo wiſely framed, maintained and preſerved. 


To relax their Minds after thoſe Speculations, they are brought back ; 
to Earth, where, free from all Spirit of Syſtem and Reſearch of 
"Cauſes, ny are taught how to contemplate the Wonders of Nature 


in detail. But as it preſents an immenſe Field, whoſe whole Extent the 
greateſt Genius cannot compaſs, and the Inquiries the moſt valuable, 


and the only worthy of a true Citizen are thoſe by which the Good of 


Society is promoted, they are confined particularly to the Study of what 


may contribute to the Perfection of uſeful Arts, fuch as AGp1cuLTuRE 


and COMMERCE, that thus initiated in the true Principles of the dif- - 


ferent Branches of Knowledge ſuitable to their Rank, having completed 


their Studies in this School, far from being obliged to forget what they - 


| have learned, as hitherto has been the Caſe, they may be enabled to 


purſue with Succeſs, fuch Inquiries as are beſt adapted to their Genius, 
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The Babylonians from examinin the Appearances of Sence were t 
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Progreſs of the Diſeqveries relative to the Syſtem of the World. 


10 | Diſcoveries 
he of the Baby- 


ter of the Univerle (a) in theſe Points they were followed by Pytbagoras and 1 e- 


The true Syſtem of the World being diſcovered, it may appear ſu 
prizing that the Notion of the Earth's being the Center of the Celeſtial 
Motions ſhould generally prevail: for tho“ on a ſuperficial Survey it ſeems | 

to be recommended by its Simplicity, and to ſquare exactly with the Ap- pgorts chat 
pearances of Sence, yet on Examination it is found entirely inſufficient to have been, 


1 2 - 


| explain the Phenomena, and to account for the Heavenly Motions: This made to 


maintain 


conſtrained Ptolemy. and his followers to incumber and embarraſs the Hea- the Earth 


vens with a' Number of Cireles and Epicycles equally arduous. to be con-; to be atreſt ; 


ceived and employed, for nothing ſo difficult as to ſubſtitute Error in the Syſtem of 
nn t , ER IP EHID - at: 
Probably the Influence of Ariſtotle's Authority, whoſe Writings in Polo» 

my's Time were held in the higheſt Eſteem, and conſidered as the Standard 

71 of Truth; lead this Philoſopher! into Error: But why did not Ariſtotle de: 
x clare in favour of the true Syſtem, which he knew, fince he en- 
== deavoured to overthrow it: this Reflection is r e eee We 
Pride of the Human Underſtanding, Whatever was the | Fiel 
certain, that the Ptolomaie Syſtem generally prevailed: to the Time of Co. 
1 | pernicus, 3 122 N DEER Win 21D 00% S000 4 331402 1 2 4 


Ptolomy. 


uſe, thus much is 
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RE This great Man revived the ancient Syſtem of the Babylonians, and of Copernicus) - 
= Pthogeras which he confirmed: by ſo many Arguments and Diſgoveries revives the 
wat Error could no longer maintain its (Ground againlt- the Evidence of tem ef Vn 


Demonſtration ; thus the Sun was. reinſtated by Copernicus in the Center of thagoras, 


= the World, or to ſpeak more exactly, in the Center of our Planetary 
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Pompilius, and lays, (Page 1.) it was to repreſent the Sun in the Center of the Celeſtial 


Orbits that Numa cauſed a round Temple to be built in honour of Veſta, the Goddeſs of Fire 


in the Middle of which a perpetual Fire was preſerved; 
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The Diſco- Tho? Tycho erred in the Manner he made the Celeſtial Bodies mo 
1 Syſtem of the Syſtem of the World, by the Accuracy and long Series of his Obſer va 


by Tychs: exactneſs unknown before; he diſcovered the Refraction of the Atmoſphere, 


Ad after Co. Point gained that Human Vanity condeſeended to place the Earth in the Num- 


| Syſtern F The Copernican Syſtem eaſily accounts for all the Celeſtial Phenomena. 
Ticho Brabe and tho? Obſervation and Argument are equally favourable to it, yet Trcho- 
4 Brabe an eminent Philoſopher of that Age refuſed his aſſent to the Evi- 
dence of theſe Diſcoveries, whether deluded by an ill- formed Experiment, 

[b) or carried away by the Vanity of making a new Syſtem, he compoſed 
one which ſteers a middle Courſe between thoſe of Ptolomy and Copernicus; 

be ſuppoſed the Earth to be at reſt and the other Planets which move 

round the Sun, to revolve with him round the Earth, in the Space of 24 

Hours; thus retaining the moſt exceptionable Part of  Ptolomy's Syſ- 

tem, viz. the inconceivable Rapidity with which the primum Mobile is ſuppoſed: 

to revolve, from whence we may learn into what dangerous Errors the miſ- 
application of Genius may lead us. | | brig ol 


* oy 7 . 0 1 2 — ves. 
eee — yet he contributed very much to the Progreſs of the Diſcoveries relative to 


the Works, tions. He determined the Poſition of a vaſt Number of Stars to a Degree of 
improve 

by which the Celeſtial Phenomena are fo much influenced; he was the firſt 

who proved from the Parallax of the Comets, that they aſcend-above- the. 

Moon; he was the firſt who obſerved. what is called the Moon's variation; 

and in fine, it is from his Obſervations on the Motions of the Planets, that- 

Kepler who reſided with him, near Prague, during the laſt Years of his 

Life, deduced his admirable Theory at. the Mations of. the Heavenly Bo- 

les. 14 | : CCF 

How much Copernicus undoubtedly rendered important Services to Human Reaſon 

3 w by re-eſtabliſhing the true Syſtem of the World: It was already a great 


pernicus. ber of the fimple Planets; but much ſtill remained to be diſcovered : neither 
the Forms of the Planetary Orbits, nor the Laws by which their Motions. 
are regulated, were known; for theſe important Diſcoveries we are in- 
debted to Kepler. kh CCC 


(b)) It was objected' to Copernicus, that- the Motion of the Earth would: produce Effects 
which did not take Place; that, for Example, if the Earth moved, a Stone dropped“ from the 
Top of a Tower, ought. not to fall at the Foot of it, becauſe the Earth moved during the Time 
of the Stone's deſcent, that notwithſtanding it. falls at the Foot of the Tower. Cornanicve 
replied, that the Situation of the Earth with reſpe& to Bodies that fall on irs Surface was the 
ſame as that of a Ship in Motion, with reſpe& to Bodies that are made to fall in it; he 
aſſerted, that a Stone let fall from the Top of the Maſt of a Veſſel in Motion, would fall at. 
the Foot of it. This Experiment which is now inconteſtible was then ill-made, and 


. . K and was the Canis: 
or the Pretext which made Ticho refuſe his aſſent to the Diſcoveries of Copernicus. 


e Time 


ine 


as the 
it; he 
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This eminent Philoſopher found out, that the Notion which generally pre- 
Lailed before his time, that the Planets revolved in circular Orbits, was er- of Kepler. 
WT roncous ; and he diſcovered, by the means of Ticho's Obſervations, that the elipticity 
mae Planets move in Ellipſes, the Sun reſiding in one of the Foci : and that of the orbits. 
* | en 7 D: * g. 12% (the propor- 
they move over the different Parts of their Orbit, with different Velocities, ſo e of 
tat the Area deſcribed by a Planet, that is, the Space included between the the areas and 
_ ſtraight lines drawn from the Sun to any two Places of the Planet, is always the times. 
proportional to the time which the Planet employs to paſs from one to the 


: 3 | Flux and Reflux of the Sea, ariſes from the 


Diſcoveries | 


Some years afterwards, comparing the Times of the Revolutions of the net 5 


I | different Planets about the Sun, with their different Diſtances from him, he gyich ſub- 
= found that the Planets which are placed the fartheſt from the Sun to move ſiſto between 


e periodic 


nr floweſt, and examining whether this Proportion was that of their Diſtances, 4 are 
he diſcovered. after many Trials, in the Vent 1618, that the Times of che diſtan 
WE their Revolutions were as the Square Roots of the Cubes of their mean ce. 

== Diſtances from the un. | Ge | „ 


_ Kepler not only diſcovered theſe two Laws, which retain his Name, and 
Ss which regulate the Motions of all the ' Planets, and the Curve they deſcribe, 


but had alſo ſome Notion of the Force which makes them deſcribe this 


ö Curve; in the Preface to his Commentaries on the Planet Mars, we diſcover 


the firſt Hints of the attractive Power; he even goes ſo far as to ſay, that the 
gravity of the Waters towards 
the Moon: but he did not deduce from this Principle what might be expected 


from his Genius and indefatigable Induſtry. For in his Epitome of Aftrono- 


= my(c) he propoſes a phyſical Account of the planetary Motions from quite 
different Principles; and in this fame Book of the Planet Mars, he ſuppoſes in 


the Planets a iriendly and a hoſtile Hemiſphere, that the Sun attracts the one 


Apel, the other, thefriendly Hemiſphere being turned to the Sun in the 
Flanets deſcent to its Perhihelium, and the Hoſtile in its Receſs. 


Tue Attraction of the Celeſtial Bodies was ſug 
RE by M. Hook, in his Treatiſe on the Motion of the | 
1674, twelve Years before the Principia appeared. Theſe are bis Words, 
rage 27, 1 ſhall explain hereafter a Syſtem of the World, different in ma- 

Ruy Particulars from any om 


yet known, anſwering in all Things to the com- 


won Rules of Mechanical Motions. This depends on the three following 


: (Y See Gregory, Book 3, Page 69. 
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| Singular a- cc 1ſt That all celeſtial Bodies, whatever, bn an Attr iQtiony or in 
2 c Power towards their own Centers, whereby they attract, not only their 
dale © own Parts and keep their ftom flying from them, as we may obſerve the 
Earth to do, but that they do alſo attract all the other celeſtial Bodies that 
* are within the Sphere of their Activity; and conſequently not only the 
4 Sun and the Moon have an Influence upon the Body and Motion of the 
“Earth, and the Earth on the Sun and Moon, but alſo, that Mercury, Ve- 
& nus, Mars; Jupiter aud Saturn, by their attractive Powers, have a conſi- 
« derable Influence upon the Motion of the Earth, as in the ſame Manner 
c the correſpondifig attractive Power of the n hath A conſiderable influ-. 
« ence upon the Motion of the Planets,? “ 
„„ 2d That all Bodies whatever that are put into alive and ſictphe Motion, 
S « will ſo continue to move forward in a ſtreight Line, till they are by fome 
1 e other effectual Power deffected and turned into a Motion, deſcribing a Cir- 
* cle, an Ellipſe, or ſome other more compounded Curve Line.? 
. 3d That theſe attractive Powers are ſo much the more powerful in ope- 
ec rating, by how much the nearer the Body wrought wow; is to their own 
Center.“ 
« Theſe ſeveral Degrees | } hi yet experimentally verifies: but it i 
« a Notion which if fully praſecuted: as it 'ought to be, will tily aſſiſt the 
« Aſtronomer to reduce all the celeſtial Motions to a certain Rule; which I 
6 doubt will never be dene true without it. He that underſtands the Na- 
<« tyre of the circular Pendulum and circular Motion, will eaſily underſtand; WM 
«c the whole Ground of this Principle, and know where to find Diredions. 
cc in Nature for the true ſtating thereof. This I only hint at preſent to — = 
« as have a Capacity, and Dy: pop proſecuting nen u bad : 
War 25076724662 1336 105 
We are not to imagine, that this Hint thrown out caſually "ep Heok, how: 
tracts from the Glory of Newton, who even tbok Care to make Mention of 
it in his Book de Syſfemate mundi (d);.the Example of Hool and Kepler makes. 
us perceive the wide Difference between having a Notion of the Truth, and. 
being able to eſtabliſh it by irrefragable DeMmonſtratioriz it alſo. ſhews' us how 
| little the greateſt Sagacity can penetrate into the Laws. Td: ann of: 
Nature, without the Aid nnd bn of mee 1 
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Strange bo- ; * bir br made ſuch. portant Diſcareties wha he ee un- 
tions of Keperring Guide, affords us a convincing Proof of the Errors into which the 
ler. brighteſt Genius may be ſeduced, by indulging the pleaſing Vanity of in- 


venting e ; who could believe, for Inſtance, that ſuch. a Man could: 


esl. 3 Edition of 1734. 
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adopt the wild Fancies and whimſical Reveries of the Pythagoreans, con- 
cerning Numbers: yet he thought that the Number and Interval of the pri- 
mary Planets bore ſome Relation to the five regular Solids of Elementary Ge- 
ometry (e), imagining that a Cube inſcribed in the Sphere of Saturn would 
touch the Orb ſof Jupiter with its fix Planes, and that the other four 
regular Solids, in like Manner, fitted the Intervals that are betwixt the Spheres 
of the other Planets: afterwards on diſcovering that this Hypotheſis did not: 
ſquare with the Diſtances of the Planets, he fancied that the celeſtial Moti- 
ons are performed in Proportions correſponding with thoſe, according to which 
a Cord is divided in order to produce the Tones which compoſe the Octave 
Kepler having ſent to Ticho a Copy of the Work, in which he 1 
attempted to eſtabliſh thoſe Reveries. Ticho recommended to him, in his An- Wiſe cen. 
ſwer(g), to relinquiſh all Speculations deduced from firſt Principles, all rea- 8 4 
foning a Priori, and rather ſtudy to eſtabliſh; his Reſearches on the ſure and 4:4 
firm: round of Obſervation. n. 0g . 
The great Hugbent himſelf (h) believed that the fourth Satellite of Saturn, Whimſical 
which retains his Name, making W 2 our Moon and the four Satellites of ruten ut 
5 


| Hughens. 
umberof the Planets Was complete, and ; OY RA 


8 2 . 


the Source of the moſt admirable and 8 ro for Diſcoveries. ' Advantages 
One of the Caufes which prevented Kepler from applying the Principles ores Kepler 
Ignorance of the true Laws of Motion. Newton had the Advantage over the theoryor : 4 
Kepler of profiting of the Laws of Motion, eſtabliſhed by Hughens, which een was: 


8; | 
ral Philoſophy. | | 9 190 | 
Tue Mathematical Principles of Natural Philoſophy. conſiſt of three 3 4 
Books, beſides the Definitions, the Laws of Motion and their Corollarie * 
| fourteen Sections, the ſecond. contains nine 


$--; 


(e) Vti ſuſpenfis ſpeculationibus a, priori deſcendentidus animum potius ad - obfervationes «Pi 
| quas ſimu] offerebat conſiderandas adjiceret (it is Kepler who ſpeaks) note in ſecundans» ' | 1 
editionem myſterii coſmographic '. es 5 6 5 : 1 5 


- 
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and the third, the Application of the two firſt to the ee of the 

Phenomena 'of the Syſtem of the World. 

XIII. | 
The Principia commence with eight Definitions; . Newton ſhews in the 


| Definitions. two firſt how the Quantity of Matter and the Quantity of Motion ſhould be 


| meaſured; he defines in the third, the Vis intertiæ, or reſiſting Force, which 
all Matter i is endued with ; he explains i in the fourth what is to be underſtood 
by ative Force; he defines in the fifth tbe centripetal Force, and lays down 
in the ſixth, ſeventh and eighth the Manner of meaſuring its abſolute Quanlity, 
its motrix Quantity, and its accelarative Quantity ; ; afterwards he eſtabliſhes 
the three following Laws of Motion, 
| XIV. 
Lows of mo 1ſt. That a Body always perſeveres of itſelf, in its State of Ren, or ** 
ion. uniform Motion in a ſtraight Line. 
6 | 2d. That the change of Motion, is proportional to the 13 impreſſed, 
and is produced in the ſtraight Line in which that Force acts. 
3d. That Action and Reaction are aways "nl with Pony, Di. 
: TeQions. | | | 8 | 


F 25. 
Vie baths Newton having explained thoſe Laws, ad 1 "20h them ſeveral 


on contains Corollaries, commences his firſt Book with eleven Lemmas, which com- 


the princi- _ poſe the firſt Section, he unfolds in thoſe eleven Lemmas his Method of 


| been, Prime and ultimate Ratios; this Method is the Foundation of infiniteſſimal 


ry © Geometry, and by its Aſſiſtance, this Geometry is rendered as certain as 
that of the Ancients. 

the other 13 The thirteen other Sections of the firſt Book of the Principia, a are employ- 

— on © ed in demonſtrating general Propoſitions on the Motion of Bodies, Abſtrac- 

motion ting from the Species of theſe Bodies and of the Medium in which ne 

E bodies. move. 

It is in this firſt Bock that e unfolds all his Theo of the gravita- 
tion of the celeſtial Bodies, but does not confine himſelf to examine the 
Queſtions relative to it ; he has rendered his Solutions . and has given 
a great Number of Applications of thoſe Solutions, 

XVI. 


Secoodbook In the ſecond Book, Newton treats of the Motion of Bodies in a ende 


the motionof Mediums. 
bodies in re- This ſecond Book which contains a very profound Theory of Fluids, 9 and 
ating we of the Motion of Bodies which are immerſed in them, ſeems to have been 


diums. 


' Intended to deſtined to over throw the 2 of Vortices, though it is only in the Scboli- 


overthrow um of the laſt Propoſition, 


5 | of Defra that the —— lotions are not produced by V Vortices . 


r ee «© _ % 


a ma. &s 


__ Tn fine, the third Book of the Principia treats of the Syſtem of the World; Jr wok. 
Ws in this Book, Newton applies the Propoſitions of the two firſt: in che em 
8 this Application we ſhall endeavour. to follow Newton, and point out the ofthe world... 
Connection of his Principles, and ſhew how naturally they unravel the Me- 
chaniſm of the Univerfe. 3 f {4 


= The Term, Attraction, Femploy in the Senſe in which Newton has defined What is: 
it, underſtanding by it nothing more than that Force, by which Bodies tend — 
towards a Center, without pretending to aſſign the Cauſe of this Tendency. tion. 


Principal Phenomena of the Syſtem of the W orld. 155 


. & Hy HE Knowledge of the Diſpoſition and Motions of the Celeſtial Bo- 
dies muſt precede a juſt Enquiry into their Cauſes. It will not therefore appear 

== unneceſſary to prepare our Readers by a ſuccin& deſcription of our Fey 

& Syſtem for our Account of the manner Newton demonſtrates the powers whic 

Ws govern the Celeſtial Motions and produce their mutual Influences. This De- | 
= ſcription muſt neceſſarily comprize ſome Truths, diſcovered by that illuſtrious 
| Philoſopher, the Manner he attained them will be deferibed'in the Sequel. 
15 * 1 idee 
The celeſſiat Bodies that compoſe our planetary Syſtem, are divided into of he Gt. 


= Primary Planets, that is, thoſe which revolve round the Sun, as their Center tial bodies 
| and Secondary Planets, otherwiſe, called Satellites, which revolve round their ny) 2 i 
reſpective Primaries as Centers: There are ſix Primary Planets whoſe iato princi- 
Names and Characters are as follows, 4 IMF; pals and ſecon 


B Mercury, 
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6 ' : - ers > | 
G Mars, 1 >> | | . _ Cipalplanets; 
85 upiter,, | Re El, Wehrars 
: Wl! H | aturn.. 1 5 7375 - & | . : ; x 
ln enumerating the Primary Planets, we follow the Order of their Diſ- bee oben Hong 
RE tances from the Sun, commencing with thoſe which are neareſt to him, - that bare 
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-which are are Mercury and Venus; the Orbit (a) 'of Venus includes that of Mercury 
the inferior and alſo the Sun, and the Orbit of the Earth is exterior to thoſe of Mercury 
L and of Ve nus, and incloſes them and the Sun alſo. 5 Ke bu 
 arrainge» This order is diſcovered, by Venus and Mercury ſometimes appearing to 
ment. be jnterpoſed between the Sun and us, which could never happen unleſs 
bow chis or- theſe Planets revolved nearer the Sun than the Earth, and it is very perceiv- 
der has been able that Venus recedes farther from the Sun than Mercury does, and con- 
 Gſcovered. ſequently its Orbit includes that of Mercury, ES 


The ſuperior Planets are thoſe which are more diſtant from the Sun than 


* 


— d the Earth is, theſe are three in Number, Mars, oy and Saturn ; we 


planets and know that the Orbits of theſe Planets incloſe the Orbit of the Earth, be- 1 | 


15 —_ is their cauſe the Earth is. ſometimes interpoſed between them the Sun. 1 "i 
menk The Orbit of Mars incloſes that of the Earth, the Orbit of Jupiter that Ml 
of Mars, and the Orbit of Saturn that of Jupiter; ſo that of the three ſu- 

= perior, Planets Saturn is the remoteft from the Earth, and Mars is the 

| neareſt, | 3 „ 
how it has This Arraingement is diſcovered by thoſe Planets which are nearer the 
been diſco- Earth (b) ſometimes coming between the Eye and the Remoter, and inter- | 
All the Planets are opaque Bodies ; this #4 8 of Venus and Mercury, 
The planets becauſe when they paſs between us and the Sun, they reſemble black Spots 
are opazue traverſing his Body, aud aſſnme all thoſe various Appearances which are 
bodies. Called Phaſes, that is, the Quantity of their Illumination depends on their 
— San ind uns. nh 
For the ſame Reaſon, ſince Mars has Phaſes we infer his Opacity, and 
the ſame Concluſion is extended to Jupiter and Saturn, becauſe their Sate- | 

lites do not appear illuminated while their Primaries are between them, and 
the Sun which proves that that Hemiſphere of thoſe Planets which is turn- 
The planets ed from the Sun is opaque : Laſtly, we know that the Planets are ſpheri- 


1 


are ſpherical cal Bodies, becauſe, whatever be their Poſition, in reſpe& of us, their Sur- Ml 5 


ace always appears to be terminated by a Curve. 5 
Me conclude that the Earth is ſpherical, becauſe in Eclipſes her Shadow, 
always appears to be bounded by a Curve, and when a Ship fails out of fight, 
it gradually diſappears, firſt the Hulk, next the Sails, and laſtly the Maſt, 
bung to the Eye and vaniſhing, and moreover, it the Earth was an extend- 
_ contrary; of which is proved by many Voyagers, ſuch as Drak.,, Forbiſh, 

and Lord Anſon, who have failed round the World, © NED. 


. 70d Orbit is the Curve which s Planet deſcribes ia revolving reund the Body which ſerves 
ab AA ns 4, FF nt 


(b) Wolf's Elements of Aſtronomy, | | . | | Ya, 
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All that we know therefore concerning the primary Planets, proves that 2 1 
chey are opaque, ſolid and ſpherical Bodies. ons ESE ow 
IS The Sun appears to be a Body of a Nature entirely different from the Pla- fame nature, 


WT the Point of the Orbit which is neareſt the Sun is called the Per ibelinm ; *plides the 
WT and the Point of the Orbit which is remoteſt from the Sun is called the and periheli 
Apbelium. ; ny W | 
1 Phe primary Planets in their Revolutions round the Sun, carry alſo their jn what di- 
ES Satellites, which at the fame Time revolve round them as their Centers. rection the 
All theſe Revolutions are performed in a direction from Welt to Eaft (d). Plans ie. 
There appear from Time to Time Stars that move in all Directions, and. - 
ich sſteniſting Rapidity, when they are ſufficiently neat to be viſible, theſe Cf te com 
are called Comets. | Es A 1 b 
wee have not yet collected Obſervations ſufficitht to determine their Num- 
ber, all that we know concerning them, and 'tis but lately that the Diſ- 
n, ans cCovery has been made; is that they are Planets revolving round the Sun like The comets | 
turn. che other Bodies of our Syſtem; and that they deſcribeEltipfes ſo very excen. ** Pas. 
heri- ll ee be viſtble only while they are moving over à very ſmalf Part of 


_ AT thc Planets in their Revolutions round the Sun, obſerve the two Laws The planets 
WO Obſervations evince, that the Comets obſerve the firſt of theſe Laws, Pere the 
Y 6 So 9 . - v 4 bs « 8 1 1 . we of Kep . 
namely, that which makes the celeſtial Bodies (e) deſcribe equal Areas in e- ler 
(c) A Species of Curve, which is the ſame with what ir om monly caited d Owabg the foctars 


the points in which Gardeners ſix their pegs in order · to trace this curve of which they mike n 
frequent uſe. ; | 17 2 ON 


y, and 


r Sate- 


„„ os Spentor is luppoſed te be placed. on the Barth, „ 5 
ck ſerves te) By the Word Area, in general is rſtood a Surface, here It ſignifies the Space inn 1425 
e bladed between two Lines drawn from the Center to two Points here the Ft io S t; 7 

5 | SED „ 22 


Prooſa of the 
motion of 


che earth 
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qual Times; and in the ſequel it will be ſhewn, that all the Obſervations that 
have hitherto been made, concerning their Motions, ender it highly proba- 


ble that they are regulated by the ſecond Law, that is, that their N (f) 
Times are in the ſeſquiplicate ratio of their mean Diſtances, . 
VIII. 

Admitting theſe two Laws of Kepler, confirmed by. all aſtronomical ob- 
ſervations, from them we may derive ſeveral convincing Proofs of the Mo- 
tion of the Earth, a Point which had been ſo long conteſted; for ſuppoſing 
the Earth to be the Center of the Celeſtial Motions, theſe two Laws are 
not obſerved; the Planets do not defcribe Areas proportional to the Times 
around 'the Earth, and the periodic Times of the Sun and the Moon, for 


- 


inſtance, round this Planet, are not as the Square Roots of the Cubes of their # ; 4 


mean Diſtances from the Earth; for the periodic Time of the Sun around the 


Earth, being nearly thirteen Times greater than that of the Moon, its Diſ- 

' tance from the Earth would be, according to Kepler's Rule, between five 
and fix Times greater than that of the Moon, but Obſervations demonſtrate, | 

that this Diſtance is about four-bundred Times greater, therefore, admitting 
the Laws of Kepler, the Earth is not the Center of the celeſtial Re- 
volutions. 


The centri petal Force(g) which Newton has demonſtrated to be the Canſe 


| of the Revolutions of the Planets renders the Curve they deſcribe around their 


Center concave (h) towards it, ſince this Force is exerted in drawing them 
off from the tangent (i); now the Orbits of Mercury and Venus, in ſome 
Parts, are convex to the Earth; of conſequence, the inferior Planets do. 
not revolve round the Earth. 

The fame may eaſily be proved of the fuperior Planets ; for theſe are 


8 thoſe Areas are proportional to the Times, that is, they a are e or leſs, as che Fenn 


which they are deſcribed are longer or ſhorter. 


(f) Periodical Time is the Time that a Planet employs 1 in a its Revolution i inits Orbit. 


An Example, of Seſquiplicate Ratio will render it more intelligible than a Definition; Suppoſe- 


then the mean Diſtance of Mercury from the Sun, to be 4, that of Venus g, the periodical. 


Time of Mercury 40 Days, and let the periodical Time of Venus be required, cubing the two 
Krſt Numbers 4. and 9, there will reſult 64 and 729.; afterwards extracting the Square-Roots of 


theſe two Numbers, there will be found 8 for that of the firſt, and 27 for that of the ſecond, and | 


by the Rule of three you will have 8: 27 :; 40: 136, That is the Square-Root of the Cube of the 


mean Diſtance of Mercury from the Sun, is to the Square Root of the Cube ef the mean Diſtance of 
- Venus from the Sun, as the periodic Time of Mercury round the Sun is to the periodic Time ſought 8 
of Venus round the Sun, which is found to be 13s, according to — Suppofitions which have. -1 


been made, and this ſis what. is called Seſquiplicate Ratio. 


(g) The Word CenTRIPETAL Force carries its Definition along with it, for it ſigniſies 


no more than that Force which makes a Body tend to a Center. 


I 
th) The two Sides of the Cryſtal. of a Watch may ſerve to expla in thoſe Words Con- 
CAVE and Convex; the Side exterior to _ Watch is convex, and that which i is on * 


Side of the Dial - plate is concave. 
(i) A Tangent i is a. 1 BA Line which touches a cue, without eating it. 
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fometimes obſerved to be direct (x), ſometimes ſtationary, and afterwards _ 
retrograde; all thoſe Irregularities are only apparent and would vaniſh if _ 
the Earth was the Center around which the heavenly Bodies revolved, for 
none of theſe Appearances would be obſerved by a Spectator placed in the Sun, 
ſince they reſult only from the Motion of the Earth in its Orbit combined 


f 1 with the Motion of thoſe planets in their reſpective Orbits; from hence we 
may ſee the Reaſon why the Sun and the Moon are the only heavenly Bodies 


that appear always direct; for as the Sun deſcribes no Orbit, its Motion can- 
not be combined with that of the Earth, and as the Earth is the Center of 


the Moon's Motion, to us ſhe ſhould always appear direct; as would all the 


Planets to a SpeQator placed in the Sun. e 
When Copernicus firſt propoſed his Syſtem, an Objection was raiſed _ 

againſt it, taken from the Planet Venus by ſome who alledged, that if that Obje&ion 
Planet revolved round the Sun ſhe ſhould appear to have Phaſes as the Moon, made to Co 
to which Copernicus anſwered, if your Eyes were ſufficiently acute you kennen . 
would actually obſerve ſuch Phaſes, and that perhaps in Time ſome Art may planetvenus 
be diſcovered ſo to improve and enlarge the viſual Powers, as to render thoſe apt 
Phaſes perceivable: This Prediction of Copernicus was firſt verified by 4 
Galileo, and every Diſcovery that has been made ſince on the Motion of tion 


the heavenly Bodies has confirmed it. 


The Planes (I) of the Orbits of all the Planets interſect intight Lines paſſing 
through the center of the Sun, ſo that a Spectator placed in the Center of there s 


Sun would be in the Planes of all thoſe Orbits. Otbits inte 

The Right Line, which is the common Section of the Plane of each Or- fea | 
bit; with the Plane of the Ecliptic, that is, the Plane in which the Earth what is un 
moves, is called the Line of the nodes of that Orbit, and the extreme Pointsderſtoed by 


of this Section, are called the Nedes of that Orbit. 8 
ine of 


The Quantities of the Inclination of the Planes of the different Orbits, the nodes 


with the Plane of the Ecliptic, are as follows, the Plane of the Orbit ofol an orbit 

Saturn is inclined to the Plane of the Ecliptic in an Angle of 2d =, that of e liaati 5 

Jupiter 1d 2, that of Mars in an angle ſomewhat leſs than 2d, that of Venus of the he 

ſomewhat more than 3d ;, and that of Mercury about 7d. - © — bitsts the 
5 . | 1 | : | | | Ecliptic 

The Orbits of the primary Planets being Ellipſes, having the Sun in 

one of their Foci, all theſe Orbits are conſequently excentric, and are more 

or leſs ſo, according to the Diſtance between their Centers and the Point where 

the Sun is placed. oe OTE 

(k) A Planet is ſaid to be DIA CT when it appears to move according to the Order of the 


Signs. that is, ſrom Aries to Taurus, from Taurus to Gemini, Sc. which is alſo ſaid to move 


in conſequentia, it is ſtationary when it appears to correſpond for ſome Time to the ſame Points 
of the Heavens, and in fine it is RETROGRADE when it appears to move contrary to the Order of 
the Signs, which is alſo ſaid to move in Antecedentia, that is, from Gemini to Taurus, - from 
Taurus to Aries, &c, | . E 


(1) The plane of the Orbit of a Planet is the ſurface on which it is ſuppoſed to mo re. 1 


/ 


kenfrom the 


_— SYSTEM OF THE 
3 Theexcentricity of all thoſe Qrbits have been meaſured, and hs been 
of che pla found as Follows, > in decimal Parts of the ſemidiameter of the Ear th's orbit, 


nets in ſemi 


diameters ſuppoſed to be divided into $99,909 Parts 


ef the earth That of Saturn, | | $4203 Parts. 
That of Jupiter, Fg 5 : "$8096": * 
That of bl: 1 | 14115 
That of the , 37 Wk | es 48692 
That of Venus, | „ 
| And i in fine, that of 1 8149 Parts. 


excentricity 


bc che pla- ameter of their Orbits, ſuppoſed to be aides into 109,000 Parts, ae. 
nets in ſemias follows, BED 
del ger That of Saturn, . | | 568 3 Farts. 
— That of Jupiter, DEE 4822 
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That of Mars, „ . 9263 

That of che Earth, . N 5700. 
That of Venus, 694 

That of Mercury, 21000 "UNE; 


Whenee it appears that the Excentriity of lon is almoſt inſenſible, 


hy tion The Planets are. of different n of the Earth alone we know me 
the dis abſolute Diameter, becauſe this Planet is the only one whoſe Circumference 
= of: admits of actual Menſuration, but the relative Magnitudes of, the Diame- 
, chr, ters of the other Planets have been diſcovered; and the Diameter of the Sun 
being taken for. a common Meaſure, and. ſuppaſed to be dividgdi into 1000 Parts: 


| Diſtances of 


That of Saturn is. 
That of. Jupiter 
That of Mars 
That of the Earth 


That of Venus 


That of Mercury 


Hence we ſee that Mercury is the leaſt of all the. Planets, for Spheres 
are as the Cubes of their Diameters. 


XII. f 
The Planets are placed at different Diſtances * the Sun, taking the 


181 

6 
4 
12 
4 


the planets Diſtance of the Earth from the Sun for a common Meaſure, and ſuppoſing. 

" South thei 9 into 100, ooo Parts, the mean Diſfances. of the Planets are as 
ollows, 

That of: Merc | g 10 

That of 2 | 7. 

That of the Earth 10000 
That of Mars 152369 

Fhat of Jupiter RE OO OS ie 
In fine, bat ef Saturn 3 a od: 953800 
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OO PHYSICAL WORLD © xxxVI 
The mean Diſtances of the Sun and the Planets from the Farth, have * 1 5 


ſo been computed in Semidiameters of the Earth; the mean Diftances of the dhe pro 
Sun, Mercury and Venus from the Earth are nearly equal, and amount tofrom the - 
22000 Semidiameters of the Earth, that of Mars is 33500, that of Jupiter aW 
115000, and that of Saturn 210000, W 
| _ XIII. 9 „„ 
The Times of the Revolutions of the Planets round the Sun, are leſs. in Penedie 
Proportion of their Proximity, thus Mercury the neareſt revolves in 89 Days, times of e 
Venus next in Order revolves in 224, the Earth in 365, Mars in 686, 994 
top in. 4332, and the remoteſt from the Syn in 10759, the whole iin 
round Numbers.. 1 7 Ee 


oy 


The Planets, befides their Motion of Tranſlation round the Sun, have a- Rotaties os - 
nether Motion of Rotation round their Axis, called their Diurnal Revolution. the plavets © 
We only know the diurnal Reyolution of the Sun. and of four Planets, Means em 

We TE. wk 5 6th 4h W 1 + Log 
namely of the Earth, Mars, Jupiter and Venus; this Revolution has been Ployed to 
diſcovered. by Means. of the. Spots. obſerved on their Diſcs, m) and. which cover it 
ſucceſiively appear and-vaniſh.; Mas, Jupiter ard Venus having Spots. on ts what pl 
thein Surface, by the regulan Return and fucceſſiye Diſappearance of the ſame nets this ro 
Spots it has been found, that theſe Planets turn round their Axes, and in What N has 
Tims they compleat. their Rotation, thus it has been obſerved, that lars eg 
makes his Rotation in 23b. 20m. and Jupiter in gb, 56m, © 
Aſtronomers are not agreed about the Time in which Venus revolyes Incertitude 
round its Axis; maſt ſuppoſe the Time ef rotation to be about 23 l. But wich regard - 
| to the time - 8 


Sign. Bianchini who, obſerved the Motions of this Planet with particular of the ra 


Attention, thinks ſhe employs 24. Days in turning round; but as he Was tion of ve 
compelled to remove his. Inſtruments during the Time he was obſerving, u- 
an Houſe having intercepted Venus from by Vie ; and as he loſt an Hour 
in this Operatiqn, tis probable that the Spot he was obſerving during this 
Interval changed its Appearance; however this be his authority in Aſtrono- 
mical Matters deſerves we ſhould ſuſpend our Judgment till more accurate. 
| Obſervations have decided. the Point... © 

M. de la Hire obſerved- with a Teleſcope 16 Feet long, Mountains in 


4.14 * 4 111 


Venus higher than thoſe of the Moon. „ pu 
The extraordinary brightneſs of Mercury ariſing from his proximity to The rotation. 
the Sun, prevents our diſcovering, by Obſervation its Rotation; and S: urn e Mercury . | 
is too remote to have his Spots obſerved..." due 
In the Year 1715 Caſſini obſerved with a Teleſcope 118 Feet long tbe. . 
three Belts in Saturn reſembling thoſe obſerved in Jupiter, but probably <4 by obſer 
thoſe. Obſervations could not be purſued. with accuracy ſufficient to. 8 
elude the Rotation of Saturn about its Axis. 


lm) By the Diſk of a Planet is yaderſiood that Part of its ſurface. which 4 viſible to us. 


XXX m SEE OP TRE © 


but analogy As Mercury _ Earn are ſubjeRt to the ſame Laws that direct hes 


amboriſesus Courſes of the other Planets, and as far as has been diſcovered appear 

that tholy © to be Bodies of the ſame Nature, Analogy authorizes us to conclude 

| Planets re- that they alſo revolve, round their Axes; and perhaps future Aſtronomers 
volve road may be able to obſerve this Motion, and to determine its Period. 


mY 


ſerved to diſcover that it has a rotatory Motion about its Axis. 


How'the ro It was long after the Diſcovery of thoſe Spots, before Aftronomers could 


tation of the gbſerve any, ſufficiently durable and permanent, to enable them to determine 


3 the Ti me of his Revolution. Keill in the 5th 1 eQture of his Aſtronomy, 


been diſco relates, that ſome Spots have been obſerved to paſs from the Weſtern Limb 


vered of the Sun to the Eaſtern Margent in 13 Days and half, and after 13 Days 


and half to re-appear in the Weſtern Verge of his Diſk, from whence he in- 


Fers that the Sun revolves round its Axis in the Space of about 27 Days from 


Weſt to Faſt, that is in the ſame Direction of the Planets ; by means of 


thoſe Spots it has been diſcovered, that the Axis round which the Sun re- 


vo lves, is inc'ined to the plane of the Ecliptic in an Angle of 74. | 


Faquier, in his Commentary on Newton, has made ſome Reflections 


-on theſe Spots that deſerve to be remarked; as no Obſervations prove the 
Times of their Occultatiom to be equal, but on the contraty, all the Ob- 
ſervations he could collect, prove them to be unequal; and, that the Time 
during which they are concealed, has been always longer than that, during 
which they have been viſible, from hence he concluded (as alſo Wolf 
Art. 411. of his Aſtronomy) that thoſe Spots are not inherent to the Sun, but 
removed from his Surface to ſome diſtance. ef HRGnY? 
The Solar Spots were firſt diſcovered in Germany, in the Year 1611, by 
Fobn Fabricius, (n) who from thence concluded, the diurnal Revolution of 


4141. * 


the Sun. They were afterwards obſerved by Scheiner, (o) who publiſhed 


the Reſult of his Obſervations. The ſame Diſcovery was made by Galileo 
in Italy. „ i Fre OL 
_ Scheiner obſerved more than fifty Spots on the Surface of the Sun; this 


may ſerve to account for a Phenomenon, related by many Hiſtorians, that 


the Sun, ſometimes for the Space of a whole Year, has appeared very 
Pale, as this Effect would naturally follow from a Number of Spots ſuffi- 
| | _ large and permanent, to obſcure a conſiderable Portion of his 
Surface. 5 | | e WR POINT | 


(a) Wolf. Elementa Aftronomie Cap. 1. 


. © *(o) Scheiner having informed his Superior that he had diſcovered Spots in the Sun, he gravely 


replied, ©* that is impoſſible, I have read Ariſtotle two or three times over, and. have found nat 
** the leaſt mention of it. | 


There adpear from Time to Time Spots upon the Sun, which have 


w. W ly © 


, 
I 


8 WK 2 i , e. | þ N a 0 . . tato 
8 + ures, for it is known that Bodies revolving: in Circles, acquire a Force nt 


PAY THCAL WoOrkilo: - 1 


It is no longer doubted that the Earth turns round her Axis in 23h 
"24 | 56m which compoſe our aſtronomical Day 55 fiom this Rotation ariſe the 
= changes of Day and Night, which all the Climates of the Earth enjoy. 
1 „„ bx i e Tt on Ls, | the effect 
This Motion of the Celeſtial Bodies about their Centers alters their Fi- of che ro- 


which is ſo much. the greater, the Time of their Revolution being the 2 

ſame as the Circle which they deſcribe is greater. This Force is called cat 4 

| Centrifugal Force; that is, the: Force which repels them from the Center 3 
wherefore, from their diurnal Rotation, the Parts of the Planets acquire a, hat is the 

Centrifugal Force, ſo much greater as they are nearer the Equators of theſe centripetal 
Planets: (ſince the Equator is the greateſt Circle of the Sphere, ) and ſo force. 

much leſs as they are nearer. the Poles (p); ſuppoſing therefore the Heaven- 
ly Bodies in their State of Reſt, to have been perfect Spheres, their Rota- 

tion about their Axes muſt have elevated their equatorial and depreſſed their 

polar Regions, and of Conſequence changed their ſpherical Figures into that 

of Oblate Spheroids, flat towards the Poles. . 


* 


The Theory thus leads us to conclude, that all the Planets, in Conſe- 8 
quence of their Rotation, ſhould be flat towards the Poles, but this is only in which the 
ſenſible in Jupiter: and the Earth. In the Sequel it will appear, that the elevation of 
Proportion of the Axes (q), in the Sun, is aſſignable from Theory, but ig 2 OE 
too inconſiderable to be obſerved. Ay e 

The Meaſures of Degrees of the Meridian, taken at the Polar Circle in 
France, and at the Equator, fix the Proportion of the Axes of the Earth to 
be as 173 to 174. By the Help of Feleſcopes the oblate Figure of Ju- 
piter has been perceived. And the Diſproportion of his Diameters is much 
greater than that of the Earth, becauſe this Planet is a great deal bigger, and 
revolves with greater Rapidity about its Axis than the Earth; the Propor- 


tion of the Axes of Jupiter is eſteemed to be as 13 to 14. ibſervation 
3 „ ee e e one C0 828 

f . . 5 « * 4 * f - * { e * 
As the Spots of Venus, Mars and Jupiter are variable, and frequently —. — 


change their Appearance, it is probable that theſe Planets, like our Earth, ter, Venus 
are ſurrounded by denſe Atmoſpheres, the Alterations in which, produce theſe and the Sun 
Phenomena in reſpect of the Sun, as his Spots are not inherent on his Diſk, — 
and as they frequently appear and diſappear, it is manifeſt that he is ſurround- — 
ed by a groſs Atmoſphere, contiguous to his Body, in which theſe Spots are | 
ſucceſſively generated and diſſolved. ER EOS: WT 8 


 (p) The Poles are the Points about which the Body revolves, and the Equator, the Circle 
equi diſtant from thoſe- Points dividing the Sphere into two equal Parts. . 

(4) Axis or Diameter, in general, is a Line which paſſes through the Center. and is termi- 
nated at the Circumference, In the preſent Caſe, the Axes are two Lines which paſs through. 
| the Center, one of which is terminated. at the Poles, and the other at the Equator, + : 


i , 7 5 4 a4 
* 3 ; Nr 1 ; 
9 » * 2 ; i 
a AY os. 
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XL BIS TELMOFLTUn: 


"What has hitherto been ſet forth was known before the Time of Newton, 
but no one thought before him, that it was poſſible to diſcover the Quan- 
tities of Matter in the Planets, their Denſities, and the different Weights 
of one and the ſame Body ſucceſſively transferred to the Surfaces of the dif- 
-maſſes ofthe ferent Planets. How Newton attained io thoſe aſtoniſhing Diſcoveries will 
Sun, Iupi- be explained in the Sequel; at preſent it ſuffices to ſay,” that he found out 
paw my that the Maſſes of the Sun, Jupiter, Saturn, and the Earth, that is the 
'Rarth, Quantities of Matter thoſe Bodies contain, are to one another, as 1 rg, 
23825 & x536x73+, ſuppoſing (r) the Parallax of the Sun to be 10 30; that their 
"Their denfi Denſities are as 100, 94, 67, and 400; & that the Weights of the ſame Body, 
weights placed ſucceſſively on the Surfaces of the Sun, Jupiter, Saturn, and the Earth, 
of the ſame would be as 10000, 943, 529, and 435; in determining thoſe Proportions, 
r Newton has ſuppoſed the Semidiameters of the Sun, Jupiter, Saturn, and the 
why thoſe Earth, to be as 10000, 997, 791, and 109. it will be ſhewn hereafter why nei- 
Proportions ther the Denſity, nor the Quantity of Matter of Mercury, Venus, and 
'are not diſco Mars, or the Weights of Bodies at their reſpective Surfaces, are known. 
. cherplanets | | | 5 XIX. a , 
7 It follows from all thoſe Propertions that Saturn is nearly 300 Times leſs 
proportions than the Sun, and contains 3000 Times lefs Matter, that Jupiter is 1000 
of the bulks Times. lefs than the Sun, and contains 1033 Times leſs Matter. Com- 
— pd with the Sun the Earth is only as a Point, being 100,0000 Times leſs; 
and of the and im fine, that the Sun is 116. Times greater, than all the Planets togeher. 
- Comparing the Planets with one another, we find that Mercury and 
Mars are the only Planets leſs than the Earth; that Jupiter is not only the 
:biggeſt of all the Planets, but is bigger than all the Planets together, and 
that this Planet is two thouſand Times bigger than the Eartn. 
Ihe Earth beſides her annual and diurnal Motion, has alſo a third Mo- 
ede on, by which her Axis recedes from its Paralleliſm, (ſ) & after a certain Time 
' -equinoxes. is directed to different Points of the Heavens, from this Motion ariſes what 
. e is called the Preceſſion of the Equinoxes that is, the Regreſſion ot the equi- 
5 2 noctial Points, or thoſe Points in which. the tereſtrial Equator cuts the 
©. performed Fcliptic. The equinoQtial Points move contrary to the Order of the Signs, 
2 whatand their Motion is ſo very flew, that they do not compleat a Revolution 
N .compliſhed. in leſs than 25920 Years, they recede a. Degree. in 72: Years, and the: an- 
its annual nual Quantity is about, 5o!!. | | „ | 
-quantity 5 tg” 8 
8 | (r) The parallax of the Sun, is the Angle; under which the Semidlameter of the Earth is ſeem 
from the Sun, and in general the parallax of any celeſtial Body, with refpe&- tothe Barth, is 
the Angle under which the Semidiameter of the Earth wonld' be ſeen from that: Bddy; b 
(0) A line is faid- to be parallel when it always preſerves the ſume poſition wick reſpedt 60 
Point ſuppoſed fixed, EET. be ; 


1 into the tropical and fydereal. The tropical Year is the Interval of Time Near. 
es pſed between two ſucceffive uar nal or autumnal Equinoxes, in two annual per. 
1 Revolutions of the Earth. This Vear is ſomewhar ſhorter than the ſyderenl!l 


nom 


N 
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| Newton found, as will appear in the Sequel, the Cauſe of this Motion it in 


1 | le Attraction of the Sun and Moon: on the Elevation of the equatorial: \Parts 
of me Barth. 


The Preceſſion of the Equinomes has n A DiſtinQion of the Wear Tropical 
Sydereal 


Year, or the Time intervening the Earth's Departure from any Foint of 
her on and her Return to the ſame. 
IIR. 
n renwitis to deſiribe the ſecondary Planets, which: excluſive of the Ring The ſeconds 


of Saturn, are 10 in Number; namely, the 5 Satellites of Saturn, the 4 ry REL 


Wn of Jupiter, and the Moon, the only Satellite attending the Eartn. 
= Obſervation proves that theſe Satellites in revolving round their Fointarics, They ob- 
. obſerve the Laws of Kepler. | Ls hw ke 


' The Satellites of Jupiter have been but lately diſcovered: The Diſcovery Kepler. 


E beſore- the Invention of Teleſcopes was impoffible. Galliles diſcovered wt Diſcovery of 
== four Satellites of Jupiter, which in Honour of his Patron, he termed the = linter 


Medicean Stars. Theſe ate of the greateſt Utility in Geography and Aſtro- 


| ens: was tha firſt who diſcovered; one of- Saen Satellites ; 3 it ſtill re- Ades 
tains his n, and is the fourth. Afterwards * diſcovered the four of ! 


others. 


XXIII. Jo 


XXIV. 


Taking the Diameter of Saturn's Ring for a common Meaſure, the 8 


| Difances of the Satellites of Saturn commencing with the innermoſt, are of faturn 


in the following . | | from faturn; 


nu SYSTEM OF THE 
| & theirperi ¶ The firſt is expreſſed by 1, the ſecond by 2, the third by 3, the fourth by 


— this 8, and the fifth by 24, neglecting Fractions; and their periodic Times, ac- 
planet. cording to Caſſini, are 45", 65h, 10gh, 38 2h, and 1903" reſpectively | 
The Moons of Saturn, all revolve in the Plane of the Equator of that 
Planet, except the fifth, which recedes from it about 15 or 16 Degrees. 
Several Philoſophers, and among them Hughens, have ſuſpected, that if 
| 2 Teleſcopes were once brought to perfection, a ſixth Satellite of Saturn be- 
| e "3 , tween the fourth and fifth would be diſcovered, the Diſtance between thoſe 


-  Gxth ſatel- two Satellites being two great in Proportion to that which ſeparates the 


lite of 82 · 


others; but there would then occur this other Difficulty, that this Satellite, 
which would be the fifth, notwithſtanding muſt be leſs than any of the 
four interior Moons, ſince with our moſt perfect Teleſcopes it caunot be 
perceived. 3 5 : | 
| 0 The Orbits of the Satellites of Jupiter, and of Saturn, are nearly con- 
2 centric to thoſe Planets . 5 | | | 
| Obſervation Maraldi has obſerved Spots on the Moons of Jupiter, but no Conſequen- 
of Maraldi ces could as yet be derived from this Obſervation, which if properly purſued 


are Mb and accurately repeated, might conduct us to the Knowledge of ſeveral in- 


turn. 


% 


of Jupiter, tereſting Particulars reſpecting the Motions of the Satellites. 
Of the ring Saturn, excluſive of his five Moons, is alſo ſurrounded by a Ring, no 
- 3 where adhering to his Body; for through the Interval which ſeparates his 
adhere to Body from the Ring, we can view the fixed Stars: The Diameter of this 
the body of Ring is to the Diameter of Saturn as 9 to 4, according to Hughens, that is 


this planet. more than the Double of the Diameter of Saturn; the Diſtance of the Bod 
Its diſtance 


from the bo- Of Saturn from his Ring, is nearly equal to his Semidiameter ; ſo that the 
dy _of the Breadth of the Ring is nearly equal to the Diſtance hetween its interior 
„ Limb and the Globe of Saturn. Its Thickneſs is very inconſiderable, for 
Its breadth, When it turns its Edge to the Eye, it is no longer viſible, but only àppears as 


Its thick- a black Line extended acroſs the Globe of Saturn. Thus this Ring under- 
_ © . goes Phaſes according to the Poſition of Saturn in his Orbit, which proves 
—_ Co; it to be an opaque Body; and which like the other Bodies that compoſe our 
— to my Syſtem, ſhines only by reffecting the Light it receives from the 
Phaies. un. N ä | | 0 | . 

We cannot diſcover whether the Ring of Saturn has any Motion of Rota- 
tion, as no Changes in its Aſpet are obſerved to authoriſe us to conclude 
- this Rotation. ; | „ ao wa 5 

The Plane of this Ring always forms with the Plane of the Ecliptic 

an Angle of 239 5, hence its Axis remains always parallel to itſelf in 
| its Revolution round the Sun. „ 3 
Of the dis The Diſcovery of the Ring of Saturn, the only Phenomenon of the Kind 
covery of obſerved in the Heavens is due to Hughens. Before his Time, Aſtronomers 
| 1 obſerved Phaſes in Saturn, for they confounded Saturn with his Ring; but thoſe 
— 2 Phaſes were ſo different from thoſe of the other Planets as to be utterly inex- 


— 


9 


by refleQing the Light of the Sun. 
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7 | plicable. In Hevelius may be ſeen the Names he gives to thoſe Appearances _ Hu- 
of Saturn, and how far (t) he was from aſſigning the true Cauſe. ee 


Hugbens comparing the different Appearances of Saturn, found they were 


1 | produced by a Ring ſurrounding his Body ; and this Suppoſition is ſo confor- 
IX mable with all Teleſcopic Diſcoveries, as to be now generally received. 


Gregory deſcribing the Notion of Halley, that the terreſtrial Globe is Notion af 


; 1 1 : 4 G n 
only an Aſſemblage of Shells concentric to an internal Nucleus, propoſes a — 5 


3 | e concerning this Ring, that it is formed of ſeveral concentric ring. 


Shells detached from the Body of that Planet, whoſe Diameter was former- 

ly equal to the Sum of its actual Diameter, and the Breadth of the Ring. 
Another Conjecture has alſo been propoſed, that the Ring of Saturn is on- The ſatel- 
ly an Aſſemblage of Moons, which from the immenſe Diſtance appear to lites of Jupi 


be contiguous ; but thoſe Conjectures are not grounded on any Obſervation. ter and 84- 


By the Shadows of the Satellites of Jupiter and Saturn pr jected on ſoherica) bo 
their Primaries, it has been diſcovered, that they are ſpherical Bodies. dies. 
CE P | 2 „ 
The Earth has only one Satellite, namely the Moon; but her Proximity orthe moon 
has enabled us to puſh our Enquiries concerning this Satellite much further 3 
than about the others. 1 8 | 


Earth being placed in one of the Foci; The Form and Pofition of this El- it 1 
lipſe is continually changing; theſe Variations are cauſed by the Action of the — 28 
* : . "_ 


SE Sun, as will appear in the Sequel. 


The Moon in her Revolution round the Earth obſerves the firſt of the two 
Laws of Kepler, and recedes from it only by the Action of the Sun upon her; 1 
ſhe compleats her Revolution round the Earth from Weſt to Eaſt in 27 d. 2 


7 h. 43 m. which is called its periodical Month. | 4 
The Diſc of the Moon is fometimes totally, and at other times partially, 


1 illuminated by the Sun. The illuminated Part is greater, or leſs, according 


to its Poſition with reſpect to the Sun and the Earth; theſe are called her Her phaſes. 
Phaſes. She aſſumes all thoſe various Phaſes during the Time of her fynodic — * 
Revolution, or the Interval between two ſucceſſive Conjunctions with the 85 


Sun. This ſynodic Month of the Moon conſiſts of 29 Days 4 nearly. 


The Phaſes of the Moon prove that ſhe is an opaque Body, ſhining only The moon 
5 og 5 is an opaque 
We know that the Moon is a ſpherical Body, becauſe ſhe always ap- cal %. capa 


pears to be bounded by a Curve. 


; The Earth enlightens the Moon during her Nights, as the Moon does the The earth 
Fach during ours; and it is by the reſſected Light of the Earth that we ſee **\ishtene 
= the Moon, when ſhe is not illuſtrated by the Sun. | 


the m 
— 
nights. | 


en Hevelins in opyſculo de Saturni Nativa facie diſtinguiſhes the different Aſpe&ts of Saturn 
Bs. the Names of Monaſphericum, Triſphericum, Spherico-anſatum, ellipti-coanſatum, ſpheri- 
cocuſpidatum, and ſubdivides them again into other Phaſes, | * 


XIII. 


The Moon performs its Revolution round the Earth in an Ellipſe, the What curve 
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je wwe As the. Surface of the Earth is about 14 times greater than wed the 
dination Moon, the Earth ſeen from the Moon would appear 14 times brighter, and 
| | Ts on e es he da, than the Moon does Ig Ip. 

| poſing both equally capable of refleQing Light. 
Inclination The Plane of the lunar Orbit forms wich the Plane of the Eeliptc, an 
of the orbit Angle of about 54. 
of themoon pe great Axis of the Bllipſe which e bidde Gerber; round the | 
Earth, is called tbe Line of the Apſides (u) of the Moon. 


Sun. 


If the Orbit of the Moon had no 0 Motion but that by At it is 
carried round the Sun along with the Earth, the Axis of this Orbit would 
always remain parallel to itſelf ; and Moon being in her Apogee, and in her 
Ferigee, would be always at the ſame Diſtances from the Earth, and would 
always correſpond to the ſame Points of the Heavens; but the Line of- the 
Time of the Apſides of the Moon revolves with an angular Motion round the Earth, ac- 
— cording to the Order of the Signs; and the Apogee and Perigee of the Moon 
of the ap do not return to the ſame Points in leſs than 9 Years, which is the Time of 
fidess the Revolution of the Line of the Apſides of the Moon. 
| ee The Orbit of the Moon interſects the Orbit of the Earth in two Points, 
of the nodes which are called her Nodes; theſe Points are not always the ſame, but change 
| ofthe moon per petually by a retro refſive Motion that is contrary to the Order of the 
Time of its Signs, and this MoticFis ſuch, that in the ſpace of 19 Years the Nodes 
revolution. per ſotm a whole Revolution, after which they return to the lame Points of 
| the Orbit of the Earth, or of the Ecliptic. | 
ty of = The Excentricity of the Orbit of the Moon changes alſo conimally:; 
moon. this Excentricity ſometimes increaſes, ſometimes diminiſhes, ſo that the Dif- 
8 ference of the greateſt and leaſt Excentricity exceeds half the leaſt. | 
It will be explained in the Sequel how Newton diſcovered the Cauſe of all 
thoſe Inequalities of the Moon. 
1 The only uniform Motion that the Moon has, | is its Motion of Roden 
axis. about her Axis; this Motion is performed exactly in the ſame Time as its 
Revolution about the Earth, hence its Days conſiſt of 27 of our Aeg Jh. 
in What 43 
time it is This equality of the lunar Day By the periodic Month wk the Moon 
Perron. always preſent to us nearly the ſame Dilc. 

The uniform Motion of the Moon about its Axis, combined with the In- 
| equality of its Motion round the Earth, produces the apparent Oſcillation 
Libration of of the Moon about her Axis, ſometimes Eaſtward, and at other times Weſt- 
the moon. ward, and this is what is called ber Libration ; by this Motion ſhe preſents 


(u) The Line of the Apſides of the Moon is the Line which paſſes through the Apogee 5 and 
Perizee; apogee is the Point of the Orbit the Remoteſt from the Earth, and the Perigee is the 


Point of the Orbit the neareſt to the Earth; and in general, the Apſides of any; Orbit are the 
Pointe the Remoteſt from, and neareſt to, the central Point. 


The Moon n n the Earth in her annual Revolution round the 1 : f 
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us ſometimes Parts which were concealed, and conceals oder that were 
=— viſible. | 

1 - This 1 of the Moon ariſes from her Maw in an Elliptic Orbit, ls cauſe. 
for if ſhe revolved in a circular Orbit, having the Earth for ats Center, 5 
and turned about her Axis im the Time of her periodic Motion round tbe 

3 uld? Far All Foſitions turn the kame! Die a towards the 


We are ee * the Horm of the Surface of the Moon, which-is on 
me other Side of her Diſc with Reſpe& to us. Some Philoſophers have 
even attempted to explain its Libration, by aſſi zning a conical Figure to that 
Part of its Surface, which is concealed from and who deny her FRO 
round her Axis. 
The Surface of the Moon is full of 8 and Gavicies, * which ; 
reaſon ſhe reflects on every Side the Light of the Sun, for if her Surface 
Was even and poliſhed like a Mirror, ſhe would only reflect to us the Image 
of the Sun. 


The mean Diſtance of the Moon from the Earth is nearly 60 * Semi- Diſtance of 
diameters of the Earth. „ 


N ro- — 550 n is 75 the fir of the Earth, as 100 to 23 
365, its Maſs is to the Maſs of the Earth, as 1 to 88. and its D ſity Its 
2 8 Denſity of the Earth, aa II t , = _ i 00 ans 28 | 
And laſtly, a y which would weigh 3. Pounds at the * of the What bodies 
Earth, transferred to the Surface of the Moon would weigh one Pound, weigh on | 
All theſe Proportions are known in the Moon and not in the other Satel- ite ſurfacr. 
 lites, becauſe this Planet ſupplies a peculiar Element, namely her Action on. 
the Sea, which Newton knew how to meaſure and to employ for determining Ye 
> win ai the Method he purſued in this Enquiry will be unfolded. in the * 1 
— 9 ' Tie 

| | 1 of the Primary Re, 3 

_ | 
In accounting for the ie Motions, the firſt Phenbatencn that occurs 
to be explainet is the perpetual Circulation of the Planets round 22 Cedier | 
of their Revolutions. | 
By the firſt Law of Nature every Body i in Motion bee in that: rec- 
ticlinear Courſe in which it com Ah therefore that a Planet may be 
deflected from the ſtraight Line it tends td eſcribe inceſſantly, it is Neceſſary 
that a Force different from that which makes it tend to deſcribe this ſtraight 
Line ſhould inceſſantly Act on it in order to bend its Courſe into a Curve, 
in the ſame Manner as when a Stone is whirled round in a » The © 

Sing inceſſantly reſtrains the Stone from flying off in the Direction of the 
Tangent to the Circle it deſcribes. n 

To explain this Phenomenon, the Ancients invented their ſolid Orbs ancient phi- 
and Deſcartes Vortices, but both one and the other of thoſe Explications , — 


and Deſcar- 


„ 
* * 
” 
” Go MA OI I eee 
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tes explain were mere pelle devoid of Proof, and though Deſcartes Explanation | 
1 yr was more Philoſophical, it was no leſs Ficlitious and ae | 
| Planets in e | 

their orbits. Neroten begins with proving in the firſt Propoſition (a), that the Areas 
3 deſcribed by a Body revolving round an immoveable Cepter to which it is 
atk! pa continually urged, are proportional to the Times, and feciprocally in the 
force which Second, that if a Body revolving round a Center deſcribes about it Areas 
hinders the proportional to the Times, that Body is actuated by a Force directed 
— ying to that Center. Since therefore according to Kepler's Diſcoveries, the Pla- 
off by the nets deſcribe round the Sun Areas proportional to the Times, they are ac- 
tangent. tuated by a centripetal Forte, urging them towards the Sun, and n 
| them in their Orbits. 


Merton has alſo ſhewn (Cor. dae 2.) that if the Force ating: on a Body, | 


urges it to different Points, it would accelerate. or retard the Deſcription of 
the Areas, which would conſequently be no longer proportional to the 
Times: Therefore if the Areas be proportional to the Times, the revolving 
Body is not only actuated by a centripetal Force, directed to the men 
Body, but this Force makes it tend to one and the lame ponent e 
. III. 

As the Revolutions of the Planets in their Orbits prove the Eriſtanee of 
2 centripetal Force drawing them from the Tangent, ſo by their not 
deſcending in a ſtraight Line towards the Center of their Revolution, we 
may conclude that they are acted upon by another Force different from the 
And the pro Centripetal, Newton has examined (b) in what Time each Planet would 
Fs force deſcend from its preſent Diſtance to the Sun if they were actuated by no 
ee from other Force but the Sun's Action, & he has found (P.36) that the different Pla- 
falling to | nets would employ in their Deſcent, the Half of the periodic Time of the 
the center Revolution round the Sun of a Body placed at Half their preſent Diſtances, 
and conſequently theſe Times would be to their periodic Times, as I 10 44/2. 
Thus, Venus for Example would take about 40 Days to deſcend to the 
Sun, for 40: 224: : 1: 41/2 nearly; Jupiter would employ two Years and a 
d in his Deſcent, and the Earth and the Moon ſixty-ſix Days and nine- 
teen Hours, &c. ſince then the Planets do not deſcend to the Sun, ſome 
Force muſt neceſſarily countera& the Force which make them e to che 
Sun, and this Force is called 1 + Force, | 

IV. 
of the cen: The Effort exerted by the Planets in Conſequence of this Force to re- 
| as yr the cede from the Center of their Motion, is what is called their Centrifugal 
planets. Force, hence in the Plgnets, the centriſugal Force is that Part of the projec- 
tile Force, which removes them W from the Center of their Revolu- | 


tion. 
| =p | „„ 
(a) When the Propoſitions are quoted without quoting the Book, FONG are the Propoſitions of 
the firſt Book. 


(b) De ſyſtemate mundi, Page 31. edition 1731. 
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The projectile Force has the ſame Direction in all the Planets, for they 
all revolve round the Sun from Weſt to Eaſt. TL . 
nw, Suppoſing the Medium in which the Planets move to be void of all Re- 
ſiſtance, the Conſervation of the projectile Motion in the Planets, is ac- 
counted for from the Inertia of Matter, and the firſt Law of Motion, but 
is Phyſical Cauſe, and the Reaſon of its Direction are as yet unknown. | 
| | = VI. 3 | | Newton dif 
Alfter having proved that the Planets are retained in their Orbits by a . the 
Force directed to the Sun, Newton demonſtrates (Prop. 4.) that the centri- 33 25 
petal Forces of Bodies revolving in Circles ate to one another as the Squares to the Sun 
of the Arcs of thoſe Circles deſcribed in equal Times, divided by their to be in the 
Rays, from whence he deduces (cor. 6.) that if the periodic Times of Bo- pre rw 
dies revolving in Circles be in the fe{quiplicate Ratio of their Rays, the cen- of their gif 
= tripetal Force which urges them to the Center of thoſe Circles, is in the 2 eng. 
inverſe Ratio of the Squares of thoſe ſame Rays, that is of the Diſtance of . 
thoſe Bodies from the Center: But by the ſecond Law of Kepler, which all die times and 
the Planets obſerve, their periodic Times are in the ſeſquiplicate Ratio of diſtances. 
their Diſtances from their Center; conſequently, the Force which urges in 
the Planets towards the Sun, decreaſes as the Square of their Diſtance of their or- 
from the Sun increaſes, ſuppoſing them to revolve in Circles concentric to bits being 
the Sun. = INSIST 38) 1 f | circular. 
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The firſt and moſt natural Notion that we form concerning the Orbits of 5 

che Planets, is that they perform their Revolutions in concentric Circles ; Before Kep- 

but the Difference in their apparent Diameters, and more accuracy in the — 

"EE Obſervations, have long ſince made known that their Orbits cannot be con- that the pla- 

centric to the Sun ; their Courſes therefore, before Kepler's Time, were ex- nets revoly- 

plained by excentric Circles, which anſwered. pretty well to the Obſervations — 

on the Motions of the Sun and the Planets, except Mercury and Mars. tric cirdes. 

From conſidering the Courſe of this laſt Planet, Kepler ſuſpeQed that the But Kepler 

Orbits of the Planets might poſſibly be Ellipſes, having the Sun placed in one — — | 

of the Foci, and this Curve agrees ſo exactly with all the Phenomena, that ygjve in el 

it is now univerſally acknowledged by Aſtronomers, that the Planets revolve lipſes. 

round the Sun in elliptic Orbits, having the Sun in one of the Foci. 

IN, - 1 Fs 

Aſſuming this Diſcovery, Newton examines what is the Law of centripe- 

tal Force, required to make the Planets deſcribe an Fllipſe, and he found 

{ (Prop. 11.) that this Force muſt follow the inverſe -Ratio of the Planet's 

| Diſtance from the Focus of this Ellipſe. But having found before (cor. 6. 

Prop. 4.) that if the periodic Times of Bodies revolving in Circles be in the 

feſquiplicate Ratio of their Rays, the centripetal Forces would be in the in- 

verſe Ratio of thoſe ſame Diſtances; he had no more to do to invincibly 
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prove that the centripetal Force which directs the celeſtial Bodies in their 


| Courſes; follows the inverſe Ratio of the Square of the Diſtances; but to 
1 Sate if bn periodic Times follow. the ſame Proportion in Elliple as in 


monſtrates 


that in ellip But e r (prop. 15.) FLY the periodic Times in Ellipes 


+ fe theperio are in the ſeſquiplicate Ratio of their great Axes ; that is, that thaſe Times 


are in the Are in the ſame Proportion in Ellipſes, and Circles whoſe Diameters are equal 


ſame propor to the great Axes of thoſe Ellipſes. 
tion as in, This Curve which the Planets deſcribe in their Revolution is endued. with 


— this Property, that if ſmall Arcs deſcribed in equal Times be taken, the 


iy che centri Space bounded by the Line drawn from one of the Extremities of this Arc, 


petal force and by the Tangent drawn from the other 22 increaſes in the ſame 


which ts. Ratio as the Square of the Diſtance from the 


planets in Whence it follows, that the attractive Power which is proportional. to this 
their orbits. Space, follows allo this ſame 3 | 
22 Y IX AT 6 

the ar . | | 

of the di Newton, not content with examining the Law that makes the Planets de- 


' tance, ſcribe Ellipſes; he enquired further weather in conſequence of this Law: 
The, centri Bodies might not deſcribe other Curves, and he found (Cor. I. Prop. 13.) that 


patal force this: Law would only make them deſcribe a conic Section, the Center of the 
being in this: Force being mg in the Focus, let the projectile Fe orce be what it would. 
—— Other Laws, by which Bodies might deſcribe conic Sections, would make 
can only de them deſcribe them about Points different from the Focus. Newton found, 
ſcribe conic for example, (Prop. 10.) that if the Force be as the Diſtance from the Center, 
— 9 the it will make the Body deſcribe: a conic: Section, whoſe Center would be the 
Placed in Center of Forces, thus Newtan. has, diſcovered not only the Law which the. 
— 2 the centripetal Force obſerves; in our planetary Syſtem, but he has alſo ſhewn, 

| that no other Law could ſubſiſt in our Warld,; in its; oat State. 

R, 

Manner of Newton. Gl examines (Prop. 1 7.) the Can a Body would A 
1 with a centripetal Force decreaſing in the inverſe. Ratio of the Square of the 
5 plans; fvp Diſtance, ſuppoſing: the Body let go from a. given Point, with a Direc- 
| pong, the ben. and Velocity aſſumed at Pleaſure. 

wy To ſolve: this Problem, he ſets out with the Remark he had made,, (Prop. 


wipetal 1 x6) that the Velacities.of Bodies deſcribing conic Sections, are in each Point 


given. of thoſe Curves, as the Square-Roots. of the principal Parameters, divided 


by. the Per pendiculam. let fall from the Foci on the Fangents: to-thoſe 


Points. 
This. Propoſition is-not only very intereſting, conſidered. merely 28 2, geo- 
metrical Problem, but alſo: of great uſe in Aſtronomy; for finding by 
Obſervation the Velocity and Direction of a Planet in any Part of its Grbit, 
by the Aſſiſtance of this Propoſition, the Remainder of its Orbit is ſound out, 
and the Determination of the Orbits of Comets, * in a ent Meaſure 
be deduced from this Propoſition. 


ocus decreaſes; from 
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It is eaſy to conceive that in conſequence of other Laws of centripetal 5 What 
Force different from that of the Square of the Diſtances Bodies would — - 


deſcribe other Curves, that there are fome Laws by which notwithſtan- of other 


ding the projectile Force, they would deſcend to the Sun, and others by Laws of cen 


which notwithſtanding the centripetal Force, they would recede in infini- aa wn Orr 


7 tum in the Heavenly Spaces; others would make them deſcribe Spirals, &c. ſcribed. 


and Newton in the 42d Propofition, inveſtigates what are the Curves de- 
{cribed in all Sorts of Hypotheſis of centripetal Forces, | 


| | | XII. 6 | 
It evidently appears from all that has been ſaid that the perpetual Circula- Thc perpe- 


tion of the Planets in their Orbits depends on the Proportion between thetual circula- | 


centripetal and the projectile Force, and thoſe who aſk why the Planets tion of the. 


. 1 F p 5 - Planets in 
arriving at their Perihelia, reaſcend to their Aphelia, are ignorant of this 8 


Proportion; for in the higher Apſis the centripetal Force exceeds the Cen- reſults from 
trifugal Force, ſince in deſcending the Body approaches the Centre, and dang exons 
the lower Apſis on the Contrary, the centrifugal Force furpaſſes in its g. e 
turn the centripetal Force, ſince in reaſcending the Body recedes from the tal and pro- 
Centre: A certain Combination between the centripetal Force and the cen- jectile force. 
trifugal Force was therefore requiſit, that they might alternately prevail and 

cauſe the Body to deſcend to the lower, and reaſcend to the higher Apſis per- 

zefually, - 

2 — Objection was alledged with regard 


to the Continuation of the 


Heavenly Motions, derived from the Refiſtance they ſhould undergo in the 


Medium in which they move. This Objection Newton has anſwered in u. ft 


(Prop. 10. B. 3.) where he ſhews that the Reſiſtance of Mediums diminiſh um in which 


in the Ratio of their benz Pe their Denſity; but he proved in the Scho- the heaven- 
lium of (Propoſition 22. B. 2.) that at the Height of two hundred Miles a-, de gc 


bove the Surface of the Earth, the Air is more rarified than at the Surface, of all refiſt. 
in the Ratio of 30 to 0,0000000000003998 or nearly as 7 5000000000000 ance. | 


I | to 1, from whence he concludes (Prop. 10. B, 3) ſuppoling the Reſiſtance - 


of the Medium in which Jupiter moves to be of this Denfity, this Planet 


= deſcribing five of its Semidiameters in 30 days, would from the Reſiſtance 


of this Medium, in x000000 years ſcarcely loſe 1000000th Part of its Mo- 
tion; from hence we ſee that the Medium in which the Planets move may 
be ſo rare and ſubtile, that its Refiſtance may be regarded as Void; and 
the Proportionality conſtantly obſerved, between the Areas and the Times, 


is a convincing Proof that this Refiſtance is actually inſenſible. 


XIII. ? e 8 
As we have ſhewn that the Proportionality of the Times and of the A- 
reas which the Planets deſcribe around the Sun, proves that they tend to the 


"BM Sun as to their Centre, and that the Ratio ſubſiſting between their periodic 


Times and their Diſtances, ſhews that this Force decreaſes in the inverſe 


% 
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Ratio of the Square of the Diſtances. ' If the Planets which perform their 
Revolutions round the Sun be ſurrounded by others which revolve round 
them, and obſerving the ſame Proportions in their Revolutions, we may con- 
clude that theſe Satellites are urged by a centripetal Force directed to their 
Primaries, and that this Force decreaſes as that of the Sun in the duplicate 
Ratio of the Diſtance. „ . 
We cgn diſcover only three Planets attended with Satellites, Jupiter, the 
Earth, and Saturn; we know that the Satellites of thoſe three Planets de- 
ſcribe around them Areas proportional to the T'imes, and conſequently are 
urged by a Force tending to thoſe Planets. | | 1 


The compa- . | . | | | 

riſon of the Jupiter and Saturn having each ſeveral Satellites whoſe periodic Times 
perioic and Diſtances are known, it is eaſy to diſcover whether the Times of their 
Giſtances of Revolution about their Planet, are to their Diſtance in the Proportion diſco- 
the ſatellites vered by Kepler; and Obſervations evince that the Satellites of Jupiter and 
of Saturn Saturn obſerve alſo this ſecond Law of Kepler in revolving round their Pri- 
— 1 tie: maries, and of conſequence the centripetal Force of Jupiter and of Saturn 


the centri-decreaſe in the Ratio of the Square of the Diſtances of Bodies from the 


petal force Centre of thoſe P lanets. h 
of thoſe pla- 7 XV. 


gy” a. As the Earth is attended only by one Satellite, namely the Moon, it ap- 

verſe ratio of PEars at firſt View difficult to determine the Proportion in which the Force 
the ſquare acts that makes the Moon revolve in her Orbit round the Earth, as in this 

3 diſ. Caſe we have no Term of Compariſon. + g 

How New- Veroton has found the Means of ſupplying this Defect; his Method is as 
ton diſcove- follows: All Bodies which fall on the Surface of the Earth, deſcribe accord- 

red that the ing to the Progreſſion diſcovered by Gallileo, Spaces which are as the Squares 

eg N of the Times of their Deſcent. We know the mean Diſtance of the Moon 

Earth fol- from the Earth which in round Numbers is about 60 Semidiameters of the 

eee, Earth; and all Bodies near the Surface of the Earth are conſidered as equi- 

tion. diſſtant from the Centre; therefore if the ſame Force produces the Deſcent of 

| heavy Bodies, and the Revolution of the Moon in her Orbit; and if this 

Force decreaſes in the Ratio of the Square of the Diſtance, its Action on 

Bodies near the Surface of the Earth ſhould be 3600 Times greater than 

what it exerts on the Moon, ſince the Moon is 60 Times remoter from the 

Centre of the Earth; we know the Moon's Orbit, becauſe we know at 

preſent the Meaſure of the Earth, we know that the Moon deſcribes this 

Orbit in 27 Days, 7 Hours, 43 Minutes, hence we know the Arc ſhe de- 

icribes in one Minute; now by (Cor. 9 Prop. 4.) the Arc deſcribed in a gi- 

yen Time by a Body revolving uniformly in a Circle with a given centripe- 

tal Force, is a mean Proportional between the Diameter of this Circle and 


the right Line deſcribed in the Body's deſcent during that Time. 
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It is true that the Moon does not revolve round the Earth in an exact 
Circle, but we may ſuppoſe it ſuch in the preſent Caſe without any ſenſible 


© | Error, and in this Hypotheſis, the Line expreſſing the Quantity of the 
= Moon's deſcent in one Minute, produced by the centripetal Force, is found 


1earl Feet. „ 2 
” Bur the moos according to the Progreſſion diſcovered by Gallileo, at her 


| - preſent Diſtance would deſcribe a Space 3600 Times leſs in a Second than 
| E and Bodies near the Surface of the Earth deſeribe, according 


to the Experiments of Pendulums, for which we are indebted to Hug bens, 
about 15 feet in a Second, that is, 3600 Times more Space than the Moon 
deſcribes in the ſame Time; therefore the Force cauſing their Deſcent acts 

600 Times more powerfully on them than it does on the Moon ; bat this 1s 
exactly the inverſe Proportion of the Squares of their Diſtances. - 

By this Example we ſee the Advantage of knowing the Meaſure of the 
Earth; for in order to compare the Verſe Sine which expreſſes the Quantity 1 
of the Moon's deſcent towards the Earth, with the cotemporary Space de- fe of the 
{ſcribed by Bodies falling by the Force of Gravity near the Earth, we r 
know the abſolute Diſtance of the Moon from the Earth, reduced into Feet, necelleny for 
as alſo the Length of the Pendulum vibrating Seconds ; for in this Caſe it 1s pe 
not ſufficient to know the Ratio of Quantities, but their abſolute Magni- | 
tudes. EP | 1 2 8 5 

f - 4 | Induction 

Jupiter, Saturn, and our Earth therefore attract Bodies, in the fame authoriſes ue 
Proportion that the Sun attracts thoſe Planets, and Induction authoriſes us to bags 
to conclude that Gravity follows the ſame Proportion in Mars, Venus, and o_ 2 
Mercury; for by all that we can diſcover of theſe three Planets, they appear tneſame pro- 
to be Bodies of the ſame Nature with the Earth, Jupiter, and Saturn; from portion in 


N 5 ns t 
whence we may conclude, with the higheſt Probability, that they are en- ow 


dued with the attractive Force, and that this F orce decreaſes as the Square ae 


of the Diſtances. | 
XVII. 


It being proved by Obſervation and Induction that all the Planets are en- : From 
dued with the attractive Power decreaſing as the Square of the Diſtances ; eee * 
and by the ſecond Law of Motion, Action is always equal to Re- action, euded the 
we ſhould conclude with Newton, (Prop. 5. B. 3.) that all the Planets gra- mutual at- 
vitate to one another, and that as the Sun attracts the Planets, he is reci- traction of 


T . leſ⸗ 
procally attracted by them; for as the Earth, Jupiter, and Saturn act on — 


their Satellites in the inverſe Ratio of the Square of the Diſtances, there is 
no Reaſon why this Action is not exerted at all Diſtances in the ſame Pro- 
portion; thus the Planets ſhould attract each other mutually, and the Ef- 


fects ot this mutual Attraction are ſenſibly perceived in the Conjunction of 


WH Jupiter and Saturn. 


— 
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As Analogy enduces us to believe that the ſecondary Planets are in all 

Reſpects Bodies of the ſame Nature with the primary Planets, it is highly 
probable that they are alſo endued with the attractive Power, and conſe- 

_ quently attract their Primaries in the ſame Manner they are attracted by them, 
and that they mutually attract each other. This is further confirmed by the 
Attraction of the Moon exerted on the Earth, the Effects of which are vi- 
ſible in the Tides and the Preceſſion of the Equinoxes, as will appear in the 

Sequel : We may therefore conclude that the attractive Power belongs to 
all the Heavenly Bodies, and that it acts in all our planetary Syſtem in the 
inverſe Ratio of the Square of the 8 | | Ek 

775 But what is the Cauſe which makes one Body revolve round another? for 
What cauſe jnſtance, the Earth and the Moon attracting each other with Forces decrea- 
makes de ling in the duplicate Ratio of their Diſtances, why ſhould not the Earth 
A ano-revolve round the Moon, inſtead of cauſing the Moon to revolve round the 
ther. Earth; the Law which regulates Attraction does not therefore depend on 
| the Diſtance alone, it muſt depend alſo on ſome other Element, in order to 

account for this Determination, for the Diſtance alone is mfufficient, ſince it 
is the ſame for one and the other Globe. | | on 
This cauſo From examining the Bodies that compoſe our planetary Syſtem, it is natural 
appears tobe to conclude that this Law is that of their Maſſes; the Sun, round whom all 
the maſs ofthe Heavenly Bodies turn, appears much bigger than any of them; Sa. 


the central 


turn and Jupiter are much bigger than their Satellites, and our Earth is 
md much bigger than the Moon which revolves round it. f 5 | 


| But as the Bulk and Maſs are two different things, to be certain that the | | 
The know- Gravity of the Celeſtial Bodies follows the Law of their Maſſes, it is neceſ. Mi 


| mallaof the faryto determine thoſe Maſſes, 


| planets ne. But how can the Maſſes of the different Planets be determined? this 
| 3 ne Newton has ſhewn. N e 


2 . : XX. { | 

this point. o trace the Road that conducted him to thieDioovery, 0 

W | Since the Attraction of all the Celeſtial Bodies on the Bodies which ſur- 

Road that ound them follows the inverſe Ratio of the Square of the Diftances, it is 

| conducted highly probable that the Parts of which they are compoſed attract each 

pralle other in the ſame Proportion. . | „ 

" The total attractive Force of a Planet is compoſed of the attractive Forces 

of its Parts; for ſuppoſing ſeveral ſmall Planets to unite and compoſe a big 

one, the Force of this big Planet will be compoſed of the Sum of the For- 

ces of all thoſe ſmall planets; and Newton has proved in (Prop. 74, 
75 and 76,) that if the Parts of which a Sphere is compoſed, attract each 


ether. mutually in the inverſe Ratio of the Square of the Diſtances, theſe + 
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entire Spheres will attract Bodies which are exterior to them, at whatever 
= Diſtance they are placed in this ſame inverſe Ratio of the Square of Diſtan- 
ces; and of all the Laws of Attraction examined by Newton, he has found 
only two; namely, that in the inverſe Ratio of the Square of the Diſtan- 
ces, and that in the Ratio of the ſimple Diſtances, according to which 
WE Spheres attract external Bodies in the lame Ratio in which their Parts mu- 
Wally attract each other; from whence we ſee the Farce of the Reaſoning 
SS which made Newton conclude that ſince it is proved on one Hand from 
= Theory, (Cor. 3. Prop. 74.) that when the Parts of a Sphere attract each o- 4 
SE ther with Forces decreafing in the duplicate Ratio of the Diſtances, the enn 
ure Sphere attracts external Bodies in the fame Ratio, and on the other, 5 
Obſervations evince that the Celeftial Bodies attract external Bodies in this 
Ratio, it is obvious that the Parts of which the Heavenly Bodies are com- 
poſed, attract each other in this ſame Ratio. | | Wee 
Newton examines (in Prop. 8.'B. 3.) what the ſame Body would weigh 
at the Surfaces of the different Planets, and he found by means of (Cor.,, . _ f 
2. Prop. 4.) in which he had demonſtrated, that the Weights of equal Bo- wehe the 
dies revolving in Circles, are as the Diameters of thoſe Cireles, divided the ſame bo- 
by the Squares of_their periodic Times, therefore the periodic Times of / upon the 
= Venus round the Sun, of the Satellites of Jupiter round this Planet, of the wr 5 
WE Satellites of Saturn round Saturn, and of the Moon round the Earth, and the fame dif- 
the Diſtances of thoſe Bodies from the Centres about which they revolve tance from 
being known, ſuppoſing alſo that they deſcribe Circles, which may be ſup- i centres 
poſed in the preſent Caſe, he 'diſcovers how much the ſame Body would 15 
= weigh transferred ſucceſſively on the Surfaces of Jupiter, Saturn and of the 
= . Having thus found the Weights of the ſame Body on the Surface of the 


different Planets at the ſame Diſtance from their Centres, Newton dedu- And proves 
ces the Quantities of Matter they contain, for Attraction depending on the nt cir of 
Maſs and the Diſtance, at equal Diſtances the attractive Forces are as the ku ace 
Quantities of Matter in the attracting Bodies; therefore the Maſſes of the proportional 
different Planets are as the Weights of the ſame Body at equal Diſtances 0 ee 
from their Centres. | | VVT 


| xxl. ee 
We may diſcover after the ſame Manner the Denſity of the Sun and of 

_ thoſe Planets which have Satellites, that is, the Proportion of their Bulks From 

] and Maſſes, for Newton, (Prop. 72.) has proved, that the Weights of e- *Þ<nce he 
qual Bodies, at the Surfaces of unequal homogeneous Spheres, are as 9 
the Diameters of thoſe Spheres; therefore if thoſe Spheres were heteroge- tes. 
neous-and equal, the Weights of Bodies at their Surfaces would be as their | 


Denſity, fappoling the Law of Attraction to depend only of the Diſtance, 


— 
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and the Maſs of the attracting Body; therefore the Weights of Bodies at 
the Surfaces of unequal and heterogeneous Spheres, are in the compound 
Ratio of their Denſities and Diameters; conſequently the Denſities are as 

the Weights of the Bodies divided by their Diameters. 1 

- „„ «©: 7 
Theſmalleſt From hence we find, that the ſmaller Planets are denſer and placed near- 
and denſeſter the Sun, for where all the Proportions of our Syſtem were laid down, 
planets are we ſaw that the Earth, which is leſs and nearer the Sun than Jupiter and 


ö 


neareſt the s 
ſan: Saturn, 1s more denſe than thoſe Planets, 


EEE | . | 3 0 
Newton deduces from thence, the Reaſon of the Arrangement of the 
Celeſtial Bodies of our planetary Syſtem, which is adapted to the Denſity 
of their Matter, in order that each might receive a Degree of Het more 
or leſs according to its Denſity and Diſtance; for Experience ſhews us that 
The reaſon the denſer any Body is, the more difficultly does it receive Heat; from 
affigned bywhence Newton concludes that the Matter of which Mercury is compoſed 
Newton, ſhould be ſeven Times denſer than the Earth, in order that Vegetation might 
take place; for Illumination, to which, ceteris paribus, Heat is proportional, 
is inverſely as the Square of the Diſtance; but we know the Proportion of 
the Diſtances of the Earth and Mercury from the Sun, and from this Pro- 
portion we diſcover that Mercury is ſeven Times more illuminated, and 
- conſequently ſeven "Times more heated than the Earth; and Newton diſ- 
covered, from his Experiments on the Thermometer, that the Heat of our 
Summer Sun, - ſeven Times augmented, would make W ater boil; there- 
fore if the Earth was placed at the Diſtance of Mercury from the Sun, our 
Ocean would be diſſipated into Vapour; removed to the Diſtance of Sa- 
turn from the Sun, the Ocean would be perpetually frozen, and in both 


FD) | Caſes all Vegetation would ceaſe, and Plants and Animals would periſh. 
| XXIV. „ 

The denſi- It eaſily appears, that the Maſſes and Denſities of ſuch Planets only as 

9 the are attended by Satellites can be diſcovered, ſince to arrive at this Diſcove- 

which have Ty we muſt compare the periodic Times of the Bodies revolving round thoſe 


ſatellites on. Planets, the Moon alone is to be excepted, of which mention will be made 


ly can be diſ 

covered, the hereafter. xxv | N 
8 Pg 1 - - * | 1 4 < hs : 1 

woe oc Having determined the Maſſes of the Planets, we find that thoſe Bodies 


Why theſun which have leſs Maſs, revolve round thoſe which have a greater, and the 
Ew —_— greater Maſs a Body has the greater is, ceteris paribus, its attractive Force; 
tial revolu- thus all the Planets revolve round the Sun, becauſe the Sun has a much 
tions. greater Maſs than any of the Planets, for the Maſſes of the Sun, Jupiter, 
and Saturn are reſpectively as 1, 1100 and 3000; fince therefore the Mai- 

ſes of theſe Planets exceed thoſe of any other in our Syſtem, it follows that 


the Sun ſhould be the Centre of the Motions of our planetary Syſtem, 
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If Attraction be proportional to the Maſſes, the Alteration cauſed by the The alters. | 


Action of Jupiter on the Orbit of Saturn in their Conjunction, ou he fu — 


much to exceed that produced in the Orbit of Jupiter by the Action of Sa- mutually © 

turn, ſince the Maſs of Jupiter is much greater than that of Saturn, and produce in 
this Obſervation evinees; the Alteration in the Orbit of Jupiter in its Con- 
| junction with Saturn, though ſenſible is conſiderably leſs than what is ob- ratio of their 


their courſes 
follow the 


ſerved in the Orbit of Saturn. moailes. 


| Wann | Frm 5 

But if the Effect of Attraction, or. the Space deſcribed by the attracted 
Body, depends on the Maſs of the attracting Body, why ſhould it not alſo 
depend on the Maſs of the attracted Body? This Point furely deſerves to 
be examined. 1 Fo, . | 

Experiment proves that all Bodies near the Surface of the Earth, when 
the Reſiſtance of the Air is removed, deſcend with equal Velocities ; for in 
the Air- pump, after exhauſting the Air, Gold and Feathers fall to the Bot- 


tom in the ſame Time. 


Newton has confirmed this Experiment by another, in which the ſmalleſt 
Difference becomes obvious to our Senſes. He relates (Prop. 24. B. 2. 


and Prop. 6. B. 3.) that he compoſed ſeveral Pendulums of Materials en- 


tirely different ; for inſtance of Water, Wood, Gold, Glaſs, &c. and ha- 
ving ſuſpended them by Threads of equal Length, for a conſiderable Time 
their Oſcillations were Synchronal 7 fn 

„ e | . 

It admits therefore of no Doubt, that the attractive Force of our Earth ,,, .. 

is proportioned to the Maſſes of the Bodies it attracts, and at equal Diſtan- i; — N 
ces it depends ſolely on their Maſſes, that is on their Quantities of Matter; nal to the 
hence if the terreſtrial Bodies were transferred to the Orbit of the Moon, maſſes with- 


out any re- 


it having been proved :Iready that the fame Force acts on the Moon and ſpeæ being 


on thoſe Bodies, and that it decreaſes as the Square of the Diſtances. The had to the 


Diſtances being ſuppoſed equal, it follows, that ſuppoſing the Moon de-form or ſpe- 
: cies of the 


prived of her projectile Force, . thoſe Bodies and the Moon would fall in attaeting 
the ſame Time to the Surface of the Earth, and would deſcribe equal Spa- bodies. 


ces in equal Times, the Reſiſtance of the Air being taken away. 


| XXIX. | 15 
The ſame Thing is proved of Il the Planets having Satellites, for in- 


ſtance, of Jupiter and Saturn; if the Satellites of Jupiter, for example, 


were all placed at the ſame Diſtance from the Centre of this Planet, and 


deprived of their projectile Force, they would deſcend towards it and 


reach its Surface in the ſame Time; this follows from the Proportion be- 
tween the Diſtances of the Satellites and their periodic Times. | 


ciprocal. 


Orbits are ſenſibly concentric to 
Experience and Obſervation therefore leads us to conclude, that the At- 
Attraction attracting Body, as in the Body attracted; that it is the Maſs which deter- 
is always re- mines a Body to revolve round another, that every Body may be conſider- 
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From the Proportion between the periodic Times and Diftances of the 


3 Planets from the Sun, it may be proved in like Manner, that the 
Sun acts on each of them proportionally to its Mafs, for at equal Diſtances 


their periodic Times would be equal, in which Caſe, ſuppofing their pro- 
jectile Force deſtroyed, they would all reach the Sun at the ame Time; 


therefore the Sun attracts each Planet in the direct Ratio of its Maſs. 
1 % | 
This Truth is further confirmed by the Regularity of the Orbits which 


the Satellites of Jupiter defcribe round this Planet, for Newton has proved 


(Cor. 3. Prop. 65.) that when a Syſtem of Bodies move in Circles or regu- 
lar Eltipfes, theſe Bodies cannot be acted upon by any ſenſible Force but 
the attractive Force which makes them deſcribe thoſe Curves; now the Sa- 


tellites of Jupiter deſcribe round that Planet circular Orbits, fenfibly regu- 


lar and concentric to Jupiter, the Diſtances of theſe Moons and of Jupi- 


ter from the Sun ſhould be conſidered as equal, the Difference of their 
| Diſtances bearing no Proportion to the entire Diſtance ; therefore if any of 
the Satellites of Jupiter, or Jupiter himſelf, ' were more attracted by the 
Sun in Proportion to its Maſs than any other Satellite, then this ſtrong- 


er Attraction of the Sun would diſturb the Orbit of this Satellite; and 


* 


Newton fays, * 6. B. 3.) that if this Action of the Sun on one of 


the Satellites Aa was greater or leſs in Proportion to its Maſs than 


that which it exerts on Jupiter in Proportion to his, only one thouſandth part 
pf its total Gravity, the Diſtance of the Centre of the Orbit of this Sa- 
tellite from the Sun would be Poon or leſs than the Diſtance of the Cen- 

y the two thouſandth part of its whole Diſ- 


tre of Jupiter from the Sun, | 
tance, that is by a fifth Part-of the Diſtance of the outermoſt Satellite of 
upiter from Jupiter, which would render its Orbit ſenſibly excentric ; ſince 
hen thoſe Orbits are ſenſibly concentric to Jupiter, the accelerating Gra- 
vities of the Sun on Jupiter and on its Satellites, are proportional to their 
Quantities of Matter, „„ hh ; 
The ſame Reaſoning may be | {aa to Saturn and its Satellites, whoſe 


aturn. 


- 


traction of the Celeſtial Bodies is proportional to the Maſies, as well in the 


ed indifferently, either as attracting or attracted; in fine, that Attraction 


is always mutual and reciprocal between two Bodies, and that it is the Pro- 
portion between their Maſſes which decides when this double Attraction 
hall or ſhall not be ſenſible, 1 | uy 
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There is another Property of Attraction, by which it acts equally on Attraction 


acts uni- 


Bodies whether at Reſt or in Motion, and produces equal Accelerations in fen a. 


*.; 


equal Times, from whence it follows that its Action is continued and uni- continually | 
form. Which ſufficiently appears from the Manner gravity accelerates whether the 


falling Bodies, and from the Motion of the Planets; which as we have 32%es be at 


| . 1 3 . . 5 f l ſ 1 
ſhewn. before, are only greater Proje&iles regulated by the fame Laws. 98 
„ l. 2 


| Since the Proportion ſubſiſting between the Maſſes of Bodies which at- Fe of = 
tract each other determines how much one approaches towards the other, Ow of 


it is evident that the Sun having a much greater Maſs than the Planets, the planets 
their Action on him ſhould be inſenſible. However the Action of the on the fun 


Planets upon the Sun, tho? too inconſiderable to be ſenſible, produces its Ef- 
| fe; and on Examination we find that the center round which each Planet 


revolves is not the center of the Sun, but the Point which is the common 
center of Gravity of the Sun and Planet whoſe revolution is conſidered. 


Thus the Maſs of the Sun being to that of Jupiter as T to +2, and the 


diſtance of Jupiter from the Sun being to the Sun's ſemi diameter in a Ratio 


ſomewhat greater, it follows that the common Center of Gravity of Jupiter 


and the Sun is not far diſtant from the Surface of the Sun. 


By the ſame way of feaſoning we find that the common Center of Gra- 


vity of Saturn and the Sun falls within the Surface of the Sun, and making the 


ſame Calculation for all the Planets, Newton ſays (Prop. 12, B, 3.) that if 


the Earth and all the Planets were placed on the fame Side of the Sun, the — i 


common Center of Gravity of the Sun and all the Planets would ſcarce be 
one of his Diameters diſtant from his Center. For tho? we cannot deter- 


mine the Maſſes of Mercury, Venus and Mars, yet as theſe Planets are 
ſill leſs than Saturn and Jupiter, which have infinitly leſs Maſs than the 
Sun, we may conclude that their Maſſes do not alter this Proportion. 


| | + 5 {1 5 „ 
It is about this common Center of Gravity that the Planets revolve, and This eff 


the Sun himſelf ofcillates round this Center of Gravity in Proportion to the dry * 
Actions of the Planets exerted on him. When therefore we conſider the fun et 
Motion of two Bodies whereof one revolves round the other, rigorouſly liate round 
ſpeaking we ſhould not regard the central Body as fixed. The two Bodies, e comme . 


center 


viz the central Body and that which revolves round it, both revolve round gravity of 


their common center of Gravity, but the ſpaces they deſcribe round this com- our planeta- 


mon Center being in the inverſe ratio of their Maſſes, the Curve deſcribed I ſyſtem 


by the Body which has the leaſt Maſs is almoſt inſenſible: For this Reaſon 


| the Curve deſcribed by the Body whoſe revolution is ſenſible is only con- 
ſidered, and the ſmall Motion of the central Body, which is regarded as fixed, 


is neglected. 


——— 4// ts 


mon center 
of gravity is 
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petually. 
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The Earth and the Moon therefore revolve round their common Center 
of Gravity, and this Center revolves round the Center of Gravity of the Earth 
and the Sun. The Caſe is the ſame with Jupiter and his Moons, Saturn 
and his Satellites, and with the Sun and all the Planets. Hence the Sun 
according to the different Poſitions of the Planets ſhould move ſucceſſi vely on 
every Side around the common Center of * of our planetary Syſtem. 

This com- n 

This common Center of Gravity is at reſt, * the different Parts of this 
at reſts Syſtem conſtantly correſponds to the ſame fixed Stars; ; now, if this Center 
was not at reſt but moves uniformly in a ſtraight Line, during ſo many 


„„ + thoulan Years that the Heavens have been obſerved, there muſt have been 


remarked ſome Alteration in the Relation that the different Parts of our 
planetary Syſtem bear to the fixed Stars; but as no Alteration has been ob- 
ferved; it is natural to conclude that the common center of Gravity of our 


Syſtem is at reſt. This Center is the Point where all the Bodies of our Pla- 
Hence this netary Syſtem would meet if their projectile Forces were deſtroy'd. 


dor be che As the Center of Gravity of our planetary Syſtem i is at reſt, the Center of 


center of the the Sun cannot be this Center of Gravity ſince it moves according to the 
ſun, which different Poſitions of the Planets, though on Account of the ſmall. Diſtance 
moves ker between the Center of the Sun and the common Center of yang of our 
planetary World it never ſenſibly recedes from its Place. 

XXVII. 

Since Aeon is proportional to the Maſs of the attracting Body, and 
that of the Body attracted, we ſhould conclude that it belongs to every Par- 
ticle of Matter, and that all the Particles of which a Body is compoſed 
attraQ each other; for if Attraction was not inherent in every Particle of 
Matter it would not be proportional to the Maſs. 

XXXVI11. 


| Anſwer to This Property of Attraction, of being proportional to the Maſſes 1 


the obſecti- us with an Anſwer to an Objection which has been alledged againſt the 


on founded 


Ae ene mutual Attraction of Bodies. If all Bodies it is ſaid are endued with this 


tion of tere. Property of mutually attracting each other, why is not the Attraction which 
_ trial bodies tereſtrial Bodies exert on each other ſenſible ? but it is eaſly perceived that 


— bilng Attraction being proportional to the Maſſes of the Attracting Bodies, the At- 


traction exerted by the Earth on tereſtrial Bodies is far more intenſe than 
what they exert on each other, and of Conſequence theſe partial Atratce 
tions are abſorbed and rendered inſenſible by that of the Earth. 

| XxXxIxX. 
It is ferfi- I * Academicians who meaſured a Degree of the Meridian in Peru, im- 


2 in ſome agined they perceived a ſenſible Deviation in the plumb Line occaſioned by 
eaſes, as in 


— 


dne Aevia. the Attraction of the Mountain Chimboraco the higheſt of the Cordiliers it is 
tion of the certain from Theory that the Attraction of this Mountain ſhould affect the 


vhether the quantity of the obſerved Deviation correſponds with that whic 


different from the univerſal Attraction of Matter. 


the Sun divided by the Square o ſt 
Planes in which the Planets deſcribe their Orbs are differently ſituated with ariſing from 


354 
k 
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Plumb Line and all Bodies in its Neighberhood : but it remains to know plumb lins 
at the foot 


ſhould reſult from the Bulk of the Mountain for beſides that theſe Obſervati- 4 clog 


ons do not determine the preciſe Quantity of the Devitation, on account of the 


errors inſeperable from practice, Theory does not furniſh any Method of eſ- 

timating exactly the quantity of this Devitation, as the entire Magnitude, 

Denſity &c. of the Mountain are unknown. | WTI e Fi 
. . . * . 4 8 - SL . 


The ſame reaſon that hinders us from perceiving the mutual Attraction of 
Bodies on the ſurface of the Earth, renders alſo the mutual Attraction of the 


heavenly Bodies very ſeldom ſenſible. For the more powerful Action that + * 
the Sun exerts on them, prevents this mutual Attraction from appęgring. 
However in ſome caſes it is perceivable, for inſtance in the jourke 44 | of 
Saturn and Jupiter their Orbits are ſenſibly diſturbed, the Attraction of thoſe 


two Planets being too ſtrong to be abſorbed by that of the Sun. | | 


As to the ſenſible Attractions of certain tereſtrial Bodies, ſuch as Magne- Magnetiſm 


tiſm and Electricity, they follow other Laws and probably ariſe from Cauſes erg 


| 5 different 
Newton demonſtrates (Prop. 66.) that the mutual Attractions of two — from 


Bodies revolving round a Third, diſturb leſs the Regularity of their motions the univer 


ſal attracti - 


when the Body round which they revolve is agitated by their Attractions, of bodjeg 
than if it was at reſt; hence the inconſiderable Irregularities obſerved in the Be es 


7 


Planetary Motions, is a further Proof of the mutual attraction of the celeſti- 
al Bodies hn ihe? 2 05 ©: | 41121: that 
ur : XLT, 


The Irregularities in the Motion of any Planet ariſing from the Actions manner of 


of the reſt, are more or leſs conſiderable, in Proportion as the Sum of the determining 
Fractions compoſed each of the Maſs and Square of the Diſtance of each of 8 


the other Planets, is more or leſs pe with reſpect to the Maſs of motion of 
s diſtance from the Planet, but as the the planets 


their mutu- 


reſpect to each other, the Directions of the Central Forces of which the A attractions 
Planets are the Origin, are each in different Planes, and they cannot be all 8 
reduced to fewer than Three, by the Rules of the Compoſition of Forces; 


each Planet therefore ſhould be conſidered as actuated every inſtant by 


three Forces at the ſame Time, the firſt is a tangential Force, or a Force 
acting in the Direction of the Tangent of the Planets Orb, which is the R- 
ſult of the Compoſition of all the Motions which the Planet was affected 
with the precedent Inſtant. The ſecond is an accelerating Force, com- 


pounded of all the central Forces of the Planets, reduced to one in a right 


Line in a Plane whoſe Poſition is determined by the Center of the Sun, and 


| by the Direction of the tangential Force; the Difference between this 
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compounded Force and the ſimple central Force which has no other Source 
but the Sun, is called the perturbating Force. The third Force is the de- 
turbating Force, compounded of all the ſame central Forces of the Planets 
reduced to one in a Direction perpendicular to the Planes of their Orbits 3 
this Force is very ſmall in compariſon of the two others, on account of 
the ſmall Inclination of thoſe Planes to one another, and becauſe the Sun 
Abſtracting Placed in the Interſection of all thoſe Planes does no way contribute to the 


from the Production of this deturbating Force. It the Planets were only actuated by : 


amen at the two firſt Forces their Combination would ſerve to determine their 
traction ot 


the planets 


veable Ellipſes on account of the predigious exceſs of the central Force of 


the Sun over the perturbating Ferce, it is thus Newton inveſtigated the 


quantity and direction of the Motion of the Line of the Apſides of the 


Trajectories which would be each in a conſtant Plane, and if the pertur- 

their aphelia bating Force vaniſhed then they would be regular Ellipſes, and conſequent | 

ace at reſt, [y the Aphelia and Nodes of the Planets would be fixed (Prop. 14. B. 3. & 
Prop. K. & 11. B. 1.) if not; theſe Trajectories might be conſidered as mo- 


* 


Planets occaſioned by the Action of Jupiter and Saturn, which according to 


his Determination follows the Seſquiplicate Proportion of the diſtances of 
the Planets from the Sun, from whence he concludes (Prop. 14. B. 3.) that 
ſuppoſing the Motion of the line of the Apſides of Mars in which this Mo- 
tion is the moſt ſenſible to advance in a 100 Years 33m 20 in conſequentia, 


The flow the Aphelia of the Earth, Venus and Mercury would advance 177 yo? | 


motion of 10 535 & 4m 167 reſpectively in the ſame Time. 
. the aphelia This flow Motion of the Aphelia confirms the Law of univerſal Gra- 
„„ Fo | 4 5 : | 
ets is a new Vitation, for Newton has demonſtrated (Cor. 1. Prop. 45.) that if the 
over that Proportion of the centripetal Force would recede from the Duplicate to ap- 
attraction 


oe in in proach to the Triplicate only the 60th Part, the Apſides would advance 5 


inverſe ratis Degrees in a Revolution, therefore ſince the Motion of the Apſides is a 

of the ſquare moſt inſenſible, Gravity follows the Wie duplicate Proportion of the 
of che dif- diſtances, F F 
„ But the deturbating Force which aQs at the ſame Time cauſes the 
Planes of thoſe moveable Ellipſes to Change continually their Poſition; let 

there be ſuppoſed in the Heavens an immoveable Plane, in a mean Poſition 

between all thoſe the Trajectory of the Earth would take in conſequence of 

the deturbating Force, which may be called the true Plane of the Ecliptic, 

it is manifeſt that this Plane being very little enclined to the Plane of the 

Orbit of Each Planet, it is almoſt parallel to it, and conſequently the Direct- 

ion of the deturbating Force is always ſenſibly perpendicular to the true 
Plane of the Ecliptic, and it is eaſy to conceive that the effect of this Force 


produced in the Direction in which it acts, is either to remove the Planet 


from or to make it approach the true Plane of the Ecliptick, conſequent! 


to cauſe a Variation in the Inclination of the ſmall Arc which the Planet de- 


regularities of the celeſtial Motions can be inveſtigated, it is by diſcern- 
ing the particular Effects of each of thoſe compounded Forces, and after- - »+ - 


cribes that inſtant with the true Plane of the Ecliptick, the Poſition of the 


Planes of the Trajectories of the Planets varies therefore in Proportion of the 


Intenſity of the deturbating Force;-and in the Direction in which this Force 
acts; if for Example the Force tends to make the Planet approach the true 
Plane of the Ecliptic the Node advances towards the Planet Sith a Velocity, 
which tho? ſmall increaſes diminiſhes or vaniſhes according as the intenſity 
of the deturbating Force increaſes diminiſhes or vaniſhes, but in this Cate 


the Node cannot advance or go meet the Planet without moving in an op- 


poſite Direction to that of the Planet, if therefore the heliocentrie Motion 


is retrograde as in a great Number of Comets, that of the Nodes will be di- 


rect, the contrary would arrive if the deturbating Force tended to remove 


the Planet from the true Plane of the Ecliptic. Newton ſays that ſuppoſing _ Py 
the Plane of the Eeliptic to be fixed the Regreſſion of the Nodes is to the ton of the 
Motion of the Aphelium in any Orbit of a Planet as 10 to 21 nearly (c). nodes of the 


It is therefore only by this Compoſition of Forces that all the Ir- —_ - 


Newton. 


wards uniting. them, that not only thoſe Irregularities that have been 
obſerved can be determined, but thoſe which will be remarked here- 
after will be foretold. But it is eaſy to perceive how much ſagacity and 


addreſs to handle the ſublimeſt Analyſis theſe Reſchearches require, and as it 


is almoſt impoſſible to combine at once the central Forces of more than three 
Bodies placed in different Planes, in order to diſcover the irregularities of the 
Motions of a Planet or Comet it is neceſſary to calculate ſueceſively the 


Variations that each Planet taken ſeperately can cauſe in the central Foree 


of which the Sun is the Focus. The Succeſs that has attended the united 
Efforts of the firſt Mathematicians in Europe ſhall be explained hereafter. 


T heory of the Figure of the Planets. 
TERED | 2 | N : 185 6: Veg ; x : 
The Planets have another Motion viz. their Rotation round their Axes, 1 
we have ſeen already, that this Motion of Rotation has only been diſcovered theton, 
in the Sun, the Earth, Mars, Jupiter and Venus, and that Aſtronomers do motion of | 


not agree about the Time in which Venus turns round tho? they are unani- the planets 


mous with reſpect to its Rotation. But tho? it has not been diſcovered from a been af 


Obſervation that Mercury, Saturn and the Satellities of Jupiter and Saturn covered. 
turn round their Axes, from the uniformity that Nature Obſerves in her 
Operations, it is highly probable that thoſe Planets revolve round their 

Axes, and that all the celeſtial Bodies partake of this Motion. | TT 


(o) De Syſtemate mundi Page 36 Edition, 1738, | 


"__ = __.vvorueOr n 
This Rotation of the Planets round their Axes is * only celeſtial 


Motion which is uniform: this Motion does not appear to ies from Gra- 


"ys and its Cauſe has not as yet been diſcovered, 
II. | 
Tr The Iuntunl Auron Jy: the Parts of which the Planets are 
e e Fae binds them together, and prevents their being diſperſed by this — 
of the parts For it is well known that all Bodies moving round acquire a centrifugal Force 


. which com by which they endeavour to recede from the Center of their Revolutions; 


my. hence, were not the Parts of the Planets held together by their mutual At- 


venta them traction, they would be diſperſed and ſcattered by their Rotation. For 
from being ſuppoſing the Gravity of any one Part of the ſurface of the revolving Bod 

jw pac Fel deſtroyed, this Part inſtead of revolving with the Body would fly off in the 
| direction of the tangent ; therefore if Gravity did not counteract the Efforts 


of the centrifugal Force which the Parts of the celeſtial Bodies acquire in . 


revolving round their Axes, this force would diſperſe their Parts, 
| III. 5 
Tho? this mutual Attraction of the Parts of a Planet, counteraſts the 
The rotato centrifugal Force, yet it does not deſtroy it, this Force il] producing its 
r Effect, in rendering the diameters of the revolving Body unequal, ſuppos- 
e ot ing it to be fluid; for the Planets being compoſed of Matter whoſe Particles 


gle * at equal Diſtances are equally urged to the Center, they would be exact 


Centers with Forces which increaſe as they are placed nearer the Equator of 
the revolving Body, ſince the centrifugal Forces of Bodies reyolving in 


ter, before they acquired a Motion of Rotation, that the Equiblirium of their 
Parts may be preſerved during this Rotation, and that they may aſſume 2 
permanent form-it was neceſſary that the Column whoſe weight was dimin- 
ſhed by the centrifugal Force ſhould be longer than the Column whoſe 


Diameter muſt expend the Diameter paſſing thro? the Poles. 
as 5 3 75 
| Newton in (Prop. 1 9. p 3). determines the exceſs of the ee 
ee above the polar Columnof the Earth, ſuppoſing as he does all thro? the Prin- 
"3 bor ge. Cipia that the Gravity of Bodies near the ſurface of the Earth is the reſult of 


| aue lia ute of geneous is compoſed: he employs for Data in the Solution of this Problem, 

Fac Lat. i ſt the Semidiameter of the Earth conſidered as a Sphere and determin od 
by Picard to be 19615800. Feet 2, the Length of the Pendulum 

ppbrating leconds in the | atituce of Paris which is 3 Feet 85 Lies 


Spheres if they were at reſt. But in conſequence of the Motion of Rota- 
tion the Parts acquiring a centrifugal Force endeavour to recede from their 


Circles, are as their Rays ſuppoſing the J ime of Revolution to be equal: 
therefore ſuppoſing the Planets to be ſpherical and compoſed of fluid Mat- 


Weight is not altered by the centrifugal Force, and therefore the ann | 


te mining the Attraction, of all the Particles of which the Earth conſidered as Homo- = 


5 o, 0523656 Feet, or 7, 54064 Lines; therefore in the Latitude of Paris the 


| derive from the diurnal Rotation, as 2174 to 7, $4064. Adding therefore 


.  Nexwton determines (Cor. 2. Prop. 91.) the Proportion of the At- 


two Gravities (V, T) expreſſes the Gravity at the Equator of the Earth: 


follows that the Gravity (Y) at the Surface of the Sphere whoſe Diame- 


placed within the Spheroid, it would be attracted in the Ratio of its diſtance 


bRYSICAL worRED. Pf.” 8 


From the Theory of Oſeillations and this Meaſure of a Pendulum vibrating 
ſeconds, he proves that a Body in the Latitude of Paris making the neceſſary 


| Corre&ion for the reſiſtance of the Air, deſcribes in a ſecond 2174 Lines. 


A Body revolving in a Circle at the Diſtance of 1961 5800 Feet from 
the Center, which is the Semidiameter of the Earth, in 235 56 4* which is 
the exact Time of the diurnal Revolution, ſuppofing its Motion uniform, 
deſcrbes in a ſecond, an Arc of 1433, 46 Feet; of which the verſe Sine is; 


Force of Gravity is td the centrifugal Force, which Bodies at the Equator 


to the Force of Gravity, in the Latitude of Paris, the Force detracted there- 
from by the centrifugal Force in that I.atitude, in order to obtain the total 
Force of Gravity in the Latitude of Paris, Nætoton finds that this total 
Force is to the centrifugal Force under the Equator as 289 to x ſo that under 
the Equator the centrifugal Force diminiſhes the centrifugal Force by 225 


traction of a Spheroid upon a Corpuſcule placed in its Axe produced, to 
that of a Sphere, on the ſame Corpuſcule, whofe Diameter is equal to tze 
leſſer Axe of the Spheroid; employing therefore this Proportion and ſuppoſ- 
ing the Earth homogeneous and at reſt, he finds (Prop. 19. B. 3.) that if 
its Form be that of a Spheroid whoſe leſſer Axe is to the greater as 100 
to 101, the Gravity (g) at the Pole of this Spheroid will be to the Gravity 
(Y) at the Pole of a Sphere, whoſe Diameter is the leſſer Axe of the 
hs e 126 to 125. * | 155 a 
n the ſame Manner ſuppoſing a-Spheroid whoſe equatorial Diameter is the 
Axe of Revolution, the Gravity (V) at the Equator which is the Pole of 7 
this new Spheroid, will be to the Gravity (T) of a Sphere at the ſame Place 4s 
having the ſame Axe of Revolution, as 125 to 126. FFV 
Newton ſhews afterwards that a mean proportional (G) between theſe 


conſequently the Gravity (G) at the Equator of the Earth, is to the Gravity 
(T) of a Sphere at the fine Place, having the ſame Axe of Revolution, as 
1252, to 126. and having demonſtrated (Prop. 72) that the Attraction of 
homogeneous Spheres at their Surfaces is proportional to their Rays, it 


ter is the leſſer Axe of the Spheriod, is to the Gravity (T) at the 

Surface of the Sphere whole Diameter is the great Axe of the Spheroid, 

as 100 to 101 wherefore by the Compoſition of Ratios g Y X 

T is to / X GX Tor the Gravity (g) of the Earth, at the Pole, 

is to the Gravity (G) at the Equator as 126 X 126 X 100 to 
125 X 1251 X lot that is as 501 to 500. | 


But he had demonſtrated, (Cor. Piop. 91.) that if the Corpuſcule is 
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229 to 230. : * £2 | | 5 th 5 . 
This Concluſion of Newton, that is, the Quantity of the Depreſſion of 

- T 1 | bs 3 
neſs or the the Earth towards the Poles, which he has determin'd is grounded on 
_ earth to- his Principle of the mutual Attractions of the Parts of Matter. But 
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22 in France creaſe as the Latitude increaſed ſtill rendered the Figure of the Earth 
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from the Center; therefore the Gravities in each of the Canals correfpond- 


ing to the Equator and ts the Pole will be as the Diſtances from the Cen- 


ter of th ies, Which are placed in thoſe Canals; therefore ſuppoſing 
_ theſe Canals tobe divided into Parts, proportional to the Wholes, conſe- 
quentely at Diſtances from the Center proportional to each other, by 
_ Tranſverſe Planes, which paſs at Diſtances proportional to thoſe Canals, 


The Weights of each Part in one of thoſe Canals, will be to the Wei- 
ghts of each correfpondent Part in the other Canal, in a conſtant Ratio, 
conſequently theſe Weights will be to each other in a conſtant Ratio of 


each Part, and their accelerative Gravities Conjointly, that is as 101 
fo 100, and $00 to 501, that is, as 505 to 501; therefore if the cen- 


trifugal Force of any Part of the Equatorial Canal be to the abſolute 


Weight of the ſame Part as 4 to 505, that is, if the centrifugal Force 


detracts from the Weight of any Part of the Equatorial Canal 87 
Parts, the Weights of the Correſpondent Parts 6f each Canal will be- 


come equal, and the Fluid will be in Equilibrio. But we have ſeen that 

the Centrifugal Force of any Part under the Equator, is to its Wei- 

- ght as 1 to 289, and not as 4 to 505; the Proportion of the Axes 
2 therefore muſt be different from that of 100 to 101, and ſuch a Pro- 
portion muſt be found as. will give the Centrifugal Force under the 
Equator, only the 289th Part of Gravity. | 1 


7 
From 


concludes of 100 to ror in the Axes has given that of 4 to 505 for the Pro- 


| theratio of portion of the Centrifugal Force to Gravity, it is manifeſt that the Pro- 


the axes of 


| the 22e4.9* Portion of 229 to 230 is requiſite to give the Proportion 1 to 289 of 
be that of the Centrifugal Force to Gravity. | | 5 


ö * 
. . 


V. c 


ne a this Depreſſion towards the Poles would alſo reſult from the Theory 


always re- Or Fluids, and that of Centrifugal Forces, tho* Newton's Diſcoveries 


ſult tromthe concerning Gravity were rejected, unleſs very improbable Hypotheſes con- 


3 cerning the Nature of primitive Gravity were adopted. 
forces and | Nw, | VL | 


thatoffluils Notwithſtanding the Authority ot Newton, and although Hugbens in 
What hypo 


theſs of era aſſuming a different Hypotheſis of Gravity arrived, at the fame Concluſion 
 vityis af- of the Depreſſion of the Earth towards the Poles; and tho' all the Ex- 
ſuwel. periments made on Pendulums in the different Regions of the Earth, 


The mea- confirmed the decreaſe of Gravity towards the Equator, and conſe- 


ſure of the quently favoured the opinion of the Flatneſs of the Earth towards the 
— + Poles, yet the Meaſures of Degrees in France, which ſeemed to de- 


_ 


goo 


22g 


But this is eaſly found by the Rule of Three; for if the proportion | 
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prefiion towards the Poles is how A 


mutual Attraction of the Parts of Matter 
Alliptic 


che Homogeneity of the Matter of the Earth, for it is 


the Earth increaſes in approaching 
ties of the Strata of Matter compoſing the Earth thould change the 


| Law according to which the Bodies of which MO On 
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erster Won b. 


jon NG the Theory of centrifugal Forees, and with ob- 
2 nn towards the Poles reſulting from the actual Meafbres. hs þ 2 
3 Queſtion of the Figure of the Earth depends on the Law 2 ane! 
cording to which primitive Gravity acts, and it is certath, for Ex 4 
that if this Force depended on a Cauſe which would make it draw ſometimes | 
to one Side and at other Times to anether, and which increaſed or diminiſhs 
ed without any conſtant Law, neither wy not Obſervation e ever could | 


determine this Figere. 
VII. 
Te decide this Queſtion finally it was Neceſſary 


to Meaſure a Dep See ahh AY 3 


tak en at the 


of the Earth, yet in Juſtice to them it muſt be acktiowledged, that it is 8 


to their indefatigable Induſtry 


of Newton, with Reſpect to the Figure of the ws, whoſe De- equator 


confi: ms 


| 41 of Newton. 
In determining the Ratio of the — of the Earth, Newtin beſides the 
ſuppoles the Earth to be an 


roid, and that its Matter is 


, Whoſe Parts attract each other mutually and ing the f- 


ther, that in this Spheroid not only the Direction of Gravity was perpendi- verified the 
cular to the Surface, and the Central Columns in Equilibrio, but that any ft. 


Point whatſoever within the Spheroid was equally preſſed on Py: 3 
which laſt Point was no leſs Neceſſary 
Order to be aſſured that the Fluid was in Eq 


to be proved than the two firft, in 
uihbrio, yet had been ee 
by all thoſe who before treated of the Figure of the Earth. 
'The Caſe is not the fame with regard to the ſecond Suppoſition {6 prod 
ES pt 
tand Newton himſelf was of Opinion Prop. 20 B. 3) that the — 
the Center, now, the different Den- | 


and of og hould alter the OR 1 


we are indebted for the Confirmation of the dhe 


the theorx 
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+ tuficertain. Hypotheſes were formed on the Nature of primitive Gra- eccafiones = 
ſ vity, which gave to the Earth, ſuppoled at teſt, a Figure whoſe Alter- oem with 


ter the Equator, and another within the polar Cirle; if the French NE fer or = 
tronomers £ ave Occafion to the Doubts raiſed coneerning the true Figure meridian 


neous 3 Maclaurin in his Two fuppo 
excellent Piece on the Tides which <arried the Priſe of the royal Acz. b. Ns, 
_ - demyof Sciences in 1740, was the firſt who demonſtrated that the Earth ſup- in determin 
| paſed Fluid and Hen - 
are beſides Attracted by the Sun and Moon, revolving abont its Axis, would ve es | 
neceſſarily aſſume the Form of an Elliptic Spheroid, and demonſtrated fur- Macherin a 
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> EW Clairaut improving on the Reſearches of Maclaurin has ſhewn that a= 
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The ratio 


5 te anes on all the moſt probable Hypotheſes that can be tramed concerning the 
| — 0 ee Denſity of the interior Parts of the Earth coſidered as an Elliptic Spheroid, 


decreaſes in that adopting Attraction, there always ſubſiſts ſuch a Connexion between 


. proporuen the Fraction expreſſing the Difference of the Axes, and that which ex- 


2s gravity + 


increaſes at Preſſes the Decreaſe of Gravity from the Pole to the Fquator, that if one 
- the poles, of thoſe two Fractions exceeds ;5s by any Quantity, the other will be ex- 
aa ctly fo much leſs; ſo that ſuppoſing, for Inſtance, that the exceſs of the 


. equatorial Diameter above the Axe is 437, a Suppoſition conformable with 


the actual Meaſures, we ſhall have 35 21 or zu for the Quantity to be 


ſubtracted from i in Order to obtain the total Abreviation of the Pen- 
dulum in advancing from the Pole to the Equator, that is to ſay, that this 
-  Abreviation or what comes to the ſame the total Diminution of Gravity, 


will be 44s i, or zr nearly. 


of Gravity from the Pole to the Equator, far from being leſs than 24 as 


this Theory requires, is much greater, it follows, that the adual Mea- 


ſures in this Point are inconſiſtant with the Theory of the Earth conſi- 
dered as an Elliptic Spheroid. e e 9 


It follows from the Theory of Clairaut, that admitting, the Suppoſi- 
tions the moft natural we can conceive or imagine with regard to the 
internal Structure of the Earth conſidered as an oblate Elliptic Spheroid, that 
the Ratio of the Axes cannot exceed that of 229 to 230 ſince this Ratio 
is what ariſes from the Suppoſition of the Homogeneity of the Earth, and 
that it reſults from this Theory, that in every other Caſe Gravity in- 

' © creaſing, the Depreſſion towards the Poles is leis. | 5 902 
Tho' the Earth ſuppoſed Fluid and Heterogeneous whoſe Parts at- 
tract each other mutually, aſſumes an Elliptic Form conſiſtent with 
the Laws of Hydroſtaticks, yet it might equally aſſume an infinite 
Number of other Forms conſiſtent with the ſame Laws, as Dalambert has 
demonſtrated, and as a Variation in the Form would neceſſarily produce one 


- : 8 


in the Ratio of the Axes, it is highly probable that a Figure will be found 
that will conduct to a Reſult ſuch as will reconcile Theory with Obſervation. 


Newton having computed the Ratio of the Axes of the Earth, deter- 


tor being to the Semidiameter (b) at the Poles, as 230 to 229, c . 49 


menſuration, being 1961 5800 Paris Feet, or 3923, 16 Miles, 


Now, as all the Experiments on Pendulums ſhew that the Diminution 


„eren eg 


in the Decreaſe of Gravity from the Pole to the Equator, and conſequently 
The Recherches of this eminent Mathematician ſhall be explained hereafter. 
mines the Exceſs of its Height, at the Equator above its Height at the 


Poles, in the following Manner. The Semidiameter (b + c) at the Equa- 


and 2b = 458 c. and the Mean Semidiameter according to Picart's 


at the Equator 19658 5 36 Feet. 


what Bodies weigh in the different Regions of the Earth. Since he had 
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(reckoning 5000 Feet for a Mile,) 2 & 19615800 =ab + g. conſequently” — = 


| 4<9 c. = 2 X 19615800 and the Exceſs (e) of the | Heights of the 
Earth at the Equator, above its Height at the Poles, is 85472 Feet or 17 


Miles 5, and Subſtiuting in the Equation 2 & 19615800 —= 2b+c. 


for c its Value, there will retult 459b = 2 X 19615800 N 229, wherefore 


* * hed 
* 6 — 
b + 6G a wee ; ? 

g 1, 1 . — - - 

: . $75: $0 et ON - 

4 hs is N 2 *. * 

" * 
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* 
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the Height (b) at the Poles will be 19573064 and the Height” 


25 . 8 


After determining the Relation of the Axes of the Earth ſuppoſed Ho- het art 

mogeneous, Newton inveſtigates after the following Manner (Prop. 20 B. 3) the 2 

of bodies in 

po that the Polar and Fquatorial Columns, were in Equilibrio when their eee 
engths were to each other as 229 to 230 it follows that if a Body (B) be the earth. 


do another (b) as 229 to 230, and the one (B) be placed at the Pole, and the 


other (b) at. the Equator, the Weight (W) of the Body (B) will be equal to 


the Weight (W) of the Body (b). but if thoſe two Bodies be placed at the 


Equator the Weight () of the Body (B) will be to the Weight (w of the : 


Body (b) as 229 to 230, wherefore the Weight [W] of the Body [B] at 


the Pole will be to the Weight [V] of the ſame or of an equal Body at 


the Equator, as 230 to 229, that is reciprocally as thoſe Columns. we ſee by 


the ſame reaſoning, that on all the Columns of Matter compoſing. the 


| Spheroid, the Weights of Bodies ſhould be inverſely as theſe Columns, that is 


as their Diſtances from the Center: therefore ſuppoſing the Diſtance, of any 


Place on the Surface of the Earth, from the Center to be knewn, the 


Weight of a Body in this Place will be known, and conſequently the Quan- 

tity of the Increaſe or Decreaſe of Gravity, in advancing towards the 
Poles or the Equator : but as the Diſtance of any Place from the Center 
decreaſes nearly as the Square of the Sine of the Latitude, or as the Verſe - 
Sine of double the Latitude as may eaſly be proved by Calculation, we ſee | 


| how Newton formed the Table given (Prop. 20 B. 3) where he lays down : 


the Decreaſe of Gravity in advancing from the Pole to the Equator." - 
Example. The Latitude of Paris being 48* 50 that of Places under 
the Equator 00* oO and that of Places under the Poles god, the verſe 


| Sines of double thoſe Latitudes are 1134, 00000,and 20000, and the Force .- 


of Gravity Ig) at the Poles being to the Force of Gravity (G) at the Equator | 


2s 230 to 229, the Fxceſs (g G or E) of the Force of Gravity at the 
Pole, is to the Force of Gravity (G) at the Equator as 230 — 229 to 
2209, or as 1 10 229 but the Exceis (e) of the Force of Gravity in the La- 


itude of Paris is to the Exceſs (E) of the Force of Gravity at the 


| Poles as 11334 to 20000, wherefore by the Compoſition of Ratios, e X E is to 
EXG, or the Exceſs [e] of the Force of Gravity in the Latitude of Paris is 
to the Force of Gravity IG] at the Equator as 1X11334 to .229X20000, 


* 


are in the 
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that is, as 386) to 2290000, and the Force of Gravity le. C] in the Lad. 


tude of Paris is to the Force of Gravity [G] at the Equator as 566722900 


O, that is, as 2295667 to 229000. By alike Calculus the Force of Gravity 
in any other Latitude is determined. | N 
They are As Gravity is the ſole Cauſe of the Oſcillations of Pendulams, the 


proportional flackning of theſe Oſcillations proves the Diminution of Gravity, and 


rote len their Acceleration proves that Gravity acts more powerfully ; but it is de- 


chronal pen monſtrated that the Celerity of the Olcillations of Pendulums is inverſely : 
as the Length of the Thread to which they are ſuſpended, therefore when in 


dulums, : 
: Order to render the Vibrations of a Pendulum in a certain Latitude ſynchro- 


nal with its Vibrations in another Latitude, it muſt be ſhortened or lengthn- 


ed, we ſhould conclude that Gravity is leſs or greater in this Region 
than in the other; Hughens has determined the Relation which ſubſiſts be. 
tween the Quantity a Pendulum is lengthned or ſhortened and the Di- 


minution or Augmentation of D L _ this Quantity 1 4 T — 
Imin r — ve 3 New- 


portional to the Augmentation or ion 
ton has given in his Table the Length of Pendulums inſtead of the 
*— 3 F 
Example. The Length of the Pendulum in the Latitude of Putis being if. 
81, 561, the Gravity in the Latitude of Paris [2295667] is to the Gravity at 
the Equator [2290000] as the Length of the Pendulum in the Latitude of 
Pak N, 561] to the Length of the Pendulum at the Equator [ 31. 71,684] 
y 4 UKE 


Y 


termined, . 


+ ws 


32 fame P. oportion as the Weights, the ſame Table gives the Quantity of 


 ſamepro- is od to the | 
portion, | » 1 


g's 70, 


Cube'of ang, that is, as 12367000 to 12008989, the Exceſs [GP or E] of 
the Degree at the Pole is to the Degree [D] at the Equator, as £58011 to 
12008989; but the Exceſs [el of a Degree in the Latitude of Paris, is to the 


of the Degree [D] at the Equator, as $95448337 is to 12008yBygooo ; And 
the Length [e- DI of a Degree in the Latitude of Paris is to the Length of a 


win . S 


Calculus the Length of the Pendulum in any other Latitude is dev 


— which has the ſame Curviture as the Are of the Meridian at the Equator of the = 
Earth, that is, by the Property of the Ellipſis, as the Cube of 230 to the 


. Exceſs [E] of the Degree at the Pole, as 11334 to 20000 verſe Sines of Dou« 
ble of thoſe Latitudes. Wherefore by the Compoſition of Ratios ec E in tio 
B Dior the Exceſs [e] of a Degree in the Latitude of Paris is to the Length | 


4 


3 


as $ 


ic þ 
ñ̃ 


eg g ee feof 
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e of Paris, according to Near s, Menfura- 
tion is $7061. Toiſes, wherefore the Length of a Degree at the 


is > 


$6637. By OE CONE n aDegre in any other LI 
b ce 
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the Propoſition where he gives this Table, that ſuppoſing the Denſity of the 

Parts of the Earth to increaſe from the Circumference to the Center, the 
Diminution of Gravity from the Pole to the Equator would alſo increaſe. 

Ed Boks ⁵⁵⁵½̃ ß ; . Hed Sf @ omg 

He atrz. . Altho Newtfonſeems inclined to believe, from the Obſervations he relates. 

3 this in Prop. 20 on the lengthning of the Pendulum occaſioned by the Heat in 


difference to the Regions of the Equator, that theſe Differences arriſe from the different 


che heat at Temparature of the Places in which the Obſervations have been made, the 


ee great Care and Attention employ'd in preſerving the ſame Degree of Heat 


thens the by means of the Thermometer in the experiments made ſince Newton's 


pendulum Time on the Lengthof Pendulums in the different regions of the Earth proves 


2 wr 6-0 that theſe Differences do not ariſe from this | Cauſe, and that the De- 


leater ex- Creaſe of Gravity from the Pole to the Equator exceeds the Proportion aſ- 
periments ſign'd by Newton in his Table. 4 12 58 


— In Effect the Lengths of the Pendulum CorreQed by the Barometer and 


differences reduced to that of a Pendulum oſcillating in a Medium without Reſiſtance 


cannot ariſe are under the Equator, 43 2 8 
838 At Portobello Latitude, 9 Degrees, 439, 30 o, 09 Differences. 
of the pen- Atlitle Goave Latitude, 18 Degrees, 439, 47 0, 26 5 
dulum pro At Paris Latitude, 48 f‚50 440, 5 e „ 
_ . At Pello Latitude, © 66, 46 441, 27 2, Ck 
thoſe regi- Nowthe differences proportional to the Squaresof the Sines of the Latitude, 
ons. are 7,24, 138, 206, which are leſs than what reſults from Experiment. 
| „ | | | 


- 


Method At the End of Prop. 19. B. 3. Newton ſhews how to find the Proportion 
given by of the Axes of a Planet whoſe Denſity and diurnal Rotation are known, em- 


ws 5 ploying for Term of. Compariſon the Ratio diſcovered between the Axes of 
the ratio of the Earth; for whether the Bulk or Ray (r) of a Planet be greater or leſs 
dhe axes of than the Bulk or Ray (R) of the Earth, if its Denſity (d) be equal to the Den- 


* ſity (D) of the Earth, and the Time (t) of its diurnal Rotation be equal to 
the Time (T) of the diurnal Rotation of the Earth, the ſame Proportion will 

ſubſiſt between the centrifugal Force and Gravity, and conſequently between 

its Diameters as was found between the Axes of the Earth: But if its di- 


urnal Rotation is more or leſs rapid than that of the Earth, the centrifugal 


Force of the Planet will be greater or leſs than the centrifugal Foree of the 
Earth and conſequently the Difference of the Axes of the Planet will be great- 


er or leſs than the difference of the Axes of the Earth in the Ratio of C 
(Cor. 2. Prop. 4.) and if the Denſity of the Planet be greater or leſs than 


the Denſity of the Earth, the Gravity on this Planet will. be greater or leſs 
than the Gravity on the Earth, in the Ratio of dr to DR, and the Differ- 
ence of the Axes of the Planet will be greater or leſs than the Difference of 


n 
ftr 


VVV 


| Wherefore if the Time of Rotation and Denſity of a Planet be different from 


its leſſer Axis, is to 24 the difference of the Axis of the Earth compared 


400 


]upiter from Faſt to / Weſt is to its Diameter paſſing thro? the Poles as 10+ 
to o : neerly. Netvfon adds that in this Determination he has ſuppoſed that 
the Matter of Jupiter was Homogeneous, but as it is probable on account of 


12 to rr, 13 to 12, or even as 14 to 13, and that thus Theory agrees with _ 
Obſervation, ſince Obſervation evinces that Jupiter is depreſſed towards the „ 


| This Method that Newton takes to explain a Depreſſion towards the Poles den agnes 


more ſenſibly perceived on the Earth than in Jupiter, ſince the Earth is much pirer is lefs 
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the Axes of the Earth, in Proportion as the Gravity on the Planet is leſs or 

greater than the Gravity on the Earth conſequently in the Ratio _ to R Sou 


that of the Earth, the Difference of the Axes of this Planet compared with 


"et „33 c oe On 
: th its tefler Axis, e to NDR which gives a N NT fo 
the expreſſion of the Difference of the Axes of the Planet. 1 : 
=] * OL I . N 7 XVI. DR EOS r Batorantnas - 
Hence the Difference of the diameters of Jupiter, for inſtance whoſe di- tion of the 
. urnal Revolution and Denſity are known will be to its leſſer Axis in the com- ratio of the 
ound Ratio of the Squares of the Times of the diurnal Revolution of the —_—— 


rth and Jupiter of the Denſities of the Earth and Jupiter, and the Difference jag do che. 
of the Axes of the Earth compared with its leſſer Axis, that is, as 7 X 
2x — to 1. that is, as 1. to 9. 2. neerly : Therefore the Diameter of 
406 000-5 x | 


* 


the Heat of the Sun that Jupiter may be denſer towards the Regions of the 
Fquator than towards the Poles, theſe Diameters may be to each other as 


9 
confined between the ratios of 11 to 12 and 13 to 14. e 
„ Probable rea 


Poles, and that the Ratio of his Axes is leſs. than that of 10$ to 94 and, is | 


of ſupiter leſs than that which reſults in the Caſe of Homogenity ſeems by Newton 
very improbable, it is ſurpriſing that in Order to explain the flatneſs of the Fi- . = 


ure of fupiter, he has had recourſe to a Cauſe whoſe Effect would be much figure of Ja 


nearer the Sun than Juniter. | = . — 
The Propoſition of Clairaut that the Flatneſs diminiſhes as the Denſity in- — — 
creaſes towards the Center, furniſhes a natural Explication of this Phenome- * 
non in ſuppoſing Jupiter denſer towards the Center. than at the Surface, an whythe | 
Hypotheſis entirely conſiſtent with the Laws of Mechanicks, —__ ratioof the i 
| 2 + xv. | arxes only of 
N Jupiter the 


- As the two Principles neceſſary for determining the Axes namely the earth nde 
diurnal Revolution and the Denſity, are known only in Jupiter, the Earth, the fun cm . | 

and the Sun, theſe are the only celeſtial Bodies the Proportion of whoſe Ax- de fon. 
es can be diſcovered. How this Proportion has been diſcovered in the Earth 


= the bel Whence it arrives, that their ene, which is reckoned on the Eclip 


LA SYSTEM. or Tus. 


| and Jupiter has FOR already ſhewn; the Difference of the Axes 4 FR Sur 
The proP®r is to its leſſer Axis in the compounded Ratio of the Square of 1 to 27? diur- 


axes of the nal Revolution of the Earth to that of the Sun, of 400 to 100 Denſity of 
ſun is too the Earth to that of the Sun, and ,3, Difference of the Diameters of the 


8 Earth compared to its leſſer Axe, to 1, chat is in, 25 rest to I 0 Differ- 
obferred. ence too ane e to be 5 Fg 


tt vas For many 1 it had 5 chought that the Axis of the Farth FR 
thought for ; 


a long time 


axis el the from the 2 known Motions of the Earth, the annual and diurnal Motion 3 
eathalway® and in Fact for a Number of Years this Paralletifim is ſenſibly preferved. 


preſer ved its 


Parallel fn. But from the Continuance, and accuracy of Aſtronomical Obſervations it has 
been diſcovered that the Poles of the Earth are not always directed to the 
| fame fixed Stars, and of Conſequence that the Axis ot the Ezrth does not 


always remain parallel to Itſelf. 


Tt. 
H yparchus 


was the 


perceived Degree in a hundred Years, fo that the entire Revolution of the Sphere of 
— therevlili the fixed Stars from whence Ptolomey derived this appearance, was oom 
| poles of the Pleated in 36000 Years; and it was generally believed in his Time that 
earth. At the Expiration of this Revolution called ibe great Year, the celeſtial 
jt conn, | Bodies would return to their primitive Poſition. 
duration of The Arabs difcovered that Prolomey had made this Motion too flow, L. 
this rerolu- Iughbeig fixed it to a Degree in 72 Years, and Modern 1 
eee, fixing it to 51“ annually have confirmed the Diſcovery of Ullughbeig 3 


rear. Years. 


the great that the Revolution of the Poles of the Earth is WN in 1 


1 equinoetial Points 8 their Places in the ſame Time and by the = 
Aſſigned by fate Quantity as the Poles of the World, and it is this Motion of the 


1 Equinoctial Points which is called the Preceſſion of the Equinoxes; 


volation. I ho“ the fixed Stars are immovable, at leaſt in reſpett of us, yet as the 1 
This reger · MON interſection of the Equator and Ecliptic , it is nec eſſary — 


don cauſes the Stars which correfpond to thoſe. Poirits ſhould comtinually 10 


an parent change their Places, and that they ſhould ſeem to advance eftward, from 


- Motion in 


ſtars, 


ing its annual Revolution preſerved the ſame Poſition, and this Suppoſiti- 
| that the On was very natutal. For Theory ſhews that this Paralleliſm ſhould refult 


This Motion of oo "TN of the Earth w was rd perceived by Hyper | 
gelt who rbuf ; and afterwards eftabliſhed by Prolomey who fixed this Motion to a 


fame Names they had in the Ti ime of * Hiph urchus 


tion: from his Principle of tiniver 


ere Fi 
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from the Beginning of 4205 or the a Interſegtion of the Equator and | 
Ecliptic, ae increaſes, and the fixed Stars appear to ove in Conſe- Mise 


uentia; but this Motion is only apparent and arifes tram. the be 7 0 of oo vip 
5 | 1 Bb "4 e interſec- 
he CO ney in a RY: Bien „ en in 
V. ? Zoe  , equator and 


. 01 the 1 * fü ron of th file 2 nto e N. Tas 9 2 | 


lace of Each other, but the twelye Portions of. the conſtellat- 


Ecliptic where theſe Conſtellations were fi 3 5 en ſtill Fetain the ons of the 
zodiac have 


93 A ©1 (1, 10411 AG changed 
[Before Newtin the phyſi Gui of { 7 ene of Tm quirioxes way — OY 
utterly unkown, and we ſhall no oceed to ber ov he ce this Mo- 
ee e 
We have ſeen that the Figure of the Farth is that of: an 0 blate Spheroid, 
Flat towards the Poles and elevated towards the Fquator. 15 Order to ex- 
plain the Preceſſion of the . Newfon premiſes 3 Lemmas, from 
whenee he defluces (Prop. 39. ) that this Revo by of 115 e uinoctial 
Points is Kaare a y the Aide d Actions h nnen 
latter about the Eatth's 3 uator,. 1 


1 
C6 27 * 


a 4 | 
» „ of = * * * 
dil 4 fn 18. 2 211 In ; $35 2 


In the fr Lemma he ſuppofes all the We by 9000 the Farth con. the e. 
1 reduced to a vecſal gravis 


ſidered as 4 '$pherdid would Exceed | an inſcribed 8 phere, 
Efforts of the tation, , 1 


Sun, on this Ring, to make i it Reyolye round its Axis Which s 5 common N. 


Section of the Plane of the Ecliptic With the Plat Je paſſing. thro? the "Gent bel wot 
of the Earth, and Per pendicular to the ſtraight Line Connecting the i 5 ene 


1 F385 302 . 
TJ} T0] 131367 ' 2/301 110 | 


4 
4 


cn» 


ol the Earth andthe Sun. In the ſecond Line he inveſtigates the Ratia 


between the Sum of all thoſe Forces, and the Sum, of the Forces Ta by 


Sphere: In the third Lem he compares the Aspen of 15 5 1 5 ; 
OP the Eart _ ; 


35 3 her 8. N 30 2 F262. 
i 1 4 B Fa IR 9 . 7 & 5 ; . : 


To determine the Force of the Son upon this aig Whites" et 
the Equator of the Earth, Newton aſſumes for Hypotheſis, that if, the Earth 


Was anihilated, and that only this Ring remained, deſcribing round the. Sun 


the annual Orb, and revolving at the ſame Time by its diurnal Motion 
Es its Axe, inclgeg o the e in an 2 e. 1 2 5 3 5, the Motion 
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m 
matter ahout 9 8585 Þ. Ahe deriodi 7; Ka 
the gäste to 2 / 4.5%, the periodic Time, of, x 


from this tonfidered, as a Ring of Moons adhering to. the Ea 
the manner IF th Fra: | 

that the Revolution (N) of the Nodes of the Moon, as 1436 to 39343, (according to 
attraction Cor. 16. Prop. 66.) and that the f the Ring Sum 


1 | Py In ö , Tx ny g . . ; : L . - 5 
In the ele- the Motions (TTR) of the Ring and the Globe to which it adheres, as 


— 


LXXIV. . YETSTEM OY THE 73 
3 the Faul Fee eee Ae oil ogninmpad 855. "> 
© ne OP Equin 431 fonts would, be t e ſame, whether the Ri g Was fluid ot | 


95721271 


.* compoſed of ſolid Matter 


adde 


G 141 eri e n Atte N . { 7 * N 
er 
Newton after having invelligated the Ratio of the Matter of this ſuppoſed 
Ring, that is, of the Protuberant Matter about the Equator, to the ; * ou 

of the Earth taken as a Sphere, and having found it [aſſuming the Ratio of the 


ES 
7 


Axes of the Earth] to be 25 459.10 $244, he proves that if the Earth and this 
King revolved. together about the Diameter of this Ring, the Motion (R) of 


BED ett 24 — i in df MALT TT 0 
+17 22 the Ring would be to the Motion((T), of the interior Globe, or to the Motion 


2 


» 1. 


11 


— 


N 4 8; 41 1 12921 1 — — . A 5 
„of the. Earth round Wb in Were ene of the Proportion 


© 45910 52441 of the Matt 
3 the Number. 1000000 to the Number 800009, or as 4590 to 419528, (a) 
and conſequently that the Motion (R) of the Ring would be to the Motion 
I) of the Ring and the Globe, in the Ratio of 4590 to 424118. 
le found (Prop. 32. 
Moon ina Circular Or 
Year; and he proved (Cc 50 
volved round the Earth, the Motion of the Nodes of each of thoſe! Moons 
would be as their periodic, Times. from whence;he congludes that the Mo- 
Newtoy tion (n] of the Nodes of a Moon 8 near the Surface of the Earth 
15 5 © Moon ( ).of the Nodes of our 
me of ;the., Earth's diurnal Rotation, 


| ov 
2 e er and by the Cor. of Prop. 66 the ſame Proportions hold for the Motion of 


it 


protube'ant 


A 
* 
* 


'A Year, as 2 35 55's ihe 


2-208. the Nodes of an Aſſemblage of Moons ſurrounding the Earth, whether theſe 
; oons ad- "#3 Ii : SEM. re er ha E 2 * 
her ing to the Moons were ſeparate, and detached from each other, or. if they coaleſced 


globe'of the ſuppoſing them liquified and forming 3 fluid Ring, or that the Ring be- 
e hard and inflexible. 1 201 $i 6 „ n! : 
Equator of the Earth being 


De eee $293CGT ien 
He deduces There ore, the pfotuberant ; Matter about the 
Revolution {n) of the Nodes of fuch a Ring, is to the 


proton With ence the 


fi +. + a 


otion (R) of the Ring is to the Sum of 


of the ſun 


vation at the 4590 to 424118; nxRis to N Xx, T R, as 1436 & 4590 to 39343 
N uator | * „ $322k n n 95 LS 4 T ROT | 3 2 * | f wh ? , 
uſes the X 424118, or TER is to N, as 1436X4590 to 39343 X 4241 18; but 


pr eceſſion o 


. 


| the equi- it is demonſtrated that the Sum of the Motions. T+R of the Ring and the 
' NOXES. Globe to which it adheres is to the Motion (R) of the Ring as the Revolution 


(n) of the Nodes of this Ring to half the annual Motion [2P.] of the Equi- 


noctial Points of the Body compoſed of the Ring aud Globe to which it ad- 


(a) The ratio of the motion of the ting to the motion of the interior globe aſſigned by Newton, 
is 4590. to 485223. which is exronequs as ſhall be ſhewn bereafter, 1 


atter in the Ring to the Matter in the Earth, and of 


, 3) that the mean Motion of the Nodes of the 
%% 20, 117, 465, in Antecadentia, in a Sydereal 
(Cor, 15, Prop. 66) that if ſeveral; Moons re- 


uid of | 


Ppoſed 


atter 
'of the 


nd this 
(R) of 
Aotion 


Ortion 
and of 


B, (a) 


lotion 


Ring was ſpread all over the Surface of the Sphere fo as to produce towards 


| Noh in: ; the Ratio of the Coſine [91706].of this toclination.prbichindg * 


| tecedentia, they would move ſwifte 


PHYSIOAL WORD. . LAXY,; 


heres, (o) enen the annual Motion (P.) of the equinoRial Points of the 


Body ee of the Ring and 2 to which it-adheres;will be te the an- 1 
aual Motion of the Nodes (N) oß the Moon; i in manu Ratio pr 


"qr 
11 Siet "217 271 ms 


1436 & 4590 & 2 to 39343 N 41 8 Mimi cd Failed 
But Newton found (Lem. 2. B. 3.), that if the Matter of the. Ae 


the Equator, the ſame Elevation as that at the Equator of the Earth, the Force os 4046 = 43 


of the Matter thus ſpread to move the; Earth, would be leſs; ian. tie Force 2 0 


of the equator al Ring.i in the Ratio of q to 8; therefore the annual Regreſꝭ of . 
the equinoctial Points,is zo the annual Regreſs of the Lunar Nodes, jasi1.436 — + 


| X4590X2X2 tO 39343X424118X5, and conſequently. in a gydereal Lear 5 


it will be 22, 587, 33* without any Regard being had to the Inclination. of 
the Axis of the Ring, which Conſideration cauſes ſtill a Diminution in this 
to the Radius (L00000.; For ew an 5084 : lit tors Maonts 5 


pe mean annual 'Preceſſion of 7 Equinoxes | —_ by the Ac- 5 MD 


| tion of the Sun will be therefore 215 6+ nearly, {uppoling.the n Homoge- 3 555 


neous and the Depreſſion towards the Poles 5353+); 1741 bu 280316025 
Smplof found from his Theory 21* 6*( Miſcellaneous Trafts) D Alambert . 
23* nearly (Recbercbes. Sur la Preceſſion des Equinoxes Euler 22* (Men. de 


Berlin Tom. 5, 1749). And if this Quantity is greater by a third than uhat : KNOW 


Obſervation indicates, it probably. ariſes from the Earth's not being Homo- 
geneous, as was ſuppoſed, the Reſearches of Simpſon, Ealerg and D Ae Ny b 
dert relative to this Obiect ſhall be explained heroultyFs - 981. no- ee e res 
i . 1X. 188 944711 $1 g 


In this 1 Ge Strand the mean On of * Motion 


in the moti- 
on of the. e- 


of the equinoctial Points. But not without examining the different Varie- qv duine tial 


ties of the Action of the Sun on the pratuberank, Matter about, ha Equator e pro- 
ſuppoſed to be reduced to a Ring. „ Auaeedis the, 
He ſhews in Cor. 18, 19 and 200f. prop. 66 that by the Action of the* << n 
Sun the Nodes of a Ring, ſuppoſed to encompas a Globe as the Barts: Il 
would reſt in the Syſigies, in ever other Place they would move in 4 % 112 07 
& in the Quadratures, that the Incli-+ ' 


nation of this Ring, would vary, that during each annual Revolution of the. | 
Earth, its Axe would Oſcillate, and at the end of each Revolution would 
return to its former Poſition, but that the Nodes would not return to their | 

| former Places, but would, ſtill continue to move in Antecedentia. 1 * 5 


(6) 06. ſuppoſes that the Sum of the Motions of the Ring and the Globe to which it adheres 
_ Is to the Motion of the Ring, as the Reyolution of the Nodes of this Ring i is to the annual Mo- 
tion of the Equinoctial Points of the Body compoſed of the Ring and Globe to which it ee, 1 


in kicks he is miſtaken! as eee l dt ne e 


10 1 7 * 4 4 : . . » ” 
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7 EF \ - A; ; | „ x 2 3 
g 1 0 7 \ » .4 f Ki Lys "RS © T4 298 * * 1 k + & q ; W Y LY + # ; 
he greateſt Tnelination of the Ring ſhould: happen when its Notes are 


| ic = 4 * ow? ©; 2 5 Fa A - ö 1 aan * ie res 
a fan nde lee aer in ths kae of the Nodes e Quadratures, 


en the pro- this Inclination ſhould diminiſh, and the Ring by its Effort to chafige its 


tubcrant Inchnation impreſſes a Motion on the Globe, and the Globe retains this Mo. 


matter about 


x pike tion, tillthe/Ring; of the protüberant Matter about the Equator, (for it is 


cauſes aa the ſame Thing -accordinig'to Newton) hy a contrary Effort deſtroys this 
annual nuts · Motibnꝗ and impreſſes a neu Motion it a contrary Direction. 


do eo — we Hence we ſce that the Axis of *the Earth ſhould! chinge its Inclination 


was elevated © NVeibton has Thewn in Cor. 21 of Prop: 66 that the protuberant Mat- 


poles and ter about the Equator' 8 Nodes retrograde, the Quantity of this 
depreſſed to fatter increaſing; this Regreſſic 1 

wards the . 

equator the 


guinoctial torg there would be no Regrefſion'of the Nodes, and the Nodes of a Globe, 


1 3. 


points which inftead*of been Elevated towards the 'Equator © was. depreffed, and 


would ad- 
vante in 


th x \ N N ieee 8 eee 
depreſbon of the Nbdes we may infer the Form 'of tlie Globe and conſe 0 
the earth Nodes move in Artecedentiz, the Globe will be elevated towar 


in "neg the (or, but on the Contrary 'depreſſed; if the Nodes move in Conſeguentia, 
Ferse mebn which is a further Proof of the Flatriefs of the Earth towards the Poles. a 
. Xt. 533 


J) K 
doc of We have hitherto conſidered o 


LEY. 


the equator 


is more pow- tinually their Places,ithappens that the Inclination of its Orbit to the Equator, 


erful than on which depends its Effect varies continually, ſo that when the aſcending 


that of the 


Tbebries Which depend on the Determination , of the Maſs. of the Moon, and it appears from 
Computation as ſhall be ſhe wn hereafter, that the Preceſſion of Mz Equinoxes. produced by the 


mĩnaries. 


3 Node is in Aries; the Inclination of the Moon's Orbit to the Equator a- 


(e) The. Proportion of the Foree of the Sun to that of the Moon, afligned by Newton is 
1 t6.4, 4816, which be alſo. afſigus for the Proportion ef the Preceſſion of the Equinoxes pro- 
duced by the Sun to that produced by the Moon but this Proportion does not agree. with the 


Sun and that produced by the Moon are not in the ſame Proportion as the Forces of thoſe Lum- 
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Hunts" to 284 2, but when the aſcending Nade nine Veats after, is in 


7 as 


* 


Libra it ſcarce amounts to 18. 3 in each Revolution, which renders.the, 

Preceſſion arifing from the Action of the Moon very unequa „during 

the Space of 18 Vears, and Cauſes. a Nutation in the Axis: of the Earth. 
whereby its Inclination to the Ecliptic varies during the RevaJution, of the e arwef'⸗ 

Nodes of the Moon; after which it returns to its former Poſition... This the earth 
Nutation from Theory, amounts to 19s, agreable to Obſervation, the produced by 

mean Preceſſion ariſing from the Action of the Moon, to 35, 5, conſe- mne on of 

quently the Preceſſion ariſing from the Aion of the Sun to 145, 3, and e 

greateſt Difference between the true Preceſſion ariſing from the Action of 

the Moon, and the mean Preceſſion amounts to 07, $21. 1 


* 
IF: 


* 


Theory of the Bbbing and Flowing of the Sea. 
It is very ealy to perceive the” Connection between the Ebbing and Flow- _ 
ing of the Sea and the Preceſſion of the Equinoxes. Newton deduces his Ex- COR | 
7 N of the Fbbing and Flowing of the Sea, from the ſame Corollaries of the ſes, is 
pp. 66, from whence we have ſeen he drew his Explication of the Preceſ- deduced 
ſion of the Equinoxes; thoſe two Phenomena, are both one and the other 942 E. 
Tera n oe FA 321 F its cor. 
neceſſary Conſequence of the Attractions of the Sun and Moon on the Parts , id at 
which compoſe , e EIN of the pre 
0 99 Fa pate? FF T3 : EE | Os 5 8 ty | : 24 ah POE e ceſſion of the 
. .. Galileo injagioed that the Phenomena of the Tides might be accounted Int orf 
for, from the Motion of Rotation of the Earth, and its Motion of tranſlation Galileo con 
round the Sun. But if this great Man had more attentively examined the cernigg the 
Circurnftances attending the Ebbing and Flowing of the Sea, he would have quite of 
perceived that in Conſequence of the diurnal Motion of the Earth, the Sea the ſea.-. 
indeed would riſe towards the Equator, and that the Earthwould aſſume the LED 
Form of a Spheroid depreſſed towards the Poles, but this Motion of Rotation 
would never produce in.the Waters of the Sea-a Motion of Flux. and Reflux, 
as Newton has demonſtrated Cor. 19. Prop. 66. Newton Proves in this ſame 
Corollary, applying what he had demonſtrated in Cor. 5 and 6 of the Laws of 
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7 Motion, that the T ranſlation of the Earth round the Sun has no Effect an the. 
5 | Motion of Bodies at ĩts Surface, and conſequently the Motion of Tranſlation 
ö of the Earth round the Sun, cannot Produce the Motion of Flux and Reflux 


of the Sea. | 4 
| 4 FCW nl. N r $ 73 11 du | 
On examining the Circumſtances which attend the Ebbing and Flowing of — — 
the Sea, it was eaſy, to perceiye that thoſe Phenomena;depended on the Po- of the fea 
den or the Farth with Re(peR to we Sun and Moonz but it was not ſo, to gee om, | 
 Ciſcover the Manner thoſe two Luminaries Produce thoſe Phenomena and the iu ang. 


aſſign the 
quantity 


# Ca 


IV. 


1 


chat each of After having ſhewn in the firſt 17. Corollaries of this Pro . the Irregulari- 


' Newton applies this Prop. 66 and its Cor. to the Phenomena of the Sea 
(Prop. 24. B. 3.) and proves that they are a neceſſary Conſequence of the com- 


bined Actions of the Sun and Moon on the Parts which compoſe the Earth. 


| | v. | Ps 
He afterwards inveſtigates the Quantity, each of thoſe Luminaries contri- 


bute, to the Production of thoſe Phenomena. As this Quantity depends on 
their Diſtances from the Earth, the nearer they are to the Earth, the greater 
the Tides ſhould be, Cæteris Paribus, when their Actions, conſpire together: 
and according to Cor. 14. Prop. 66, thoſe Effects are in the Inverſe Ratio of 
— the Cubes of their Diſtances from the Earth and the ſimple Ratio of their 


Newton examines firſt the Action of the Sun on the Waters of the Sea, 


becauſe its Quantity of Matter with Reſpect to that of the Earth is known, 
Ne obſerves that the Attraction of the Sun on the Earth is counterbalanced 


„ 0,1 Pad. tha ente 188 
Motions of the Waters of the Sea, and that the two Extremities of the 


Diameter of the Earth directed towards the Sun, are actuated by equal Forces 


Force will decreaſe as the 


#% = 
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as to the Totality by the centrifugal Force ariſing from the annual Motion of 


ze Ez th, hich he conſiders as uniform and circular: But what is true as 


to the Totality is not fo as to each particle of the Earth, that is, that the centri - 


fugal Force of each of thoſe Particles cannot. be ſuppoſed equal to the Force 


with which the ſame Particle is Attracted by the Sun, ſince each Particle has 
the ſame centrifugal Force, and the Particles of the Earth which are nearer 


which proves that the Center of the Earth is at Reſt with Reſpe& 
to the 


of the Earth. -_ 


poſite Directions, whergby theyrtend to recede from the Center; but this 
ſe as the Diſtance from the Center of the Earth. this Di- 
ameter of the Earth directed to the Center of the Sun may be called the Solar 


Axis of the Earth. if we now conſider the Equator correſponding to this Axe, it 


is evident that each Point taken in the Plane of this Equator may be ſuppoſed 


Points ot this Plane are affected by the Inequality between the centrifugal 


the Sun are more attracted than thoſe which are remoter. Thus the Diſ- 
tance of the Earth from the Sun, being 22000 Semidiameters of the Earth, 
and the Law of Attraction, the inverſe Ratio of the Squares of the Diſtances, 
the Attractive Force correſponding to the Point of the Earth neareſt the Sun, 
to the Center of the Earth, and to the Point of the Earth remoteſt from the 
Sun, will be nearly as 1 100, 11000 and 10999, and as the Sun's Attraction 
| balances the centrifugal Force of each Particle of the Earth, this Force will. 
be Proportional to 1 1000; if from the attractive Force of the Sun on each 
of thoſe three Points, the centritugal Force be Subducted, there will remain 


with oppoſite Directions, whereby the Parts tend to recede from the Center 


- If in the ſame Diameter there be taken two Points equally diſtant from the .. 

4 Fas» e nes eats did ag. - | : > Firft ſouree 
Center, thoſe two Points will be likewiſe actuated by equal Forces with op- of the eb= 
| bing and 
flowing of 


the ſea. 


_ equally diſtant from the Center of the Sun, and conſequently that none of the 


Force and attractive Force, and conſequently their Gravity towards the Center 


of the Earth will not be diminiſhed; therefore if we conceive two Canals 


full of Water the one paſſing thro* the demi ſolar Axe, and the other thro? 
a Ray at its Equator, which communicate at the Center of the Earth, the 


Water will aſcend; in the firſt and deſcend in the other, this will happen 
both in the one andthe other demi ſolar Axe, and is the firſt Source of the 
Ebbing and Flowing of the Seas. e 
Each Particle of Water in the Canal of the demi ſolar Axe is attracted Second 
towards the Sun in the Direction of the Canal, but this Force acts on the ſource of 
Particles of Water in the other Canal, wounds, it therefore ſhould be re- che cbbing 


and flowing 


> 


ſolvedinto two, one perpendicular to the Canal, and the other parallel to it. 


J 


The firſt may be conſidered as perfectly deſtroied by the centrifugal Force; 
but the other Force adds to the Gravity of each Particle in this Canal, this 


TIEN 
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{mall Force does not exiſt in the Cendl of the demi folar Axe, aud for this 
Reaſon thé Water will deſcend in the Canal of the Tolar Equator, and will 
ſuſtain that of the ſolar Axis to a greater Height. This! Is he ſecoul Source 
of the Ebbing and Flowing of the Seas. 
From whence it appears that the Aſcent of the Waters of the Sea does 
not ariſe from the total Action of the Sun, but from the Tnequalities in that 
Action on the Parts of the Earth. Newton obſerves that in Conſequence of 
this Action the Figure of the Earth (abſtracting from its diurnaf Motion) 
ought to be an elſiptic Spheroid having for greater and leſſer Axes the ſolar 
Axe and the Diameter of its Equator, and determines in the following Man- 
| ner the Force of the Sun which produces the difference of thoſe Axes. 
|  Determina He conſiders the Figure of the Earth (abſtracting from its diurnal Motion) 
tion of the rendered Elliptic by the Action of the Sun, as a ſimilar Effect to the Figure 
ee. of the Orbit of the Moon, (abſtracting from i its excentricity) which he had 
ing the eleva ſhewn (Prop. 66. Cor. 5) to be rendered Elliptic and to have its Center in the 
tion or de Center of the Earth, by the ſame Action. He demonſtrated (Prop. 2 25. 
ere B. 3) that the Force (F) which draws the Moon towards the Sun, i is to 
of the ſea in the centripetal Foree (g) which draws- the Moon towards the Farth, as the 
tuo points Square of the periodic Time (tt) of the Moon round the Earth, to 15 
8 Square of the periodic Time (T T)j of the Earth round the Sun, according | 
"met {Cor i r7 of Prop. 66 ; but the Inequality (V) in the Action of the Sun on xo 
Parts of the Earth being to its Action (G), as the Ray (r) of the Earth, 
to the Ray (R) of its Orbit, and the Force (G) of the Ski which ret $the 


Earth in in ts Orbit, being tot the Force 000 which retains t. tlle Moon! in i its Or. 
1 bit, as 7-3 1 — of the Earth's Orbit divided by the Square of i 1 
13 iodic Time, * 


its . | 
L Ray of the Moon” 8 Orbit divided by the Square of | 


its periodic Time (Cor. 2 Prop. 4), Vx G is to 8 X & or the Ine- 


| | | 1 — 4 (Y) i in the Action of the Sun on the Parts of the Earth. is to the 
| | Z | 1212 at 1241 * 


j NH centripetal Force 68 of the Moon. towards the Earth as xa b, 


AT." tif 
that. is, as f the Ray of the Earth divided by the Square of its 


peria- 
dic time round the Sun (- T) to the Ray of the oe S Orbit divided b s 


Square of its periodic Tinte dun IT the Farth (9. 


3 Whereſore by the Compoſition of Ratios, 'E NV is to F X g. be Porte 

8 (V). of the Sun diſlurbing the Motion of Bodies on the Surface of the 
Is 4 N Earth, „is to its“ Force (F) with whicli it diſturbs the Motion of the Moon, 
| . T 32 ; 2 
bo 57 1 to —— or as the Ray (r) of the Earth wo the Toy bel 


the Moon's. Wb that is, as 1 40 60 f. GU 0 


* 
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25 To compare now thoſe two Forces with the Force of Gravity at the 
Surface of the Earth. Since the Force (F) which draws the Moon towards 


the Sun, is to the centripetal Force (g), which would retain the Moon in an 


* 


midiameters of the Earth) as the Square of 279. Jh. 43. to 36 5d. Gh. gm. or as 


Orbit, deſcribed about the Earth quieſcent at its preſent Diſtance (60 : Se- 


1000 to 148525; or as t to 178 33; and that the Force which retains 


an Orbit deſcribed about the Earth quieſcent in the ſame periodic Time, 
at the Diſtance of 60 Semidiameters, according to Prop. 60, in which 


it has been demonſtrated that the actual Diſtance (60 4 Semidiameters) 


of the Centres of the Moon and Earth, both revolving about the Sun, 


and at the ſame Time about their common Centre of Gravity, is to the 


bout the Earth quieſcent in the ſame periodic: Time, as the Sum (7742) 


of the Maſſes of the Moon and Earth, to the firſt of tuo mean Propor- 


tionals (42 +) between that Sum and the Maſs of the Earth. Conſe- 
quently. that the Force (y) which retains the Moon in its Orbit is leſs 


than the Force (g) which would retain it in an Orbit deſceribed in the 
ſame periodio Time, about the Earth quieſcent at the Diſtance 60 4 Semi- 


diameters, in the Ratio of 60 to 60 2, (Cor. 2, P. 4); by the Compoſi- 


the Moon in its Orbit, is equal to the Force (/ which: would retain it in 


Diſtance (60 Semidiameters) of their Centres, if the Moon revolved a- 


tion of Ratios Fg is to gXY or the Force (F) which draws the Moon 


towards the Sun, is to the centripetal Force ( which retains the Moon in 


its Orbit, as 1 X60 f to 178 18. but this Force (/) which retains 


the Moon in its Orbit, (in approaching the Earth) increaſing in the in- 
verſe Ratio of the Square. of the Diſtance, is to the Force (G) of Gra- 


vity as 1 to 60x60, wherefore' /F is to YXG, or the Force (F) which 


PFrom whence Neꝛoton cone ludes [Prop. 36. B. 3. ] that e e 
of the Waters of the Sea, and the Elliptic Figure of the Lunar Orbit [ab- 


'IX60% to 60X60X60X1 78. ;FZ or as 1 to 638092, 6. . 


ſtracting from its Excentricity] are ſimilar Phenomena ariſing from the Solar 


Force, and that in deſcending towards the Surface of the Earth this Force 
diecreaſes in the Ratio of 60 f to 1 the Force of the Sun which depreſſes 
tme Waters of the Sea in the Quadratures, or. at the Solar Eq 
Fiores of Gravity as 1 to 638092, 6 for as 1 to 38604600. But this 


uator, is to the 


Force is double in the dyſiges, or in the Direction of the Solar Axis of what it 
is in the Quadratures, and acts in a contrary Direction [Cor. 6. Prop. 66], 


2 x 2] x = £ 133 
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wvherefore the Sum of the two Forces of the Sun on the Waters of the Sea, 
in the Quadratures and Syſigies, will be to the Force of Gravity as 3 to 


38604600 or as 1 to 22868200. thoſe two Forces united Compoſe the total 
Free which raiſes the Waters"of the Serin the Sclzr Canal, their Effect 


- 


i PD 


| draws the Moon towords the Sun, is to the Force (G) of Gravity as 


vity. 


Proportion 
of the ation 
of the ſun 
on the wa- 
ters of tha 
ſea to the 
force of gra- 


— 


* 


being the ſartie as if they were wholy employ'd in raiſing the Waters in the 


Sy ſigies, and had no Effect in the Quadratures. 

VNecbton after having inveſtigated the Force of the Sun which produces 
= the Elevation of the Waters in the Solar Canal, determines in the following 
from his Manner the Quantity of this Elevation. He confiders the Elevation of the 
theory that Waters of the Sea ariſing from the Action of the Sun, as an Effect ſimilar 


| — to the Elevation of the Equatorial Parts above the Polar Parts of the Earth, 


of the ſea ariſing from the centrifugal Force at the Equator. Now the centrifugal Force 
to 2 fect. (C) at the Equator being to the Force of Gravity (G) at the Surface of the _ 


Earth as 1 to 289, and the Force of the Sun (F) exerted on the Waters of 
the Sea being to the Force of Gravity (G), as 1 to 12868200, by the Com- 


poſition of Ratios, FG is to Cx G, or the Force (F) of the Sun exerted on 
the Waters of the Sea, is to the centrifugal Force (C) at the Equator, 
as 1X289 to 11 2868200 or as 1 to 44527 ; confequently the Elevation 


(85472 Feet) at the Equator produced by the .centritugat Force, is to 
the Elevation of the Waters in the Solar Canal produced by the Action of 


Sun, as 1 to 44527; which ſhews that the Elevation of the Waters in the 


them is 1 Foot, 11, 18 Inches... 


Places diredly under the Sun and in thoſe which are directy oppoſite to 
The ebbing VII. 


« 


2nd flowing The fluid Earth would preſerve a Spheroidal form its. longeſt Diameter 


ofthe ſez pointing to the Sun without any Ebbing or Flowing of its Waters, if it had 


ariſes from 1, Motion of Rotation. It is therefore the Rotation of the Earth round its 


the motion 


of rotation Axis joined to its oblong Figure which caufes alternatly a Depreſſion and - 


ot the earth Elevation of the Waters of the Sea. If the Axis of Rotation and the Solar 


and frem Axis were the fame, the Waters of the Sea would: have no Motion 


* ce zun of reciprocation, becauſe each Point during the Rotation of the Earth 
and moon. would be conſtantly at the fame Diſtance from the Solar | Poles. But 
adldlãs thoſe two Axes form an Angle, it is eaſy to perceive that each Point of the 
Sur face of the Earth approaches and recedes alternatly from the Solar Poles 

and that twice in 4 Revolution, and the Waters will continually rife in this 

1 , Point during its Approach to, and will fall continually during its Receſs from 
Is thoſe Poles. | Newtpn inveſtigated the Relation which ſubſiſts between the 


7 eſtimating Elevation of the Waters in any Place above that at the Solar Equator: and 


the action of their Elevation in the Solar Canal; and found that the Square of the Radius 


che ſun on [I] is to the Square of the Sine [ss] of the Altitude of the Sun in any 


= of the 40 Place, as the Elevation [S] of the Waters in the Solar Canal te their Ele- 
any place. vation [$59] in that Place. eg VVV 


# 8 5 # » 
wv” 


iin 


Y 
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I Ttis Manifeſt that what has been ſaid with Reſpect to the dum ſhould be 
applied without Reſtriction to the Moon and all che Phenomena of the Tides 


* * 7 9 
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a the prove evidently that the Action of this Luminary on the Waters is e How is i 
bly greater than that of the Sun, which at firſt View ſhould ſeem the more 28 


Ii 


uces is ſo powerful as to Force the Earth to Revolve round it, whilſt the Irregu- moon can 
wing garities produced in its Orbit by the Action of the Moon are ſcarce ſenſible, 301 

the but if we confider that the Motion of the Sea proceedes from its Parts be- on the wa- 
nilar ing differently attracted from thoſe of the reſt of the Earth, becauſe their ters of the 
th, Fluidity makes them receive more eaſily the Impreſſions of the Forces which 8 
orce Act on them, it will appear, that the Action of the Sun which is very POW- terations in 

the ertul on the whole Farth attracts al its Parts almoſt equally.on Account of its the motion 
S of eat Diſtance; but the Moon being much nearer the Earth Acts more une- of theearth, 
om- qually on the different Parts of ouf Globe, and that this Inequality ſhould 
on be much more ſenſible than that of the Sun ; theſe inequalities being in the 
tor, Inverſe Ratio of the Cubes of the Diſtances of the Luminaries from the 
tion Earth, and in the ſimple Ratio of their Quantities of Matter. . 
8 to The Elevation of the Waters of the Sea ariſing from the Action of the by 
n of | Moon, in the Direction of the lunar Axis, above their Height at the lunar 

the Equator, being once determined, the Elevation of the Waters of the Sea 
> to in any Place above: their Height at the lunar Equator, will be found, for in 

this Caſe, as in that of the Sun, the Square of the "lun (t) is to the 
Square of the Sine [tt] of the Altitude of the Moon in any Place, as the 

eter Elevation [1] of the Waters in the Direction of the lunar Axis, above their 

had Height at the lunar N their Elevation [tt LI above the ſame ee 
its in n that Pie | | | 

and | | 5 
olar From the Combinaden of the Alion, of the Sun and Moon on the Waters The r- 
tion of the Sea there reſult two Tides, viz. the ſolar Tides and lunay. Tides, r ang 
rth whichare produced independently of each other. | Thoſe two Tides by be- from the 
But ing confounded with each other appear to Form but one, but ſubje& to great conjoint e- 
the Variations, for in the Syſigies the Waters are elevated and depreſſed at the ug * | 
les ſame Time by | both one and the other Lumigary, and in the Quadratures the moon. 

this Sun raiſes the Waters where the Moon depreſſes them, and reciprocall the. 

om Vun depreſſes the Waters where the Moon raiſes them, [one being in the. 

the Horiſon when the other is at the Meridian] {o that from the Actions of 12 

and thoſe Luminaries ſometimes conſpiring and at other Times oppoſed, there 

lius reſult very ſenſible Variations both with e oy the Height of the 

xd Tides and their Time. | 

le- 

. It is demonſtrated that the Elevation of che Waters, PORE” by the. 

| conjoint Actions of the Sun and Moon, is ſenſibly eqqyl to the Sum of 

be the Elevations produced by the Actions of each ſeperately, where fore the 

des wigle FN by the og Actions of the two Lyminaries ml | 


ſurpriſing, a8 the Attractive Force of the Sun ariſing from its immenſe Bulk tion of the 


” * * 
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be Expreſſed by sss ttL; which ſhews that the Elevation of the Wa- 
ters in any Place will continually increaſe until they attain. their 


greateſt Height, and then it is high Water, after which it will continvally 


decreaſe during fix Hours, and then it will be low Water; the Differ- 


ence between thoſe two Heights is called the Height of the Tide; from 


whence it appears that the Height of the Tides depends upon a great 

Number of Circumſtances, viz. the Declination of each Luminary, the 

Age of the Moon, the Latitudes of Places and the Diſtance of the two 
Luminaries from the Centre of the Earth. rect 

| xi. 


To examine the Variations in the Height of the Tides according to all 


thoſe Circumſtances, let us firſt ſuppoſe the Orbit of the Moon and that 


of the Sun in the Plane of the Equator, and let us further ſuppoſe them 


| How New. Perfectly Circular, and let a Place be choſen at the Equator z in which 


ton came Caſe we may ſuppoſe = and r, which will happen at the appulſe 


to eſtimate of the Luminaries to the Meridian in the Syſiges, and the whole Elevation 
the action 

of the moon E $%4 > S - : - : . * . 

on the wa- and the Waters will have. no Elevation , conſequently the Height of the 


ters of the 'Tides in the Syſigies will be expreſſed by S+L; but in the Quadratures 
ſea. at the. appulſe of .the Moon to the Meridian t= and So, and the E- 


levation ot the Waters will be expreſſed; by L, about ſix Hours after 
l and t=o-nearly, and the Elevation of the Waters will be evpreſſed 
by 8 and the Height of the Tide will be expreſſed by L—-S, conſequently 
the Height of the Tides in the Syſigies and Quadratures will be as S+L 

to L—S. if therefore the Height of the Tides in the Syſigies and Quad- 
ratures at the Time of the 2 was determined from Obſer vation, on 
the Coaſt of an Iſland ſituated near the Equator, in a deep Sea, and open on 


every Side to a great extent, the Ratio of L to 8, the Effects of the Forces 


of the Sun and Moon, or the Ratio of thoſe Forces which are proportion- 

— be wunne. 

As no ſuch Obſervations have been made, Newton employs for de- 
termining the Ratio of thoſe Forces the Obſervations made by Sturmy 
three Miles below Briſtol. this Author relates that the Height of the Al- 
ſcent of the Waters in the vernal and autumnal Conjunction and Oppuſiti- 


on of the Sun and Moon, amounts to about 45 Feet, but in the Quadra- 
tures to 25 only, wherefore L+S is to L-S as 45 to 25 or as 9 to 5, con- 


ſequently SLS NI. —98, or 14$=4L and 8 is to L as2 to 7. 
To reduce this Determination to the mean State of the variable Circum- 


ſtances; it is to be obſerved 1 that in the Syſigies the conjoint Forces of the 
Sun and Moon being the greateſt, it has been ſuppoſed that the correſponding 
Tide is alſo the greateſt, but the Force impreſſed at that Time on the Sea 


being increaſed by a new Though a leſs Force ſtill acting on it until it be- 


comes too weak to raiſe it any more, the Tides do not riſe to their greateſt 


Height but ſome Time after the Moon has paſſed the Syſigies, Newton 


will be expreſſed by S+L; about ſix. Hours after =o and tg nearly 


65 — — BITS” + 


bout 22d 13m, 


ameter by [s] yy. = 
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| from the Obſervations of Sturmy concludes that the greateſt Tide follows 
next after the Appulſe of the Moon to the Meridian when the Moon is diſ- 


LKXXV; 


taut from the Sun about 18d f. the Sun's Force in this Diftance of the 
Moon from Syſigies being to the Force [S] in the Syſigies, as the Coſine 
[7986355] of double this Diſtance, or of an Angle of 37 Degrees, to 


the Radius [10000000] in the Place of I. TS in the preceding Analogy 


Lo, 7986355 S is to be Subſtituted. In the Quadratures the conjoint 
Forces of the Sun and Moon being leaſt, it was alſo ſuppoſed that the 


leaſt Tide happens at that Time, but the Sea looſes its Motion by the Reduction 
ſame Degrees that it acquired it, ſo that the Tides are not at their leaſt of this e- 


timation 10 


Height until ſome Time after the Moon has paſſed the Quadratures, and the mead 


Newton from the ſame Obſervations of Sturmy concluded that the leaft ſtae of tbe 

Lide follows next after the Appulſe of the Moon to the Meridian when variable cir 
the Moon is diſtant from the Quadratures 18d 4. Now the Sun's Force cumſtances. 

in this Diſtance of the Moon from the Quadratures being to the Force 


[S] in the Quadratures, as the Coſine (7986355) of double this Diftance 
or of an Angle of 37 Degrees, to Radius (10000000) in the Place of 


I. —8 in the preceding Analogy, Lo, 79863558 is to be Subſtituted. 


It is to be obſerved. 20 that the Orbit of the Moon was ſuppoſed to Co- 


inſide with the Plane of the Equator, but the Moon in the Quadratures, 


or rather 18d f paſt the Quadratures, declines from the Equator by a- 


now the Force of the Moon in this diſtance from the 


Equator being to its Force (L) in the Equator, as the Square of the 
Coſine (8570327) of its Declination 224 13m, to Radius (10000000) in the 
Place. of I. o, 7986355S in the — 


0,9863558 is to be Subſtituted 


., 


preceding Analogy o, 8570327. 1 5 


It is to be obſerved 30 that the Orbits of the Sun and Moon were 


ſuppoſed to be perfectly Circular, and 3 thoſe Luminaries 


to de in their mean Diſtances from the Earth. But 


ewton demonfirated 


that the lunar Orbit (abſtracting from its Excentricity) ought to be an Ellip- 
tic Figure, having its Centre in the Centre of the Earth and the ſhorteſt Di- 
amete r directed to the Sun; and determined (Prop. 28. B. 3.) the Ratio of this 


ſhorteſt Diameter to the longeſt or the Diſtance of the Moon from the Earth 


in the Syſigies and Quadratures to be as 69 to 70. To find its Diſtance when 
18:4 Degrees advanced beyond the Syſigies, and when 18 + Degrees paſs- 


Semidiameter be expreſſed b 


aabb 


ed by the Quadratures, it is to be obſerved that in an Ellipfis if the longeſt 


| (a) its ſhorteſt-by [b] and the Difference 
of the Squares of the longeſt and ſnorteſt Semidiameters by [ec] and the 
Sine of the Angle which any Diameter [y] makes with the longeſt Semidi- | 


—— wherefore ſubſtituting ſucceſſively . in 


aa —sscc 


this Expreſſion 69 for [a] 70 for [b] for Ie] 3173047 and 9483236 the 


* 


SDines of 18 4 Degrees and 714 D 
e 69,897 345 and the mean D 


r : thoſe Diſtances will be 69,0987 47 


ce will be 69 as equal to halt the Sum 


\ 


\ | 


i 
\ 


pf the moon 


Is to that of 1,017522L ＋ , 7986355 8, and in the Place of 0,8 570327 IL. — 


" SYSTEM OF THE 


of the the longeſt and ſhorteſt ſemidiameters. But the Force of the Moon ta 
move the Sea is in the reciprocal triplicate Proportion of its Diſtance, and 
\ therefore its Forces in the greateſt and leaſt of thoſe Diſtances are to its 


LXXXVI. 


The force in the preceding Analogy, in the Place of L+ o, 79863 558, we muſt put 


the ſun as O, 7986355 8 we muſt put o, 983042) X, 8 570327 L—0, 59863558; from 
45 to. whence we have 1,017522L+0,7986355S, to o, 98 30427 X, 8570327 L 
The force —0, 798635 58 as 9 to 5, conſequently 1017 522 LX5 + , 98635 58 X5 
- 8 5 So, 983042 X9X0,857032 L, 79863558 *, and by tranſpoſition, 8 is 


nited raiſes to L. as 0,98 30427X0,8570327X9 — , 175225 to o, 79863555 


the waters O, 7986355 9, that is, S is 10 L as 1 to 4, 4815 nearly. 


of the ſea to c | x; Ok — 
of 10 feet Newton having thus determined the Force of the Moon to raiſe the 
and even to Waters of the Sea, aſſigns the Quantity of this Elevation. The Force (1), of 
1 mo the Sun being to the Force (4,4815) of the Moon, as the Elevation (1 Foot 
moon is pe- II Z, Inches) ariſing from the Action of the Sun, to the Elevation (8 Feet 


xigee.© +72, Inches) ariſing from the Action of the Moon. So that the Sun and Moon 


together may produce an Elevation of about 10 Feet in their mean Diſ- 
tances from the Earth, and an Elevation of about 12 Feet when the Moon 
is neareſt the Earth. l : 15 | 


How New- 


2 * face, compared with the Denſity and Quantity of Matter of the Earth, and 
denſity an 


2 the Weights of Bodies on its Surface. For ſince the Force (v) of the Moon 


ol matter of to move the Sea is to the like Force (V) of the Sun as 4, 4815 to 1, and v is to 


bodies on the apparent Diameter(3 1m. 165) of the Moon being to the apparent Diame- 


the moon & 


what bodies V as abſolute Force of the Moon divided by the Cube of its Diſtance from 


weigh on 


s | G : Ja oy 69 „ 2 
her ſurface the Earth to Fr abſolute Force of the Sun divided by the Cube of its Diſ- 
compaire i Rs or ens | BER ST bo Es he 
with the 


- . ability a6 tance from the Earth (Cor. 14 Prop. 66); 4, 481 5 is to I as iS to N but : 


—_— g the abſolute Forge (g of the Moon is to the abſolute Force (G) of the Sun, 


the earth, as the Denſity of the Moon and Cube of its Diameter conjointly (dXq*) to 


2 _— the Denſity of the Sun and Cube of its Diameter conjointly (DXp*), and 


its ſurface | --Þ I. . x. n 
| ter (327. 125) of the Sun as h t0 N, b * to Ni e ”= 5 


D, 154508, conſequently 4, 4815 is tor asd x ,141583'to D X-,154508' : 
that is, as the Denſities of the Moon and Sun and the Cubes of their ap- 
parent Diameters conjunctly, from whence it follows that the Denſity (d of... 


— 


Force in its mean Diſtance, as o, 9830427 and 1,0175 22 to 1. conſequentlß 


The Influence of the Moon on the Tides has enabled Newton to Eſtimate 
ton inveſti- her Denſity, her Quantity of Matter, and what Bodies weigh on her Sur- 


c a> ee OS © Q0 
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. 8 . ä 8 81 | | 1 ; 25 
the Moon is to the Denſity (D) of the Sun, 5 4159 4 to 2 or as 


4891 to 1000, but the Denſity (D) of the Sun is to the Denſity (e) of the 
Earth, as 1000 to 4000, conſequently DXd is to Dc, or the Denſity (d) 
of the Moon is to the Denſity (c) of the Earth as 4891 X1000 to 4000X1000 Denſity of 


or as 11 tog, therefore the Body of the Moon is more Denfe and more the moon 
Earthly than the Earth its ſelf. #0. | 


And ſince the true Diameter of the Moon [from the Obſervations of the Coil „ 
Aſtronomers] is to the true Diameter of the Earth as 100 to 365, the Quan- matter in 
tity of Matter in the Earth, is to the Quantity of Matter in the Moon as the moon. 


1000000 i to 48627125 X, that is, as 1 to 39, 788. | | 
And fince the accelerative Gravity on the Surface of the Moon is to 


the accelerative Gravity on the Surface of the Earth as the Quantity of eight 4 


Matter in the Moon to the Quantity of Matter in the Earth, directly, and bodies on its 
as the Square of the Diſtances from the Center inverſely, they will be ſurface. 
to each other as 1 X 13324 to 39,788X1000 that is as I to 3 nearly: con- 


ſequently the accelerative Gravity on the Surface of the Moon will be 
about three Times leſs than the accelerative Gravity on the Surface of 
the Earth. | 1 . 


| „ . * 

Daniel Bernoully, in his Piece on the Tides which carried the Prize 
of the Academy of Sciences in the Year 1738, obſerves that the Method 3, of 2 dif- 
of eſtimating the Proportion of the Force of the Sun to that of the Moon by ſerent opinr- 


the greateſt and leaſt Heights of the Tides as employ'd by Newton is very on ® why. 


uncertain ; becauſe in the Ports of England and France the 'Tides are not 
immediately produced by the Actions of the two Luminaries, but are rather a 
Conſequence of the great 'Tides of the Ocean, as the Tides of the Adriatic Sea 
are a Conſequence of the Small Tides of the Mediterranean, and that the 


primitive Tides may differ very ſenſibly in every Reſpect from the ſecondary 


Tides which is confirmed by Obſervation; the Proportion of the Spring and 
Neap Tides being found to be very different in the different Ports. At St. 
Malo's, for Example, the greateſt and leaſt Height of the Waters are to one 
another as 10 to 3, and below Briſtol according to Sturmy they are to each 


bother as 9 to 5. 


> | ; . ? 4 . 
He obſerves further that the Motion of Rotation of the Earth being very 


rapid with Reſpe@ to the Motion of the Sun and Moon ; 'The Sea cannot 

every Inſtant aſſume its Figure of Equilibrium without any ſenſible Motion, 

| hence the Waters which were raifed by the combined Actions of the Lumi- 
naries tending on one Hand to conſerve as much as poſſible by their Force 

- of inertia the Elevation they had acquired, and on the other tending as they 


recede from the Moon to looſe a Part of their Elevation, they will be leſs 
Elevated than they would be if the Earth was at Reſt, and conſequently the 


Nesp Tides are greater and the Spring Tides leſs than what reſults from 2 
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"og n baude on the Laus of Rquiibriem, wherefore the geit 


Spring Tides and Neap Tides are in a greater Ratio according to the Laus 
of en than that of 9 to 5. 


res fy Bernoully ſuppoſes them to be to each other as 7 to 3, OT Rar, that 
or ce o 


| the Force (L) of the Moon is to the Force (5) of the Sun as 5to2. A pro- 

the moon 

according to portion Which anſwers better to the Obſerved Variations in the durati- | 
Dernoully. on and interval of the Tides (Variations which receive no Alteration from 


the above mentioned ſecondary Cauſes) and to the other Theories which 
depend on a Determination of the Force of the Moon. Hence the Denſity 


of the Moon is to the Denſity of the Earth as 7 to 10, the Quantity of Mat- 
ter in the Moon is to the Quantity of Matter in the Farth as 1 to 70, and 


| Finally the accelerative Gravity at the Surface of the Moon is to the _rovler- 
ative Gravity on the Surface of the Earth as 1 to 5. 


XIV. 


2 II the Moon's Body were Fluid like our Sea it would he 8 WW hs 
ge 4. Action of the Earth in the Parts which are neareſt to it and in the Parts op- 


moon. poſite to theſe, and Newton enquires into the Quantity of this Ele vation. 


He obſerves that the Elevation (8 5) of the Earth produced by the Action 
of the Moon would be to the Elevation (E) of the Moon (if it had the 


ſame Diameter as the Earth) produced by the Action of the Earth 
as the Quantity of Matter i in the Moon to the Quantity of Matter in 


the Earth, or as 1 to 39,788. and the Elevation (E) produced by the 
Action of the Earth in the Moon if it had the ſame Diameter as the Earth, 
is to the real Elevation (x) produced in the Moen by the AQion of the 


Earth, as the Diameter of the Earth to the Diameter of the Moon or as 


365 10 100. wherefore by the Compoſition of Ratios 8 4 & E is to EXx 
or the Elevation of the Earth (83) produced by the Action of the Moon 
is to the real Elevation of the Moon ES by the Action of the Earth as 
1X 365 to 39,788 X 100 or as 1081 to 100 or x = 93 Feet. conſequently 


the Diameter of the Moon that paſſes through the Centre of the Earth, muſt ; 


exceed the Diameter which is perpendicular to it by 186 Feet, Hence it 
is, that the Moon always turns the ſame Side towards the Earth.  - 


In Effe& La Grange in his Piece which carried the Prize of the royal | 
| EffeNof Academy of Sciences in the Year 1764, ſuppoſing with Newton that the 

"the oblong Moon is a Spheroid having its longeſt Diameter directed towards the Earth, 
' figure of the has found that this Planet ſhould have a libratory or oſcillatory Motion about 


its Axis, whereby its Velocity of Rotation is ſometimes accelerated. and other 


moda. 


Times retarded, and that then the Moon ſhould always turn the ſame, zide 


nearly towards the Earth, though it did not receive in the Beginning a Mo- 


tion of Rotation whoſe Duration was 1 to that of its Revolution. La 
Grange has demonſtrated alſo that the Figure of the Moon might be ſuch 


that the e of its. RN TOR or Kees N ont _e 


vx 


7 1 5 VEN 1 6 on 
> anti Gn 8888 05553709 E 1 


s * . : * 
LE, # 2 


PHYSICAL WORLD e 


; Nodes of the lunar Equator, would be equal to the 1 Motion of 


the Nodes of the lunar Orbit; and in this Caſe he found that the lunar 


Axis would have no ſenſible Nutation. The Action of the Sun in all 


thoſe Inquiries, is almoſt inſenſible with reſpe& to that of the Earth; 
it is the Earth which produces the Motion of the Nodes of the lunar 
Equator, by acting more or leſs obliquely on the lunar Spheroid ; hence 
the Preceſſion of the lunar Equator, and the Law of the Motion pro- 
duced in the lunar Spheroid, differ very much from that which is obſerved 


in the Equator of the Earth. The Reſearches of this eminent Mathe- 


matician of Turin, ſhall be explained hereafter. 
e 
Newton having ſhewn that the Tides proceed from the combined Acti- 


ons of the Sun and Moon, and determined the Quantity that each of thoſe 


Luminaries contribute to their Production, enters into an Explanation 


of the Circumſtances which attend the Phenomena of the Tides. 
There has been obſerved in all Times, three Kinds of Motions in the Three kind: 
Sea, its diurnal Motion, whereby it ebbs and flows twice a Day, the of 8 
regular Alterations which this Motion receives every Month, and which been Cb. 
follow the Poſition of the Moon with reſpe& to the Sun, and thoſe ſerved in 


which arrive every Year and which depend on the Poſition of the Earth 
with reſpect to the Sun. 


To deduce thoſe Motions fon their Cauſe, we are to obſerve that Diurnal 
the Sea yielding to the Force of the Sun and Moon impreſſed on it in variations. 


Proportion to their Quantity, acquires its greateſt Height by a Force 
compounded of thoſe two Forces; hence this greateſt Height (even ab- 


ſtracting from the Force of Inertia of the Waters) ſhould not be im- 
mediately under the Moon, nor immediately under the Sun, but in an 
intermediate Point, which correſponds more exactly to the Motion of 


the Moon than to that of the Sun, becauſe the Force of the Moon on 


the Sea is greater than that of the Sun. To determine the Poſition 


of this Point, it is manifeſt that at High-Water in any Place, s5S--ttL 
is a Maximum, and at Low- Water a Minimum or Sd Lidt go. But 


the inſtantaneous Increment {ds ) of the Sine of the Altitude of the Sun, 


is to the correſponding Increment (dz) of the Sun's diurnal Arc, as the 
Coſine (y 1—5s) of the Altitude of the Sun to Radius (1), or d 
I ux A and the correſponding Decrement (—dt) of the Sine of the 
Moon's Altitude, is to the correſponding Increment (dx) of the Moon's 
diurnal Arc, as the Coſine (yy 1—tt) of its Altitude to Radius (1), or 
—dt=dxXy 1—tt=22dzXy/1—tt, dx being to dz as 29 to 30, on 
account of the Motion of the Moon. Subſtituting thoſe Values of ds 
and df in the Expreſſion S:d5+Lidt=o, we will have Sg 1—5=22 XL 


Xt r om w 0 ars that at the Time 
-u, 0 "irs = 5 fr hen wits appears that at tl Ins; 
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of high and low Water the Quantities I- and ty 1—tt are always 
in the conſtant Ratio of 29 L to 30 8, or of 20 X5 to 30X2 ; but the 


Quantity s4/1—55 can never exceed 4; conſequently fy 1—#t ean 


Figs 
never exceed . 


muſt be always very ſmall, which proves that the Moon is near the 


The waters 
of the Sea 
ought twice . 
to riſe and 
twice to fall 
every day. 


High- water 


: does not im- 


mediate! 
follow the 


Ayppulſe of 


the Moon 
to the 
Meridian. 


Meridian at High-Water, and near the Horizon at Low-Water. 


'The Waters of the Sea therefore ſhould be elevated and depreſſed 


twice in the Space of a lunar Day, that is in the Interval of Time 
elapſed between the Paſſage of the Moon at the Meridian of any Place, 


and its Return to the ſame Meridian ; for the conjoint Force of the 


Sun and Moon on the Sea, being greateſt when the Moon is near the 
Meridian, it ſhould be equal twice in 24 Hours 49 Minutes (a), when 
the Moon is near the Meridian of the Place above and below the Ho- 
rizon; Wherefore in each diurnal Revolution of the Moon about the 
Earth, there ſhould be two Tides diſtant from each other, by the ſame 


Interval that the Moon employs to paſs from the Meridian above the 


Horizon to that below it, which Interval is about 12h. 24m · hence the 
Time of High-Water will be later and later every Day. | 
| | wo | 


Since ty/1—ff can never exceed -5,, and conſequently the Diſtance of 
the Moon from the Meridian 12 Degrees, the greateſt Elevation of the 
Waters in any Place can never happen later than 48 lunar Minutes, or 


50 ſolar Minutes after the Appulſe of the Moon to the Meridian, if the 
Waters had no Inertia, and their Motion were not retarded by their 
Friction againét the Bottom of the Sea. But from thoſe two Cauſes 


this Elevation ſtill happens two Hours and a Half or three Hours later 


(a) Whilſt the Heavens ſeem to carry the Sun and Moon round from Eaſt to Weſt. ney 


Day, thoſe Luminaries move in a contrary Direction, the Sun 59 m. 8s. ,z the Moon 13 


10m. 35s. in a Day, conſequently after their Conjunction the Moon continually recedes 12 d. 
11m. 26s. ) from the Sun towards the Eaſt each Day, until ſhe is 130 Degrees from the Sun, or 


in Oppoſition, after which being to the Weſt of the Sun, ſne continually approaches, and at 


length overtakes him in 29 Days and an Half, From whence it appears that this Planet, the Day 
of the new Moon, riſes, paſſes at the Meridian and ſets about the ſame Time as the Sun; the 
following Days ſhe riſes, paſſes at the Meridian, and ſets later and later than the Sun, ſo that the 
mean Quantity of the Retardation of one riſing compared with the following, of one Appulſe to 


the Meridian compared with the following, &c. is about 49 Minutes. Seven Days and One- third 


after the Conjunction, the Moon being go Degrees to the Eaſt of the Sun, or in its firſt Quarter, 


the riſes when the Sun is in the Meridian, paſſes at the Meridian when the Sun ſets, and ſets at 


Midnight. The following Days ſhe comes ſooner to the Meridian than the Sun to the oppoſite 
Meridian, but the Difference continually: decreaſes to the Oppoſition, and then ſhe riſes when 
the Sun ſets, paſſes at the Meridian at Midnight, and ſets when the Sun riſes. 'The followin 

Days ſhe comes later and later to the Meridian than the Sun to the oppoſite Meridian, the Dif- 
ference increaſing to the laſt Quarter when the Moon being go Degrees to the Weſt of the Sun, 


riſes at Midnight, paſſes at the Meridian at Six of the Clock in the Morning and ſets at Noon. 


- decreaſing to the 


The following Days the riſes, paſſes at the Meridian, and ſets ſooner than the Sup, the Interval 
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in 4 ports of the Ocean where the Sea is open; - for the Waters in | 


y 
the conſequence of their Force of Inertia receiving but by Degrees their 
can Motion, and retaining for ſome Time the Motion they. have acquired, 
ds the Motion of the Sea is perpetually accelerated during the fix Hours 
which precedes the Appulſe of the Moon to the Meridian, by the com- 
the bined Actions of the Sun and Moon on the Waters, which increaſes in pro- 
8 portion as the Moon riſes above the Horizon, and by the diurnal Motion 
Ted of the Earth which then conſpires with that of the Moon. This Mo- What are 
ime tion impreſſed on the Waters retains during ſome Time its Acceleration, the Cauſes 
ace, ſo that the Sea riſes higher and higher until the diurnal Motion of the frog: wah 
the Earth which becomes contrary after the Appulſe of the Noon to the 
the Meridian, as alſo the combined Actions of the Luminaries which be- 
hen comes weaker and weaker, diminiſhes gradually the Velocity of the 
Ho- Waters, in conſequence of which they fink. It is eaſy to peteeive that 
the the Friction of the Waters againſt the Bottom of the Sea ſhould alſo 
ume contribute to retard the Tides. 
the Ihn the Regions where the Sea has no 8 with the e 
the the Tides are much more retarded, in ſome Places even 12 Hours, and 
4 it is uſual to ſay in thoſe Places, that the Tides precede the Appulſe of 
5 the Moon to the Meridian. In the Port of Haure- de- grace, tor Ex- 
of 00. 8 where the Tide retards 9 Hours, it is imagined that it precedes 
the buy 3 Hours the Appulſe of the Moon to the Meridian; but in Reality, 
or mis Tide is the Effect of the precedent Culmination. 
the | The Waters falling to the loweſt when the Moon is near the Horizon, Low-water 
err her Action on the Sea being then moſt oblique, it is manifeſt that Low- does not 
ſes | water does not exactly fall between the two High-waters which immedi- 3 
ter ately ſucceed each other, but is ſo much nearer to that which follows, as two Elew- 
25 the Elevation of the Pole in the propoſed Place is greater, and the Moon ona cr 
ny ; has a greater Declination ; that is, in proportion to the Interval between ſucceed * 
ID the riſing and ſetting of the Moon and the horary Circle of fix Hours each other, 
, or after her Culmination. | . 9 
= x VII. 4 
3 Theſe are the principal Phenomena which attend the Tides depend- The men- - 
the ing on the Poſition of the different Parts of the Earth in its diurnal Re- = —_ 
i volution with reſpect to the Sun and Moon. We ſhall now proceed to 
er, explain the Variations in the Tides which happen every Month, and 
3 which depend on the * of Poſition of the Moon with e to 
3 . the Sun and the Earth. | 
ng | XVIII. 


i | a In the S of the Sun and Moon, thoſe Luminaries 88 The great · 
to the Meridian at the ſame Time, and in the Oppoſition when one eſt Tides 
comes to the Meridian the other coming to the oppoſite Meridian, they _—_— 


Per to raiſe the en of the an, In the unn on the full Moon, 
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mr | ar TEMOr TRY 
| Theleaſtin contrary the Waters raiſed by the Sun, are depreſſed by the Moon, the 


Adee boa | "WF 1 
— * Waters under the Moon being go Degrees from thoſe under the Sun; 


conſequently the greateſt Tides happen at full and new Moon, and the 
teaſtat fvrft and laſt Oarter. . 5 
| an 


The great - The greateſt and leaſt Tides do not happen in the Syſigies and Qua- 
1 — des leaſt dratures, but are the Third or the Fourth in Order after the Syſigies 


not preciſe- and Quadratures, becauſe as in other Caſes fo in this, the Effect is not 


ly haypen the greateſt or the leaſt when the immediate Influence of the Cauſe is 
at tnat 


Time, and Ereateſt or leaſt. If the Sea was perfectly at Reſt when the Sun and 


why. Moon act on it in the Syſigies, it would not inſtantly attain its great- 


eſt Velocity, nor conſequently its greateſt Height, but would acquire it 


7 by Degrees. Now as the Tides which precede the Syfigies are not the 
greateſt, they increaſe gradually, and the Waters have not acquired their 


gies, and ſhe begins to counteract the Sun's Force and depreſs the 
Waters where the Sun raiſes them. Likewiſe the Tides which precede 
the Quadratures are not the leaſt, they deereaſe gradually and do not 


come to their leaſt Height until ſome Time after the Moon has paſſed | 


the Quadratures. | 


The great- The greateſt Height of the Waters which by the ſingle Force of the 


eſt Elevati- 


en ef the Moon would happen at the Moon's Appulſe to the Meridian, and by 


Waters hap- the ſingle Force of the Sun at the Sun's Appulſe to the Meridian, ab- 


pens ſooner ſtracting from the external Cauſes which retard it; by the combined 
after the A 


pulſe of ++ Forces of both muſt fall out in an intermediate Time, which correſ- 


Mon to the ponds more exactly to the Motion of the Moon than to that of the >. 


Meridian 


hilt fhe Wherefore when the Moon paſtes from Conjunction or Oppoſition to 


paſſes from Quadrature, this greateſt Height anſwers more to the ſetting of the 
the Syſigies Moon. The Sun in the firſt Caſe coming ſooner to the Meridian than 
ee Ver the Moon, and in the latter the Moon coming later to the Meridian 
and later than the Sun to the oppoſite Meridian; and when the Moon paſſes 
Hm _ from Quadrature to Oppoſition or Conjunction, this greateſt Elevation 
from the anſwers more to the rifing of the Moon. In the firſt Caſe, the Moon 
Quadratures coming ſooner to the Meridian than the Sun to the oppoſite Meridian, 
Sofia and in the latter, the Moon coming ſooner to the Meridian than the 
Bun (b). Jo calculate thoſe Variations in the Time of High-water which 
ariſe from the reſpective Poſitions of the Sun and Moon, let us ſuppoſe. 

on a certain Day, the Sun and Moon to be in Conjunction at the Ap- 


ulſe of the Moon to the Meridian of any Place, and conſequently that 


it is High-Water there at that Inſtant, The following Day at the 


* * 


4 


(d) See preceding Note 


greateſt Height until ſome Time after the Moon has paſſed the Syſi- 
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1 Time of High-Water in ſaid Place, the Sum of the Diſtances (& x 
of the Sun and Moon from the Meridian will be 12d. 30m. and the In- 


terval between the two Tides will be expreſſed in ſolar Hours by 
360d.-+Arc z. Since the Arcs z/ and & are very ſmall, they may be ſup- 


poſed without any ſenſible Error to coincide with their Sines (1-7 
(tt) and y 1—55+/1—tt may be ſuppoſed equal to Sin. 124, 30m. 
So, 21643, and conſequently / 1—tf=0, 21643—y -, we may ſup- 


poſe alſo 5=1 and f=: after thoſe Subſtitutions the Equation 


171—. 


2 xX— will be transformed into crea 
5 5 TED 3 171 — 4 29 5 

unn 2 15 5 180 n O,2104.3—V/ I—ss 12 9 1 5 2 

y1—5s or for the Sine of the Arc z' required 42 & 0,21643=0, 15308 


or 2 8d. 48m. or 3545 ſolar Minutes, ſo that the whole Interval is 24b. 


8 


Let us now ſuppoſe on a certain Day, the Sun and Moon to be in 


Quadrature at the Appulſe of the Moon to the Meridian at the above 
mentioned Place, and conſequently that it is High-Water there at that 
Inſtant; the following Day at the Time of High-water the Sum of the 
Diſtances (ZS ) of the Sun and Moon from the Meridian (if it be the 


| — * and ſubſti- 
30 8 0, 21643— I— 30 S 


XC 


laſt Quadrature) will be 774 Degrees, and the Sum of the Diſtances  - 


(=+2z') of the Sun from the Horizon and Meridian being 90 Degrees, 
2—x'=1 2d. 30m, that is, 5—y1—tf=0, 21643 and y 1—tf=s5—o, 21643. 
But in this Caſe y1—ss may be ſuppoſed =1 and =, wherefore 


ANTON i = : =” which gives 5=0,26920 anſw 
ft V/ 17k 51— t $—0,2164.3 F 8 3 920 amwer 


ing to 214. 40m. or to 1h, 262 Minutes, ſo that the whole Interval 
(360d. + Arc z) is 25 Hours, 263 Minutes. 


From whence it appears that High-Water ſhould precede the Appulſe 


of the Moon to the Meridian whilft ſhe is paſſing from the Syſigies to 
the Quadratures, and ſhould follow the App ulſe of the Moon to the 
Meridian whilſt ſhe is paſſing from the Quadratures to the Syſigies; 
that the greateſt Anticipation or Retardation ſhould be about 50 ſolar 
Minutes, and that the Diſtance of the Sun and Moon from each other at 
the Time of the greateſt Anticipation or Retardation is about 57 De- 
grees. But from external Cauſes High-Water happens in the Ports of the 
Ocean three Hours later, conſequently in thoſe Ports it ſhould precede 
tte third lunar Hour, and that by the greateſt Interval the ninth Tide 
after the Syſigies, and this greateſt Anticipation being repaired in the 


five ſubſequent 'Tides, it ſhould follow by like Intervals the third lunar 


Hour, whilſt the Moon is paſſing from the Quadratures to the Syſigies, 


XCIV 


The Tides Finally, all other Circumſtances being alike, the Tides are greateſt in 
are greater 
ceteris pari- 
bus, when 
the Moon 
is in Perigee 
than when 
ſhe is in 
Apogee. 
The anual 
Variations, 
the Tides 
are greater 
in Winter 
than in 
Summet. 
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tion of the 

Sun and 


0 Moon. 


The Time 
and Height 
vf the Tides 
depend up- 
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the ſame Aſpects of the Sun and Moon, when they have the ſame De. 


clination, when the Moon is in Perigee than when ſhe is in Apogee. 
The Force of the Moon on the Waters of the Sea decreaſing in the _ 


triplicate Ratio of her Diſtance from the Earth. 
3 


The annual Variations of the Tides depend on the Diſtance of the 


Earth from the Sun, hence it is that in Winter the Tides are greater, 


all other Circumſtances being alike, in the Syſigies, and leſs in the Qua- 


dratures than in Summer, the Sun being nearer to the Earth in Winter 
than in Summer. | | 


| xXxRIII. 


The Effects of the Sun and Moon upon the Waters of the Sea de- 
pend upon the Declination of the Luminaries, for if either the Sun or 


Moon was in the Pole, any Place of the Earth in deſcribing its Parallel 
to the Equator, would not meet in its Courſe with any Part of the 


Water more elevated than another, ſo that there would be no Tide in 


any Place; therefore the Actions of the Sun and Moon on the Waters 


of the Sea become weaker as they decline from the Equator, and Newton 


found (Prop. 37. B. 3.) that the Force of each Luminary on the Sea 
decreaſes in the duplicate Ratio of the Coſine of its Declination ; hence 


it is, that the Tides in the ſolſticial Syſigies are leſs than in the equi- 


noctial Syſigies, and are greater in the ſolſticial Quadratures than in the 
equinoctial Quadratures, becauſe in the ſolſticial Quadratures the Moon 


is in the Equator, and in the other the Moon is in one of the Tropics, 


and the Tide depends more on the Action of the Moon than that of the 

Sun, and is therefore greateſt when the Moon's Action is greateſt. 
The Spring Tides therefore ought to be the greateſt, and the Neap 

Tides the leaſt at the Equinoxes, and becauſe the Sun is nearer the 


Earth in Winter than in Summer, the Spring Tides are greateſt and the 


Neap Tides the leaſt in Winter ; hence it is, that the greateſt Spring 


and leaſt Neap Tides are after the autumnal and before the vernal Equinox. 


Two great Spring Tides never follow each other in the two neareſt 
Syſigies, becauſe if the Moon in one of the Syſigies be in her Perigee, 
the will in the following Syſigie be in her Apogee. In the firſt Caſe 


her Action being greateſt and conſpiring with that of the Sun, the 


Waters will be raiſed to their greateſt Height; but in the latter Caſe 
her Action being leaſt, the Tide will be leſs. VF 
XXIV. 


the Place; for the conjoint Actions of the Sun and Moon changing the 


Water upon the Earth's Surface into an oblong Spheroid, one of the 


The ebbing and flowing of the Sea depends alſo upon the Latitude of 


Surface, which the Moon, becauſe of the diurnal Motion, ſeems to Places. 
deſcribe, and the other a Parallel as far on*the other Side of the Equator. 


tion of the Luminaries may be determined. 


E O 


The whole Sea is divided into two oppoſite hemiſpheroidal Floods, one 


on the North Side of the Equator, the other on the South Side of it, which 


come by Turns to the Meridian of each Place after an Interval of 12 
Hours. Now the Vertex of the hemiſpheroidal Flood which moves 


on the ſame Side of the Equator with any Place, will come nearer to it 


than the Vertex of the oppoſite hemiſpheroidal Flood which moves in 


a Parallel on the other Side of the Equator; and therefore the Tides in 


all Places without the Equator, will be alternately greater and lefs ; the 


greateſt Tide when the Declination of the Moon is on the ſame Side of 


the Equator with the Place, will happen about three Hours after the 
Appulſe of the Moon to the Meridian above the Horizon, and the leaſt 
Tide about three Hours after the Appulſe of the Moon to the Meridian 


below the Horizon, the Height of the Fide in the firſt Caſe, being expreſſ- 
ed by a Semidiameter of the elliptic Section of the Spheroid nearer the 

_ tranſverſe Axe than in the latter Caſe, and conſequently is greater; and the 

Tide, when the Moon changes her Declination, which was the greateſt will 

be changed into the leaſt, for then the hemiſpheroidal Flood which is 


oppoſite to the Moon, moves on the ſame Side of the Equator with the 
Place, and therefore its Vertex comes nearer to it than the Vertex of 
the hemiſpheroidal Flood under it. And the greateſt Difference of thoſe 
"Tides will be in the Solftices, becauſe the Vertices of the two hemiſ- 
pheroidal Floods in that Caſe deſcribe the oppoſite Tropics, which , 


are the fartheſt from each other of any two paralle] Circles they can de- 


ſcribe. Thus it is found by Obſervation, that the Evening Tides in the 


Summer exceed the Morning Tides, and the Morning Tides in Winter 
exceed the Evening Tides; and we learn (Pro. 24. B. 3.) that at Plymouth, 
according to the Obſervations of Colepreſs this Difference amounts to one 


Foot, and at Briſtol, according to thoſe of Sturmy to 15 Inches. Newton 


of the Tides 


(de Mundi Syſlemate, page 58.) found, that the Height of the Tides de- The . 
creaſes. in each Place, in the duplicate Ratio of the Coſine of the La- gecreaſes in 


titnde of this Place. Now we have ſeen, that at the Equator, they the duph- 
f Cate Ratio 


decreaſe in the duplicate Ratio gf the Coſine of the Declination © CFthecoline 


each ee, therefore in all Places without the Equator, half the of the 


Sum of the Heights of the Tides Morning and Evening, that is, their Latitude. 


mean Height decreaſes nearly in the ſame Ratio. Hence the Diminu- 
tion of the Tides ariſing from the Latitude of Places, and the Declina- 


\ 


o.. „ 
The Hei 


| The Height of the Tides depend likewiſe upon the Extent of the "Fike Ties 
| Sea in which they are produced, whether the Seas be entirely ſepa- depend en 
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Vertices of its longer Axis deſcribing nearly, the Parallel on the Earth's on the Lati 
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the Extent rated from the Ocean, or communicate with it by a narrow Channel ; for 


of the Sea 


The Tides 
in the Me- 
diterranean 


are ſcarce 
ſenſible. 


Cauſes 


which in- 
fluence the 
Tides that 
are indeter- 
minable. 


5 if the Seas be extended from Eaſt to Weſt 90 Degrees, the Tides will be 
the ſame as if they came from the Ocean, becauſe this Extent is ſufficient . 
that the Sun and Moon may thereby produce on the Waters of the Sea 
their greateſt and leaſt Effect; but if thoſe Seas be ſo narrow, that 
each of their Parts are raiſed and depreſſed with the ſame Force, there 
can be no ſenſible Effect, for the Water cannot riſe in any one Place 
without ſinking in another; hence it is, that in the Baltick-Sea, the 
Black Sea, the Caſpian-Sea, and other Seas or Lakes of leſs Extent, 
there is neither Flood nor Ebb. EY | | 


. 


XXVI. | 


a Method for determining their Quantity. 'Thoſe ſmall Tides are till 


rendered leſs by the Winds and Currents which are very great in this 


Sea; hence it is, that in moſt of thoſe Ports, there are ſcarce. any re- 


gular Tides, except in thoſe of the Adriatick Sea, which having a greater 


Depth, the Elevation of the Waters are rendered more ſenſible ; hence 


it is, that the Yenetians were the firſt who made Obſervations on the 
. Tides of the Mediterranean. | | | 


XXVII. ; 


Beſides the aſſignable Cauſes which ſerve to account for the Phenomena = 
of the Tides, there are ſeveral others which produce Irregularities in 
thoſe Motions which cannot be reduced to any Lavv, becauſe they de- 


pend on Circumſtances which are peculiar to each Place; ſuch are the 


Shores on which the Waters flow, the Straits, the different Depths 


of the Sea, their Extent, the Bays, the Winds, c. fo many Cauſes 


which alter the Motion of the Waters, and conſequently retard, in- 
| creaſe, or diminiſh the Tides, and are not reducible to Calculation. 


Hence it is, that in ſome Places, the Flood falls out the third Hour 


after the Culmination of the Moon, and in other Places the 12th Hour ; 


and in general, the greater the 'Tides are, the later they happen, becauſe 
the Cauſes which retard them act ſo much longer. IE 


If the Tides were very ſmall, they would immediately follow the 
Culmination of the Moon, becauſe the Action of the Obſtacles which 
retard them would be rendered almoſt inſenſible; this is partly the Reaſon 


why the great Tides which happen about the new and full Moon, follow 


later the Appulſe of the Moon to the Meridian, than thoſe which hap- 


pen about the Quadratures ; the latter being leſs than the former. 
XXVII. e 34 


== 7 date Þ wg Euler relates that at Sr. Malo, at the Time of the Syſigies, it is 


of the 


High-Water the ſixth Hour after the Appulſe of the Moon to the 


Meridian, and the Retardation. increaſes more and more until at Dun- 


In the „ which is extended from Faſt to Weſt only | 
60 Degrees, the Flood and Ebb are ſcarce ſenſible, and Euler has given 


s for 
ill be 
dient 
> Sea 
that 
here 
lace 
the 
ent, 


d «a 


luer and Offend, it happens at Midnight. From this Retardation the 


at the Time of the Syſigies, for the Shores on this Coaſt, are full of « 
 Windings and Sand-Banks, againſt which the Waters beat with great 
Violence, and are much impeded in their Motion. | 


would make the Water acquire its greateſt Height at a mean Time 
A : 5 : | " | | i \ I | is q 1 * 
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Velocity of the Waters may be determined, and Euler concludes from 
thoſe, and other Obſervations, that they move at the Rate of eight 


Miles an Hour; but it is eaſy to perceive, that this Determination can- 1 = 


not be general. FT ; 
Bhs | { | > *þ © f IO 1 Ts.” | 2 
The Tides are always greater towards the Coaſts than in the open The Tides 


are greater 


Sea, and that for ſeveral Reaſons; firſt the Waters beat againſt the onards the 


Shores, and by the Re- action, are raiſed to a greater Height, Secondly, Coaſts, and 
they come with the Velocity they had in the Ocean where their Depth hy. 
was very conſiderable, and they come in great Quantity, conſequently _ 

meet with great Reſiſtance whilſt they flow on the Shores; from which 
Circumſtance, their Height is ſtill encreaſed. Finally, when they paſs 

over Shoals, and run through Straights, their Height is greatly encreaſ- 

ed, becauſe being beat back by the Shores, they return with the Force 

they had acquired from the Effort they had made to overflow them. 
Hence it is, that at Briſtol, the Waters are raiſed to ſo great a Height 


| N Ex. | | En” 

Thoſe Principles ſerve to account for the extraordinary great Tides Explication 
which are obſerved in ſome Places, as at Plymoutb, Mount St. Michael, on. 
the Town of Avranches in Normandy, &c. where Newton ſays, the Wa- of the 
ters riſe. to 40 or 50 Feet, and ſome Times higher. > Tides, 

It may happen, that the Tide propagated from the Ocean, arrives at 
the fame Port by different Ways, and that it paſſes quicker through ſome 
of thoſe Ways than through the others; in this Caſe, the Tide will ap- 
pear to be divided into ſeveral Tides, ſucceeding one another, having 
very different Motions, and no ways reſembling the ordinary Tides. Let 
* — for Example, that the Tides propagated from the Ocean, 
arrive at the ſame Port by two different Ways, one of which is a readier 1 
and eaſier Paſſage, ſo that a Tide arrives at this Port through one of | - > 
thoſe Inlets at the third Hour after the Appulſe of the Moon to the | 1 
Meridian, and another through the other Inlet, ſix Hours after, at the | _ 
gth Hour of the Moon. When the Moon is in the Equator, the Morn- 
ing and Evening Tides in the Ocean being equal, in the Space of 24 
Hours, there will arrive. four equal Tides to this Port, but one flowing 
in as the other ebbs out, the Water muſt ſtagnate. When the Moon de- 
clines from the Equator, the '1'ides in the Ocean are alternately greater 
and leſs, conſequently two greater and two leſſer Tides would arrive at 
this Port by Turns, in the Space of 24 Hours. The two greateſt Tides 
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betwixt them, and the two leſſer would make it fall loweſt, at a mean 
Time between thoſe two leaſt Tides, and the Water would acquire at 


a mean Time betwixt its greateſt and leaſt Height, a mean Height; 
thus in the Space of 24 Hours, the Waters would. riſe, not twice, as 


- uſual, but once only to their greateſt Height, and fall loweſt only once. 


If the Moon declines towards the Pole elevated above the Horizon, 
its greateit Height would happen the third, the ſixth, or the gth Hour. 


after the Appulſe of the Moon to the Meridian; and if the Moon de- 


clines towards the oppoſite Pole, the Flood would be changed into 


Ebb. 


Explication 


of the Cir- 
_ cumſtances 


attending 


at Batſham 


in the King- 


dom of 
Tunquin. 


. | xxx! : . 
All which happens at Batſbam in the Kingdom of Tonquin, in the 
Latitude of 20d. 50m. North. The Day in which the Moon paſſes the 


Equator, the Waters have no Motion of flux and reflux: as the Moon 
removes from the Equator, the Waters riſe and fall once a Day, and 
come to their greateſt Height when the Moon is near the Tropics; with 


this Difference, that when the Moon declines towards the North-Pole, 
the Waters flow in whilſt the Moon is above the Horizon, and ebb out 


whilſt ſhe is under the Horizon, ſo that it is High- Water at the ſetting 


of the Moon, and Low- Water at her riſing. 


But when the Moon de- 
clines towards the South-Pole, it is High-Water at the riſing, and 


Low-Water at the ſetting of the Moon; the Waters ebbing out dur- - 


ing the whole Time the Moon is above the Horizon. | 


The Tide arrives at this Port by two Inlets, one from the Chineſe 


Ocean, by a readier and ſhorter Paſſage between the Iſland of Leuconia 


and the Coaſt of Canton, and the other from the Indian Ocean, between 
the Coaſt of Cochin-China and the Ifland of Borneo, by a longer and leſs 
readier Paſſage; but the Waters arrive ſooner by the readieſt and ſhorteſt 


. Paſſage; hence they arrive from the Chineſe Ocean in ſix Hours, and 


At the En- 


trance of 
Rivers the 


Ebb laſts 
longer than 


the Flood, 


and why. : 


flowing in, and ſeven Hours ebbing out. 


from the Indian Ocean in 12 Hours, conſequently the Tide arriving the 


third and ninth Hour after the Appulſe of the Moon to the Meridian, 


there reſult the above Phenomena. 
At the Entrance of Rivers, there is a Difference in the Time of the 


Tides flowing in and ebbing out, ariſing from the Current of the River, 


which running into the Sea, retards its Motion of flux, and accelerates its 


Motion of reflux, conſequently makes the Ebb laſt longer than the Flood, 


which is confirmed by Experience; for Sturmius relates, that above 
Briſtol, at the Entrance of the River Oundal, the Tide is five Hours 
Hence it is alſo, that all other 


Circnmſtances being alike, the greateſt Floods: arrive later at the Mouths. 
of Rivers: than elſewhere. | TT, . = 


D WOokinh | mor 
55 e xx. 155 
It has been found, as has been already mentioned, that the Tides At the Poles 


depend on the Declination of the Luminaries, and the Latitude of the _—_ 1 


Place; hence at the Poles there is no diurnal ebbing and flowing of the Tides but 


Waters of the Sea; for the Moon being at the ſame Height above the took as 


nd on 


Horizon during 24 Hours, cannot raiſe the Waters; but in thoſe Re- the Revolu- 


gions, the Sea has a Motion of flux and reflux depending on the Revo- tion of the 
lution of the Moon about the Earth every Month; in confequence of 3 
which the Waters are at the loweſt when the Moon 1s in the Equa- we 


tor, becauſe ſhe is then always in the Horizon with reſpect to the Poles; 


and as the Moon declines either towards the North or South Pole, the 


Sea begins to ebb and flow, and when her Declination is greateſt, the 
Waters are Taiſed to their greateſt Height at the Pole towards which ſhe 


| declines; and as this Elevation, which does not exceed ten Inches, is 


produced but by a very flow Motion, the Force of Inertia increaſes it 
very little, conſequently is ſcarce ſenſible. | 
AIV. 


It is only at the Poles that the Waters have no diurnal Motion; in __ it ol 
only at the 


the Frigid-Zone, there is one Tide every Day inſtead of two, as in the p71 


Torid-Zone, and in our 'Temperate-Zones; and it is eaſy to ſhew, that there is no 


this Paſſage of two Tides to one, is not effected ſuddenly, but like all divrnal . 
| Tides, for 


other Effects of Nature, is produced gradually. For we have ſeen, that in che Fri- 
the Morning and Evening Tides in our Temperate-Zones are unequal, gid-Zone 


not only as to their Height, but alſo as to the Time of their Duration ; _— _ 


that the remoter the Place 1s from the Equator, the greater is this In- there are 


equality between the two Tides which immediately ſucceed each other, not two as 
in the other 


| both as to their Height and the 'Time of their Duration, for the greateſt Regions of 


Tide ſhould laſt longer than the leaſt ; and notwithſtanding which they the Earth. 
both ceaſe in 1 ah. 24m. nearly; therefore, in thoſe Regions where the Moon 
after her Appulſe to the Meridian above or below the Horizon, returns 
to it in this Interval, the leaſt Tide will entirely vaniſn, and there will 
remain but the greateſt Tide, which alone will fill up the Interval of 
12d, 24m, | 
e Rs x2xxV. . 
The Force of the Sun and Moon are ſufficient to produce the Tides, Why the 
but are incapable of producing any other ſenſible Effects here below; Sun and 
for the Force (S) of the Sun in its mean Diſtance, being to the Force ate the 
{G) of Gravity, as 1 to 12868200, and the Force (S) of the Sun being Tides, pro- 
to the Force (L) of the Moon, as 1 to 4,4815, by the Compoſition of peck abe 
Ratios LXS is to SXG, or the Force (L) of the Moon in her mean Mie Effect 
Diſtance, is to the Force (G) of Gravity, as 4, 4815 to 12868200, or here below. 
as 1 to 2871400. And ſince S+L is to L as 5, 4815 to 4,4815, S+L 


XL is to LXE or the Sum of the Forces ( S+L Jof the Sun and Moon 05 


. 
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when they conſpire together, and in their mean Diſtances from the Farth, es 
is to the Force (G) of Gravity as 5,4815X1 to 4,4815; X 2871400, It 
or as 1 to 2347565, and the Sum of the greateſt Forces of the Lu- ſiſta! 
minaries, or at their leaſt Diſtance from the Earth, is to the Force of Nov 
Gravity, as 1 to 2032890. From whence it appears, that thoſe Forces Inc 
united, cannot deflect the Direction of Gravity, nor conſequently the by 
pendulum, from the true Vertical the 10th Part of a Second, nor cauſe mor 
a Variation in the Length of the Pendulum r n which | _ ted 
would exceed the 55S of a Line, Se. 5 | | 7 

| | os 1 
THEORY of the RxynAcrion of Liehr. 5 por 
| | ma 
Explication HE Effects which Bodies We on esch other by their AttraQion, _ | vol 
_ of the Re- become ſenſible only when it is not abſorbed by the Attraction of if t 
22 pe the Earth, and it appears that his mutual Attraction of Bodies becomes 7 
ight deriv ] 

ed from the ſenſible only when they almoſt contiguous, and that then it 
Principle of acts in a Ratio greater than the inverſe Triplicate of the Diſtances. Me 
| + Now the Atmoſphere, or the Maſs of Air encompaſſing the Earth, aQ- CEE 
= ing on Light in a very ſenſible Manner, it is certain, that if ce ret 1NC 
bdde the Cauſe, it ſhould follow this Ratio. M. 
3 | The Advantage of the Principle of Attraction conſiſts in being no ä 
R Need of any Suppoſition but only the Knowledge of the Phenomena, 5 
| and the more accurate are the Obſervations and Experiments, the eafter eal 
| it is to > apply this Principle to their Explication. thi 
| tet | 

It is well known, that Light traverſing Mediums of diGevent Den- mM 
ſities, changes its Direction. Snellius, and after him Deſcartes, found — 
. from Experiment, that the Sine of Incidence and that of Refraction are ſa 
Tube sine of always in a conſtant Ratio; and Newton employs the 14th and laſt Ml 
— JSection of the firſt Book of the Principia in explaining the Reaſon why fe 
- tion are al- thoſe Sines ſhould be in a conſtant Ratio, and proving. that this Ratio th 


nays in a depends on the Principle of Attraction. It is in this Euplieatine we 
2 ſhall follow Newton. 

TE Every Ray of Light which enters lai into any Medium, i is to be 
conſidered as a Body acted on at the ſame Time by two Forces, in order 
to apply to the Explication of their Effects the Principles of Mechanicks. 

Deſcartes and Fermat confidered Light as a Body of a ſenſible Magnitude 
on which the Mediums act after the ſame Manner as they appear to do on 
dbdther Bodies: and finding that the Mediums which Light traverſes, pro- 
duce in them Effects quite contrary to thoſe which ſhould reſult from 
the Principles of Mechanicks, they invented each an Hypotheſis i in or- 
der to reconcile, in this Caſe, the Laws of Mechanicks, which are in- 


conteſtable, and the phiſicial Effects which are almoſt as certain, 9 


Incidence, becauſe the vertical Velocity of the Body being diminiſhed 
by the Reſiſtance of the Mediums, the horizontal Velocity influences Refa 


when the Reſiſtance of the Medium is inſurmountable, the Body, inſtead M*gnitude, 
would ſlide on the Surface of the Medium if it had no Elaſticity, and 


Medium is which they traverſe, the more the Sine of Incidence ex- 


the Facilities of the Medium to be penetrated. | 


| retarded in the more denſe Medium, as Deſcartes pretended, but is really 


ing Medium and at the Point of Incidence that it acts on it; the Incur- Attraction 


proportion as it approaches the refracting Medium, and even within for every 
this Medium to a certain Depth. Bs 1 
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It is well known, that the denſer the Mediums are, the greater Re- 
ſiſtance Bodies which penetrate them meet with in ſeparating their Parts. 
Now, in this Caſe, the Angle of Refraction is greater than the Angle of 


The Lanes | 


more the Direction of the Diagonal which the Body in obeying the on of Bodies 
two Forces into which its Motion is reſolved, deſcribes ; hence it is, that of a ſenſible 


of penetrating the Medium, returns back by its Elaſticity, and the Pro- 
portion between this Reſiſtance and the vertical Velocity of the Body 
may be ſuch, that the Body would loſe all its vertical Velocity, and 


if the Surface of the Medium was a perfectly ſmooth Plane. 
Now quite the contrary happens to the Rays of Light, the denſer the T0 ans, 
ceeds that of Refraction; therefore the vertical Velocity of the Rays is eres 
increaſed in this Caſe, which is quite the Reverſe of what the Laws of _ _ 
Mechanicks ſeem to indicate. | 5 928 e 
Deſcartes, in order to reconcile them with Experiment, which he Magnitude. 
could not evade, maintained, that the denſer the Mediums were, the 
eaſier Paſſage they opened to Light; but this Manner of accounting for 
this Phenomenon was rather 1 it doubtful than explaining it. 
Fermat, finding the Explication of Deſcartes impoſſible, thought it 
more adviſable to have Recourſe to Metaphiſicks, and the final Cauſes. POR 
He aſſerted, that ſince Light does not arrive to us by the ſhorteſt Paſ- „ Befeartes 
ſage, which is the ſtraight Line, it was becoming the Divine Wiſdom, and Fermar. 
it ſhould arrive in the ſhorteſt Time; this Principle, once allowed, it 
followed, that the Sines of Incidence and RefraQtion are to each other as 


It is eaſy to ſee how Attraction ſolves this Difficulty ; for this Prin- 
ciple evinces, that the progreſſive Motion of Light, not only is not leſs 


accelerated, and that by the Attraction of the more denſe Medium when 
it penetrates it. It is not only when the Ray has arrived at the refract- 


vation of the Ray commences ſome Time before, and it increaſes in accounts 


Circum- 
ſtance at- 


Attraction accounts for every Circumſtance attending Light in its tending the 


Paſſage through one Medium into another; for the vertical Velocity of Neira — 2 


fraction of 


— 
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the Ray is increaſed in the more denſe Medium, which it traverſes until 


it arrives at the Point where the ſuperior and inferior Parts of this Medi- 
um act with equal Force on it, then it continues to advance with the 


acquired Velocity until being on the Point of quitting it, the ſuperior - 


Parts of this Medium attra& it with a greater Force than the inferior 
Parts. The vertical Velocity of the Ray is diminiſhed thereby, and the 
Curve it deſcribes at its Emerſion, is perfectly equal and ſimilar to the 
one it defcribed at its Incidence, (the Surfaces which bound the refraQ- 
ing Medium being ſuppoſed parallel) and the Poſition of this Curve is 
directly oppoſite to that of the firſt. In fine, the Ray paſſes through 
Degrees of Retardation which are in the ſame Ratio, and in the ſame 
inverſe Order as the Degrees of Acceleration which it paſſed through 
at its Incidence. 0 | e 
| | VI. 8 „ Sw 
Newton, who was as ſuperior in the Art of making Experiments as 
in that of employing them, found on examining the Deviation of the 
Rays of Light in different Mediums, that the Attraction exerted on 
the Particles of Light follows the Ratio of the Denſity of thoſe Me- 
diums, if we except thoſe which are greaſy and fulphurous. Since then 
the different Denſities of thoſe Mediums is the Cauſe of the Refraction 
of Light, the more homogeneous Bodies are, the more tranſparent they 
will be; and thoſe which are moſt heterogeneous will be leaſt ſo, 
for the Light in traverſing them, being perpetually reflected in 
different Directions within thoſe Bodies, the Quantity of Light which 
arrives to us is thereby diminiſhed ; hence it is, that when the Sky is 
clear, the Stars are fo diſtinctly perceived, but when clouded, the Rays 
are intercepted, and cannot reach the Earth. | | 
==. YI. 
Newton alſo found, that every Ray of Light, however ſmall, is com- 
poſed of ſeven Rays, which as long as they are united continue white, but 
reſume their natural Colour when they are ſeparated, and that thoſe 
Rays have not all the ſame Degree of Refrangibility, that is, in paſſing 


2 3 


Q. 
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Lins 


through one Medium into another of different Denſity, are infleted 


ſome more and others leſs; fo that when they paſs through a Lens, 
thoſe Rays do not all meet the Axe at the ſame Diſtance, but ſome 
nearer and others farther off, and thus form as many diſtin Pictures 
of the Object as there are Colours. The Eye only perceives the moſt 
vivid, but as the Pictures are not equal, the greateſt form round thoſe, 
ſeveral coloured Circles, which is called the Crown of Aberration. "This 
Aberration is quite diſtin& from that which ariſes from the Defe& of 
Reunion of the Rays cauſed by the ſpherical Figure of the Lenſes. 
The Aberration of Refrangibility in the Rays of Light is not ſenſible. 
when their RefraQion is inconſiderable ; now the Rays parallel to the _ 
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optic Axe of a Lens, and thoſe at a ſmall Diſtance from this Axe, are 


very little inffected, and the Picture they form may be conſidered as 


ſimple, as not being ſurrounded by any coloured Circles.- Hence it is, 
that Artiſts are under the Neceſſity of giving to the objective Glaſs an 


Aperture of a very ſmall Number of Degrees of the Sphere of which 


this Glaſs forms a Part, and conſequently of increaſing the focal Di- 
ſtance of this Glaſs, and the Length of the Teleſcope, as often as they. 
change the Proportion of the objective and ocular Glaſſes, in order to 


increaſe its magnifying Power. Thoſe Obſtacles to the Perfection of 


of Refraction, Newton was on the Point of removing; an Experiment 


he made opened the Way which leads to this Diſcovery, but he did |... 
not purſue it: the Experiment is as follows: As often as Light, tra-. Method fer 
verſing different Mediums, is ſo corrected by contrary Refrattions, that it correQing 


emergeth in Lines parallel to thoſe in which it was Incident, continues 


ever after white. Opries, Firſt B. Part II. Exp. 8. "TN 
Euler in 1747, meditating on this Subject, demonſtrated, that this Aſſer- 22 
tion was falſe, and conſequently that the Experiment was ill made. Mr. Do- j; 

lond, an eminent Engliſh Optician, well verſed in the Theory and Practice Rays was 
of his Art, repeated this Experiment after the ſame Manner that Newton diſcouered. 
deſcribed it; he conſtrued for this Purpoſe, with two Plates of Glaſs, | 
a Kind of Port-folio, which being filled with Water, formed a Priſm of 
Water, that by cloſing or opening the Glaſſes, was ſuſceptible of all 
Kinds of Angles; he plunged into the Water of this Priſm, whoſe Angle 


was turned downwards, another Priſm of Chryſtal, whoſe Angle was 


turned upwards, and by. moving the Plates of Glaſs, he found that In- 
clination which was neceſſary to make the Objects obſerved through the 
 _ twoPriſms of Water and Glaſs appear exactly at the ſame Height as they 


did to the naked Eye; it was then manifeſt, that the Refraction of one 


Priſm was deſtroyed by the Refraction of the other, yet the Objects 


were tinged with various Colours, which was quite contrary to what 


| Newton had aſſerted. ' Mr. Dolond afterwards tried, by moving the Plates 
of his Priſm of Water, whether there was not ſome poſſible Proportion 


between-the Angles of the two Priſms capable of deſtroying: the Colours, 


and found that there was ſuch a Proportion, which widely differed from 
that which deſtroys the abſolute RefraQtion. The Objects not coloured 


viewed through the Priſms thus combined, not appearing at the 


ſame Height as when viewed by the naked Eye. From whence it was 
eaſy to conclude, that the Aberration of the Rays ariſing from their 
different Degrees of Refrangibility, might be corrected by employing 


tranſparent Mediums of different Denſities, and that the Rays would be 


refracted, but in a different Manner from what they would be in paſl- 
ing through one Medium. Mr. Dolond in 1759, diſcovered a Method 


* 
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refracting Teleſcopes ariſing from the Nature of Light, and the Laws 


the Aber- 
ration 


ariſing from 


efrangibi- 
ty of the 
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| anſwering this Purpoſe, which he has employed with Succeſs in the Con- inc 


». 
* 


perfect. And ſo it happens in the Air-Pump, in which the more the Va- 
cuum is increaſed, the quicker a Ray is reflected at the ſuperior Surface 
of ,a Priſm placed therein. The RefraQtion is therefore changed into 
Reflection at different Incidences, according to the Denſity of the different 
Mediums, Diamond which is the moſt brilliant Body known, operates an 
entire Reflection when the Angle of Incidence is only 30 Degrees, and 

it is according to this Angle Jewellers cut their Diamonds, that they 
may loſe the leaſt Quantity of the Light they receive. | | 
| „„ IX. . „„ 

It is eaſy to perceive, that when a Ray of Light paſſes through a leſs 
denſe Medium into a more compact one, the Refraction cannot be 
changed into Reflection let the Obliquity of Incidence be ever fo great, 
for when the Ray is on the Point of quitting the leſs denſe Medium, 
the other Medium which is contiguous to it, begins to act on it, and 


ſtruction of achromatic Teleſcopes, and the moſt eminent Mathemati- in t 
=: cians have ſince exerted all their Skill in inveſtigating the different Com. De 
5 | binations for the focal Diſtances, and the Quantity of Curviture requi- . 00 
ſite to correct at once, the Aberration ariſing as well from the different mo 
Degrees of Refrangibility of the Rays, as from the circular Figure of dhe 
the Lenſes. Thoſe Reſearches ſhall be explained hereafter. | he 

- 4 VIII. 8 r 

The Prin- The Principle of Attraction ſerves to explain why the RefraQtion is 
| 2 changed into Reflection at a certain Obliquity of Incidence, when the He 
ſerves to ex- Rays of Light paſs through a more denſe Medium into a leſs denſe one; -— 
plain how for in the Paſſage of a Ray through a more denſe Medium into another 8 
jc Snape that is leſs, the Curve it deſcribes is inflected towards the more denſe ſet 
into Reflec- Medium it has paſſed through; now the Proportion between its Obli- "ON 
. quity and the Force which draws it towards this more denſe Medium uin 
may be ſuch, that its Direction may become parallel to the Surface of the 
Medium which it quits, before it has paſſed the Limits within which the 5 
Attraction of this Medium is confined; and in this Caſe, it is very eaſy =. 
5 to ſee, that it ſhould return toward the refracting Medium it had quit- . © 

ted, defcribing a Branch of a Curve equal and ſimilar, to the Curve | 
EX which it deſcribed in paſſing through this Medium, and reaſſume after R 
having again entered this Medium the ſame Inclination it had before it if 
quitted it. JJ ro EI 1 
The Action of the Medium which Light traverſes, may give the = 
: Rays the Obliquity they require in order to be reflected, and as the I 
: more the Mediums differ in Denſity the leſs is the Obliquity of Inci- * 
3 dence requiſite that the Rays may be reflected, the Rays will be reflected 
2 at the leaſt Obliquity of Incidence when the contiguous Space or refract- 
33 ing Medium will be purged of Air, and when the Vacuum will be moſt 
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one, or appear higher in Proportion. 
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| increaſes continually its vertical Velocity, the Rays of Light therefore 
in their Paſſage through the different Couches of the Atmoſphere, whoſe - 


Denſity continually increaſes in approaching the Earth, are. more and 


more curved; in conſequence of which the celeſtial Objects appear 


more elevated than they really are, and that by how much the more 
their Rays are curved from their Entrance into the Atmoſphere until 


they arrive to us, the Eye receiving the Impreſſion of Light in the Di- 


rection which the Rays have when they enter the Ec. 
This apparent Elevation of the heavenly Bodies above their true 
Height, is called Aſtronomical Refraction, and is greateſt near the Ho- 


rizon, where repeated Obſervations prove, that it amounts to 33'; hence 
it is, that in our Climates, the Sun appears to riſe 3 Minutes ſooner, and 
ſet 3 Minutes later than it really does, whereby the artificial Day 1s in- 
pan 6 Minutes by the Effect of Refraction. This Effect gradually 
increaſes in advancing towards the Frigid-Zone, and at the Pole, by the 
RefraQtion alone, the Day becomes 36 Hours longer; hence it is alſo 


that the Sun and Moon at their riſing and ſetting appear oval, the infe- 


Re fraction 
increaſes the 
Length of 
the Day. 


rior Margin of thoſe Luminaries being more refracted than the ſuperior 


Newton has ſhewn how to determine the Law according to which Rule for 


fore R—Sine 87: Sine 87=Sine 2—8ine (z—o6r ) : Sine (z—6r); 


and R—Sine 87 : Sine z—Sine (2 —6r) = Sine-87 : Sine ({z—6r) ; but 


Refraction varies from the Zenith to the Horizon; from his Theory it —_ - 
reſults, that the Radius (R) is to the Sine of 874. as the Sine of (z) at any dif- 
the Diſtance from the Zenith, to the Sine of (z—6r) of this ſame Di- 8 from 


ſtance diminiſhed by ſix Times the Refraction at this Diſtance, where- Zenith. 


R— Sine 8) is to Sine z—Sine (z —6 ) as 3d.X Coſ. 88 to 6rX Coſ. 


(z—3r), Differences of the Arcs multiplied by the Cofines of the Arcs, 


which are the arithmetical Means between 90 and 87, and between 
z and z—br. Therefore the Sine of 88d. 3, that is of god. diminiſhed 


by the Triple of the horizontal Refraction, is to the Sine of the Diſtance 


2 diminiſhed by the Triple of the RefraQtion at that Diſtance, as the 


horizontal Refra&ion, is to the Refraction at the Diſtance z, and as the 


Cofine of 884. 4 to the Coſine of the Arc z diminiſhed by the Triple 
of the Refraction; therefore the Refra@ion at the Diſtance z, is _ 
to the horizontal Refraction multiplied by the Tangent of z dimini 

by the Triple of its RefraQtion, the whole divided by the Tangent of 
88d. 21, from whence it appears, that the Refractions are proportional 


to the Tangents of the Diſtances from the Zenith diminiſbed by three Times 
_ the Refraftion, | V . | 


U 


ed 


Example. Let the Refraction at the Diſtance of 45 Degrees from the 


Zenith” be required, which is known to be about 10. the Tangent of 


- $84, 21m, is to the Tangent of 444. 5 7m. as the horizontal Refraction 


| 23 is to 5%, the Refraction at 45 Degrees Diſtance from the Zenith. 


By this Rule the following Table was conſtructed. 
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THEOR Y of the SECONDARY PLANETS. 


3 4012.39, 
[3 5012.14. 


6. 22,01 4· 40 3.34, 34. 0 tte ©10.31,7/8800ſ 
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6. 8,0115.3013-23,7]36. oft. 18, 


j HE firſt Phenomenon which the Secondary Planets offer to natu- 

| ral Philoſophers, is their Tendency towards their Primaries, in 
obſerving the ſame Law as the primary Planets towards the Sun. This 
'Tendency has been ſufficiently eſtabliſhed in treating of the primary Pla- 
nets, abſtracting at firſt, as was neceſſary in order to ſimplify the Queſtion, 
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1 4p from all the Irregularities which the Planets, by their mutual Attractions 


X produce in each others Motions; of which ariſe from the Action of thje 

- Sun. We afterwards examined the Irregularities in the Motions of 

8 the primary Planets; but the Irregularities in the Motions of the ſecon- 

55 dary Planets deſerve particularly to be conſidered, in order to ſhew after 

33 a more ſatisfactory Manner, the Urnfiverſality of the Principle of At- 

I traction, and the Harmony of the Syſtem to which it ſerves as a Baſis: | - 

* The different Kinds of Motions obſerved for many Ages in the Moon, 

9 and the Laws of thoſe Motions diſcovered by eminent Aſtronomers, 

4 | furniſhed Newton the Means of applying his Theory with Succeſs to this 

: Planet. This great Man, who had made ſo many Diſcoveries in the 

: bother Parts of the Syſtem of the World, was reſolved not to leave this 

— Part unexamined; and though the Method he has purſued on this Occa- 

E ſion, is leſs evident, and leſs ſatisfactory than the Method he employed _ 

| in explaining the other Phenomena ; we are however much indebted to 

| him for having made it the Object of his Inquiry. ok 

— It is eaſy to perceive, that if the Diſtance of the Sun from the Earth Manner of 

3 and the Moon, was infinite with the,reſpe& to their Diſtance from each _—_ 8 
other, the Sun would not diſturb the Motion of the Moon about the Earth; 3 ality | 
becauſe equal Forces, whoſe Directions are parallel, which act on any of the 5 


two Bodies, cannot affect their relative Motions. But as the Angle 0 e 475 


formed by the Lines drawn from the Moon and the Earth to the Sun, che Earth 
though very ſmall, cannot be eſteemed as having no Quantity, from this and the 
Angle therefore is to be deduced the Inequality of the Action of che a nb 
Sun on theſe two Bodiee. FR e CET OSU 
Taking therefore, as Newton has done, (Propoſ. 66.) in the ſtraight The Ferre 
Line drawn from the Moon to the Sun, a Line to expreſs the Force of ho Sunn 
with which the Sun attracts it; let this Line be conſidered as the Dia- 0 2 wry 
onal of a Parallelogram, one of whoſe Sides will be in the ſtraight | 
Tine drawn from the Moon to the Earth, and the other a Line drawn from fe 


— . 


x 


the Moon parallel to the ſtraight Line which joins the Sun and the Earth, One urges 
it is evident, that thoſe two Sides of the ſame Parallelogram will ex- _ ne rgN, by 
preſs two Forces which might be ſubſtituted for the Force of the Sun 1 
on the Moon; and that the firſt of thoſe two Forces which urges the _ 
Moon towards the Earth, will neither accelerate nor retard the Deſcrip- 
tion of the Areas, nor conſequently prevent her from obſerving the Law 
of Kepler, viz. the Areas proportional to the 'Times, but will only change 2 i 
the Law of the Force with which the Moon tends towards the Earth, Direction of 
and conſequently will alter the Form of her Orbit. As to the ſecond _ 8 5 
Force, that which acts in a Direction parallel to the Ray of the Orbit che Ern 
of the Earth, if it was equal to the Force with which the Sun acts on to the Sun. 
© the Earth, it is eaſy to perceive that it would produce no Irregularity in 
the Motion of the Moon; but thoſe Forces are only equal in thoſe 


| _ Meaſure 


CY : 


FY 
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Points of the Moon's Orbit, where her Diſtance from the Sun becomes 
equal to the Diſtance of the Earth from the Sun at the ſame Time, 


which happens in the Quadratures; in every other Point of her Orbit 


thoſe two Quantities being unequal, their Difference expreſſes the pertur- 
bating Force of the Sun on the Moon, not only preventing her from de- 


— 


ſeribing equal Areas in equal Times, but alſo from moving always in the 


of the 


| 1 
| orces of 


the Sun. 


ſame Plane. | e 
C | NET, | £ 
We find in Prop. 66 of the firſt Book, only the general Expoſition of 
the Manner of eſtimating the perturbating Forces of the Sun on the 
Moon: But in Prop. 25 of the third Book, we find the Calculation 


which determines their Quantity; we learn that the Part of the Force 


of the Sun which urges the Moon towards the Earth, is in its mean 
Quantity, the 54:5 of the Force with which the Earth acts on her 
FF | | 


when ſhe is in her mean Diſtance. The other Part of the ſame Force 


of the Sun which acts in a Direction parallel to the Ray of the Orbit of 


the Earth, is to the firſt Part, as the Triple of the Coſine of the Angle 
formed by the ſtraight Lines drawn from the Moon and the Earth to the 
un”: L , „„ 8 > 

Newton employs this Determination of the perturbating Forces (Prop. 


26, 27, 28, 29.) for computing the monthly Inequality in the Moon's 


Accelera- 
tion of the 


Areas deſcri © 


bed by the. 

Moon 

duced by 
this Force. 


Motion, called her Variation, whereby ſhe moves ſwifter in the firſt and 
third Quarter, and ſlower in the Second and Fourth, and which becomes 
moſt ſenſible in the OQtants or 45 Degrees from the Syſigies. | 

Newton, to determine this Inequality, abſtraQts from all the reſt; h 

further ſuppoſes the Moon's Orbit to be circular, if the Sun was away, 
and he inveſtigates the Acceleration in the Area which the Moon de- 
ſcribes, produced by that one of the two perturbating Forces which acts 


in a Direction parallel to the Ray drawn from the Earth to the Sun. 


The Action 


of the Sun 


renders the 
Orbit of the 
Moon more 
contracted 

between the 


He found that the Area deſcribed by the Moon in ſmall equal Portions 
of Time, to be nearly as the Sum of the Number 219, 46, and the 
verſed Sine of double of the Moon's Diſtance from the neareſt Quadra- 
ture, (the Radius being Unity); ſo that the greateſt Inequality in the 
Areas deſcribed by the de arrives in the Octants or 45 Degrees from 
the Syſigies, where this verſed Sine is in its Maximum. a 

To determine afterwards the Equation or Correction in the mean 
Motion of the Moon ariſing from this Acceleration of the Area deſcrib- 
ed by the Moon, he has Regard to the Change in the Form of the lunar 
Orbit, produced by the perturbating Force. He inveſtigates the Quan- 
tity which the perturbating Force would render the Line paſſing through 
the Quadratures longer than that which traverſes the Syſigies. The 


— 


d Re l WOkiDy . den 
Data which be employs in ſolving this problem, are the Velocities of $ fie 3 
an 


the Moon in. thoſe two Points, which he had ſhewn how to determine teen 58 
orbit in the foregoing Propoſition, and the centripetal Forces correſponding Ouadra- 
tur- to the ſame Points, which are both one and the other compounded of tures. 
de- the Force with which the Moon tends towards the Earth, and the per 
the turbating Forces of the Sun, which in the Syſigies and Quadratures act 3 

. in the Direction of the Ray of the Orbit of the Moon. Now the Cur- 
vatures in thoſe Points, being in the direct Proportion of the Attractons, 
n of and in the Inverſe of the Squares of the Velocities, by this Means he < 
the obtaines the Ratio of the Curvatures, and from thence deduces the Ratio 
ion of the Axes of the Orbit, aſſuming for Hypotheſis, that this Curve is 
rce an Ellipſe, having its Centre in the Centre of the Earth, if the Sun be 
ean | ſuppoſed to have no apparent Motion round the Earth; but when Re- 
her  gard is had to this Motion of the Sun, becauſe the leſſer Axe of the 
os” | Ellipſe is alfo carried about the Earth with the ſame Motion, as being 
5 always directed towards the Sun, that it is a Curve whoſe Rays are 
"A the ſame as thoſe of the Iillipſe, but the Angles they form are in- 
he creaſed in the Ratio of the periodic Motion of the Moon to its ſynodical 


Motion. 'The firſt of thoſe Motions being that in which the Moon is 
referred to a fixed Point in the Heavens; the other in which ſhe is com- 


pared with the Sun. BY the Means of thoſe Suppoſitions, Newton found 


1 that the Axe which paſſes through the Quadratures, is greater than that 

q which paſſes through the Syſigies by gx. 

4 He afterwards computes in the ſame Hypotheſis of the Moon's Or- Computa- 
bit being circular, if the Sun was away, by the Principle of the Areas dor ut the 

e 5 as ; : L Variation 

£ proportional to the Times, the Equation or CorreQtion in the mean Mo- of the 


tion of the Moon reſulting not only from the Acceleration found in the Moen. 
foregoing Problem, her Orbit being ſuppoſed circular, but from the 
new Form of this Orbit. From the Combination of thoſe two 
Cauſes, he finds an Equation or Correction which becomes moſt conſi- 
derable in the OQants, and then amounts to 35m. 10' when the Earth 
is in its mean Diſtance ; and in the other Points of the Earth*s Orbit, 
is to 35m. 10“, in the inverſe Ratio of the Cube of the Diſtance. from 
the Sun, becauſe the Expreſſion of the perturbating Force of the Sun, 
which is the Cauſe of all theſe Irregularities of the Moon, is divided 
by the Cube of the Earth's Diſtance from the Sun. This Correction in 
the other Points of the Moon's Orbit, is proportional to the Sine of 
double of the Diſtance of the Moon from the neareſt Quadrature. | 
| | „ IH TE | * 1:62 
Newton paſſes from the Examination of the Variation of the Moon, 2 | 
to that of the Motion of the Nodes, (Prop. 3o, 31.) In this Inquiry Motion 
he ſuppoſes the Moon's Orhit to be circular if the Sun was away, and 7 * 
attributes to the Force of this Luminary no other Effect than to change 


CE SYSTEM or THE Eh 
te this circular Orbit into an Ellipſe, whoſe Centre i is in the Cenire of the 
4 RO * Farth, or rather into the Curve whoſe Conſtruction we have already 
Which of given by the Means of an Ellipfe. Of the two perturbating Forces of the 
3 Sun, that which urges the Moon towards the Earth, acting in the Plane 
; = of of the Orbit, cannot produce any Motion in this Plane; he therefore 
1 he only conſiders that Force which acts parallel to the Line drawn from 
employs. the Earth to the Sun, which he had ſhewn to be proportional to the 
| Coſine of the Angle formed by the Lines drawn from the Moon and 
the Earth to the Sun, and we ſhall now explain how - he Oye” this 
Force. | 
At- the Extremity of the'little Arc which the Moon denne in any 
ſmall Portion of Time, he takes one equal to it, which would be that 
which the Moon would deſcribe if the perturbating Force of the Moon 
ceaſed to act on her; and at the Extremity of this new Arc, he draws 
a Line parallel to that which joins the Centre of the Earth and 
the Sun, and he determines the Length of this ſtraight Line, by the 
Meaſure already determined of the Force which acts in the ſame Di- 
rection as it; which 'being done, the Diagonal of the Parallelogram, 
one of whoſe Sides is the little Arc which the Moon would deſcribe if 
the perturbating Force ceaſed to act, and the other, the Arc the Moon 
would deſcribe if this Force acted alone, is the real Arc the Moon would 
deſcribe. There remains therefore no more to be done than to deter- 
mine, how much the Plane which would paſs through this ſmall Arc 
and the Earth, differs from the Plane which paſſes e the firſt Side 
and the Earth. | 
'The two Sides already mentioned, being produced until they meet 
the Plane of the Orbit of the Earth, and having drawn from their Points 
of Concourſe with this Plane, two ſtraight Lines to the Centre of the 
Earth, the Angle which thoſe two ſtraight Lines form, is the Motion of 
the Node during the ſmall Portion: of Time which the Moon employs in 
deſoribing this ſmall Arc, which we have been conſidering. And New- 
ton finds that the Meaſure of this Angle, and conſequently: the Velocity 
or the inſtantaneous Motion of the Node, is proportional to the Pro- 
'Law ofthe duct of the Sines of three Angles, which expreſs the Diſtance of the 
Motion of Moon from the N of the Moon from the. Node, and of the 
the Nodes. Node from the Sun. 


| n. ö 

5 e r It follows than hence, that when one of thoſe . Kines becomes | 

Laon of the negative, the Motion of the Nodes which before was retrograde, be- 
1 comes direct. Wherefore when the Moon is between the Quadrature 
Revolution, and the neareſt Node, the Motion of the Node is direct; in all other 


Caſes, its Motion is retrograde, but the . Motion exceeding 


ad y 
= 


the 


| reſpect to the fixed Stars, whilſt the Moon paſſes ſucceſſively through. 
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of eve 
When the Moon is in the Syſigies, and the Nodes in the Quadratures, the Nodes 
that is, 90 Degrees from the Sun, their Motion is 33” 10% 3% 12, recede. 


wherefore the horary Motion of the Nodes in every other Situation, is Arge | 
which gives 


& 


to 33“ 10% 27iv 12", as the Product of the three Sines already mention- the hofa 


ed to the Cube of Radius Motion 0 
„ e „5 aße Nodes 
Suppoſing the Sun and the Node to be in the ſame Situation with Sitnadon. 


its ſeveral Diſtances with reſpect to the Sun. Newton inveſtigates (Prop. — 


2. B. III.) the horary Motion of the Node, which is a Mean between mean Moti- 
all the different Motions reſulting from the foregoing Formula, and -e | 
this mean Motion of the Node is 16“ 33” 16iv 36”, when the Orbit is 8 


ſuppoſed circular, and the Nodes are in Quadrature with the Sun; in 


every other Situation of the Nodes, this Motion is to 16” 33” 16 ͤ 36, 
as the Square of the Sine of the Diſtance of the Sun from the Node, 


is to the Square of the Radius. If the Orbit of the Moon be ſuppoſed 


to be an Ellipſe, having its Centre in the Centre of the Earth, the mean 
Motion of the Nodes in the Quadratures is only 16" 16“% 37iv. 42, and 


in any other Situation of the Nodes, it depends likewiſe on the Square 


of. the Sine of the Diſtance from the Sun. 
In order to determine for any given 'Time, the mean Place of the 
Nodes, Newton takes a Medium between all the mean Motions already 


mentioned. He employs in this Inquiry, the Quadrature of Curves, and 


the Method of Series. By this Means he finds that the Motion of the 
Nodes in a ſydereal Year, ſhould be 199 18' 1” 23”, which only differs 


3“ from that which reſults from aſtronomical Obſervations.. 


Xs 


tion of the 


8 elocity of the Nodes, ſerves alſo for finding the true Place of the true Place 


Nodes for any given Time, (Prop. 33. B. III.) of the 


The Reſult of his Computation is as follows: Having made an Angle Nodes for | 


any given 


equal to the Double of that which expreſſes: the Diſtance of the Sun Tine. 


from the mean Place of the Nodes, let the Sides of this Angle be to 


each other, as the mean annual Motion of the Nedes, which is 19 49 
3" 55", to the Half of their true mean Motion, when they are in the 
Quadratures, which is 00 31' 2” 3/”, that is, as 38,3-to 1, which being 
done, and having completed the Triangle which will be given, ſince this 
Angle and its two Sides are given, the Angle of this Triangle oppoſite to 


ttuthe leaſt of thoſe Sides, will expreſs with ſufficient Accuracy, the Equa- 


* 
Sa 


tion or Correction in the mean Motion of the Nodes for determining 


che true Motion required. 
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the direct Motion, it happens that in each Revolution of the Moon, At the End | 
the Nodes are made to recede. © e | 


e ſame Curve the Quadrature of whoſe Area determines-the mean Determina- 
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3535 | XI. | | + 
Variation From the Inveſtigation of the Motion of the Nodes, Newton paſſes 
(Prop. 34. B. III.) to the Determination of the Variation in the Incli- 


the Moon's nation of the Orbit of the Moon. By employing that one of the two 
Orbit. 


of the In- 
clination of 


Y Horary Va- 
riation of 
the Inclina- 


tion. 


Method for 
finding the 
Inclination 
of the 
Moon's 
Orbit for 
any given 
ime. 


Determina- 
tion of the 

Latitude of 
the Moon. 


SYSTEM OF THE 


perturbating Forces of the Sun which does not act in the Plane of the 
Orbit of the Moon, he obtains the Meaſure of the horary Variation in 
the Inclination of the Orbit of the Moon; this Variation, when the 
Orbit is ſuppoſed circular, being to the horary Motion of the Nodes, 


33” 10% zie 12, (the Nodes being in the Quadratures, and the 


Moon in the Syſigies) diminiſhed in the Ratio of the Sine of the In- 


clination of the Orbit of the Moon to the Radius: as the Product of 


the Sine of the Diſtance of the Moon from the neareſt Quadrature, the 


Sine of the Diſtance of the Sun from the Nodes, and the Sine of the Di- 
ſtance of the Moon from the Nodes to the Cube of Radius. And 


this Quantity diminiſhed by z is the Variation correſponding to. the 
Orbit rendered elliptic by the perturbating Force of the Sun. | 
| + i ">" Wh. * | N 1 
The horary Variation of the Inclination of the Orbit of the Moon 
being thus determined, Newton employing the ſame Method, and the 
ſame Suppoſitions by which he found the true Place of the Nodes for 


any given Time, determines (Prop. 35. B. III.) the Inclination of the 
Orbit for any given Inſtant of Time; the Reſult of his Computation is 


as follows. 


Let there be taken from the ſame Point of a ſtraight Line, aſſum- | 
ed as a Baſe, three Parts in geometrical Proportion, the firſt expreſſ- 


ing the leaſt Inclination, the third the greateſt ; let there be afterwards 


drawn through the Extremity of the Second, a Line making with this 
Baſe an Angle equal to double the Diſtance of the Sun from the Node 


for the propoſed Motion let this Line be produced until it meets the 


Semicircle deſcribed on the Difference of the firſt and third Lines in 
geometrical Proportion; which being done, the Interval compriſed be- 
, tween the firſt Extremity of the Baſe, and the Perpendicular let fall from 


the common Section of the Circle and the Side of the Angle juſt men- 


_ tioned, will expreſs the Inclination for the propoſed Time. = 
From hence is deduced the Moon's Latitude correQed ; for in a 


Right-angled ſpherical Triangle is given, beſides the Right-angle, the 


Hypothenuſe, viz. the Moon's Diſtance from the Node, the Angle at 
the Node, viz. the Inclination of the Plane of the Moon's Orbit to 
the Plane of the Ecliptic, conſequently the Side oppoſite to this Angle, 
which expreſſes the Latitude corrected, will be be alſo given. | 


But there is a more ſimple Method for finding the Latitude of the 


Moon corrected. For the mean Latitude being computed, the Inclina- 


tion of the Moon's Orbit to the Ecliptic being ſuppoſed conſtant and 
equal to 59. 9. 8". the Equation or Correction of the Latitude will be 


3 
* = 
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8 50% multiplied by the Sine of double the Diſtance of the Moon from I 


paſſes the Sun leſs the Diſtance from the Node. 
neli- | ons x „ „ 5 | 
two Newton, after having expoſed the Method by which he calculated that What New- 
f the Inequality in the Moon's Motion, called her Variation, and the Method hen = 
on in he had followed. in determining the Motion of her Nodes, and the Va- to the — 
1 the riation of the Inclination of her Orbit to the Ecliptic, gives an Account *rregulari- 
odes, of what he ſays he deduced from his Theory of Gravitation, with re- 3 
the ſpect to the Motion of the Apogee, the Variation of the Excentricity, Motion. 
e In- and all the other Irregularities in the Moon's Motion. It is in the Scho- 
&t of lium of Prop. 35. B. III. he delivers thoſe Theorems, which ſerve as a 
, the Foundation to the Conſtruction of the Tables of the Moon's Motion. 
Di- The Subſtance of which is as follows. | 
And . 3 XIV... 5 1 6 
the The mean Motion of the Moon ſhould be corrected by an Equation Annual 
5 depending on the Diſtance of the Sun from the Earth. This Equation or Equations 
| Correction, called the annual one, is greateſt when the Sun is in his Peri- tjon of the 
loon gee, and leaſt when in his Apogee. Its Maximum is 11051 and in the other Moon, of 
the Caſes, it is proportional to the Equation of the Centre of the Sun. It is to _—_ - 
for be added to the mean Motion of the Moon in the ſix firſt Signs, counted Nodes. 
"the - © from the Apogee of the Sun, and to be ſubtracted in the fix other P 
n is „ . Hr | 5 OR 
Oe The mean Places of the Apogee and of the Nodes ſhould be alſo each 
um- corrected by an Equation of the ſame Kind, depending on the Diſtance 
eſſ· of the Sun from the Earth, and proportional to the Equation of the 
ards Centre of the Sun. The Equation of the Apogee in its Maximum is | 
this 19 43% and is to be added from the Perihelion to the Aphelion of the 85 
ode Earth; the Equation for the Node is to be ſubtracted from the Aphe- 1 2p 2 
the lion to the Perihelion of the Earth, and in its Maximum amounts to, 
in 9 wp. Da hes | | | 34 7 > * | 5 
be- Ä penn oe e  . | | OR 
om The mean Motion of the Moon requires a ſecond Correction, depend- Firſt ſemeſ- 
en- ing at once on the Diſtance of the Sun from the Earth, and on the Situ- trial Equa- 
| ation of the Apogee of the Moon with reſpect to the Sun; this Equa- rn nero 
A tion, which is in the dire& Ratio of the Sine of double the Angle ex- tion of the 
he preſſing the Diſtance of the Sun from the Apogee of the Moon, and in e 
at the inverſe Ratio of the Cube of the Diſtance of the Sun from the | 
to Earth, is called the Semeſtrial Equation ; it is 3' 45” when the Apogee 
ey of the Moon is in OQtants with the Sun, and the Earth is in its mean 3 
. D.iſtance. It is to be added, when the Apogee of the Moon advances | 
1e from its Quadrature with the Sun to its Syſigie: and is to be ſubſtracted AN 
a- when the Apogee paſſes from the Syſigie to the QgadratufſmſGG. 55 


Second | 
ſemeſtrial 
Equation. 


Petermina- 

tion of the 
Place of the 
Ape gee, and 
of the Ex- 

centricity. 


the Centre, 
or fourth 
Correction 

of the Place 
of the 
Moon. 
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IP 3 nn dne n Dt ar 
The mean Motion of the Moon requy s a third Correction, depend- 


ing on the Situation of the Sun with reſpe& to the Nodes, as alſo on 


the Diſtance of the Sun from the Earth; this Correction or Equation, 
which Newton calls the ſecond Semeſtrial Equation, is in the direct Ra- 


tio of the Sine of double the Diſtance of the Node from the Sun, and 


| - 35 tb ty its . Ii leine $15: fo 
in the inverſe Ratio of the Cube of the Diſtance of the Eatth from the 


Sun: it amounts to 47“ when the Node is in Octant with the Sun and 
the Earth in its mean. Diſtance ; it is to be added when the Sun recedes 


: a 8 7. Bine 12 | og Fre Cary rn$ 104 2G 3 OR N . 
in Antecedentia from the neareſt Node, and is to be ſubtraQted when 


the Sun advances in Conſequentia. 5 
After thoſe three firſt Equations of the Moon's Motion, follows that 


which is called her Equation of the Centre; but this Equation cannot 


he obtained as that of the other Planets, by the Help of one Table, be- 
cauſe her Excentricity varies every Inſtant, and the Motion of her Apo- 


gee is very irregular. In order therefore to obtain the Equation of the 


Centre of the Moon, the Excentricity and the true Place of the Apogee 


of the Moon is firſt to be determined, which is effected by the Help of 


Tables founded on the following Propoſition. 


A ſtraight Line being taken to expreſs the mean Excentricity of the 
Orbit of the Moon, which is 5505 Parts of the 100000 into which the 


mean Diſtance of the Moon from the Earth is ſuppoſed to be divided; at 
the Extremity of, this ſtraight Line aſſumed, as a Baſe, an Angle is 
made equal to double of the annual Argument, or of double the Diſtance 
of the Sun from the mean Place of the Moon once correQed, as has 


been already directed. The Length of the Side of this. Angle'is after- 
watds determined by making it equal to 11722, half the Difference be- 


tween the leaſt and greateſt Excentricity. The Triangle being then com- 
pleted, the other Angle at the Baſe, expreſſes the Equation or Cor- 
rection to be made to the Place of the Apogee already once correQed ; 


and the other Side of the Triangle which is oppoſite to the Angle made 
equal to double of the annual Argument, will expreſs the Excentricity | 
correſponding te the propoſed Time. The Equation of the Apogee be- 
ing added to its Place already corrected, if the annual Argument be leſs 


than go, or between 180 and 270, or being ſubtracted in every other 


+ quation of Caſe, the true Place of the Apogee will be obtained, which -is to be 
| ſubducted from the Place of the Moon correQed by the three Equations 


already mentioned, in order to have the mean Anomaly of the Moon. 


e 


by the uſual Methods will be obtained, and conſequently the Place of 


the Moon corrected for the fourth Time. 5 8 
The Equation of the Centre may be obtained without ſuppoſing the 


Excentricity variable, or a Motion in the Apogee, by applying to double 


” 
. 


With this Anomaly, and the Excentricity, the Equation of the Centre 
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Moon in its Orbit, is proportional to the Di 
the Sun; it is 2. 20” in its Maximum. 


Inquiry is what 
factory Manner. 


4 * 


another Force which is inxerſely as the C 
che Body will deſcribe an Ellipſe whoſe Plane 
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of the Angle at. the Moon ſubtended by the mean Excentricity, or to the 
mean Equation of the Centre, the Equation 80' Sin (2 Dif. CO—m.'An.C) 


expreſſing the Variation produc'd by the Change of Excentricity, and Id. 
| bration of the Apogee, _ 6 VVV 


* frre | 
The Place of the wv, e for the fifth Time, is obtained by The fitth 
applying to the Place of the Moon correQed for the fourth Time, the 2 
Equation called the Variation which was already found, to be always in Moon's | 


the direct Ratio of the Sine of double the Angle expreſſing the Diſtance Motion, 


is her Va- 


of the Moon from the Sun, and in the inverſe Ratio of the Cube of the riation. 
Diſtance of the Earth from the Sun; this Equation, which 1s to be add- 

ed in the firſt and third Quadrant (in counting from the Sun) and 

with the Sun, and the Earth in its mean Diſtance, 

7 5 pe XIX. | = 3 2:61 „ : 
The fixth Equation of the Motion of. the Moon is proportiofal to Sixth Equa- 
the Sine of the Angle which is obtained by adding the Diſtance of thge 
Moon from the Sun, to the Diſtance of the Apogee of the Moon from 
that of the Sun. Its Maximum is 2' 20%, and it is poſitive when this 
Sum is leſs than 180 Degrees, and negative if this Sum be greater. 

The ſeventh: and laft Equation, which gives the true Place of the geventh - 
ſtance of the Moon from Equation. 


ſubtracted in the ſecond and fourth is 35 10“ when the Moon is in OQtant 


. 


It is ſcarce poſſible to tface the Road which could have conducted 8 


Newton to all thoſe Equations, except ſome Corollaries of Prop. 66. made uſe 


where he ſhews how to eſtimate the perturbating Forces of the Sun. It of in invel- 


is eaſy to. perceive, that of thoſe two Forces, the one which acts in the tigating he 
foregoing 


Direction of the Ray of the Orbit of the Moon, being joined to the corrections 


Force of the Earth, alters the inverſe Proportion of the Square of the has not as 
Diſtances, and conſequently ſhould change not only the Curvature of the 22 , 


Orbit, but alſo the Time which the Moon employs in deſcribing it: 


But how did Newton employ thoſe Alterations of the central. Force, and 


what Principles did he make uſe of to avoid or ſurmount the extreme 
Complication and the Difficulties of Computation which occur in this 
| has not as yet been diſcovered, at leaſt after a ſatis- 


— 


We find, it is true, in the firſt Book of the Principia, a Propoſition 


concerning the Motion of the Apſides in general, by Which we learn, 


e e 2 de | SENG e 
| that if to a Force which acts inverſely as the Squate of: the Niftance, 


7 
+. ®: 


Cubggt the Diſtance be joined, = 
o rexolves about the Centre 
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bol the Forces. In the Corollaries of this Propoſition, Newton extends his 
- Concluſion to the Caſe in which the Force, added to the Force which 
follows the Law ' of the Square of the Diſtance, does not vary in the 
I riplicate, but in the Ratio of any Power of the Diſtance. '* © 
If therefore the perturbating Force of the Sun depended on the Di- 
ſtance of the Moon from the Earth alone, byythe Help of this Propoſi- 
tion, the Motion of the Apſides of the Moon could be determined; 
but as the Diſtance of the Moon from the Sun enters into the Expreſſion 
of this Force, it is only by new Artifices; and perhaps as difficult 
to be found as the Determination of the entire Orbit of the Moon: the 
Propoſition of Newton concerning the Motion of the Apſides in general, 
can be applied to the Moon. Senſible of which, the firſt Mathema- 
ticians of the preſent Age, have abandoned in this, as in every other 
Point that regards the Theory of the Moon, the Road purſued by the | | 
Commentators of Newton, and have reſumed the whole, Theory from | 
its very Beginning; they have inveſtigated in a direct Manner, the Paths 1 
and Velocities of any three Bodies which attract each other mutually, 
The Succeſs which has attended their united Efforts ſnall be explained 
hereafter. | | | | 2 6 bh 


: > T4 5 „ 


„ 5 . | | El „ | 
Theory of Tt is manifeſt, that the Satellites of Jupiter, conſidered ſeparately, 
55 ſhould be affected by the three Forces which actuate them, in the ſame 
and thoſe of Manner as the Moon; but their Number introduces a new Source of 
Saturn. Inequalities, not only each of them is attraQed by Jupiter and the Sun, 

| but they attract each other mutually, and this mutual Attraction ſhould 
produce very conſiderable Variations in their Motions ; Variations ſo 
much the more difficult to be ſubjected to exact Computations, as they 
depend on their different Poſitions with reſpect to each other, which 
their different Diſtances and Velocities continually alter. However, the 
IP „ Jaws: of 5 Motions diſcovered by Bradley, Wargentin and Maraldi, 
ave enabled the eminent Mathematicians of this Age, to ſurmount thoſe 
1 | Difficulties, and to apply the Solution of the Problem of the three Bo- 
dies to the Inveſtigation of the Inequalities of the Motions of thoſe Sa- 
tellites, with almoſt the ſame Succeſs. as they had already done to thoſe 
of the Moon. NT 5 V 
As to the Satellites of Saturn, Aſtronomers have not been able to de- 
termine the Phenomena of their Motions with any Degree of Accurac 
on Account of their great Diſtance ; hence the Theory of thoſe Planets 
is reduced to ſhew, that the Forces with which they act on each other, 
or that with which the Sun acts on them, and diſturbs their Motions, 
> are very inconfiderahle When compared with the Force with which 
they tend towards their principal Planet; and that this Attraction is 
mverſely proportional to the Squares of the Diſtance. 


—— 


e enabled him to verify his Conjecture. He ſolved this fine Aftronomico- 
2 8 Tobler Three FIR of A Comet which i is n to 
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| 1 H E 0 R Y of the Co METS, „ Ten 
HOUGH the Comet have in all e jp Hy the Abenden of Tb rere 
Philoſophers, yet it is only ſince the laſt Century and even ſince ne a hrs | 


F ain they can be ſaid to be known. Seneca ſeemed to have foreſeen the Comets as 


Diſcoveries which one Day would be made concerning thoſe Bodies, but Meteors. 
the Germ of the true Principles which he had ſown, wete ſtifled by the 
Doctrine of the Peripateticks, who, tranſmitting from Age to Age, the 


Errors of their Maſter, maintained that the Comets were Meteors or. 


| N Fires. 


Its. 
Several Aſtronomers, but particularly Ticho, proved this Opinion to Tichoprov- 


be erroneous, by ſhewing by their Obſervations, that thoſe Bodies were ed that they 
were ſituated. 


ſituated far above the Moon, they deſtroyed at the ſame Time, the ſolid bose the 


Heavens, invented by the ſcholaſtic Philoſophers, and propoſed Views Moon. 


concerning the Syſtem of the World, which were much more conforma- 


ble to Reaſon and Obſervation. But their ConjeQtures were yet very far 


from that in, to which the Geometry of Newton alone could attain, 


III, | 
 Deſearter, to whom the Sciences are ſo much indebted, did not ſucceed Deſeartes 


better than his Predeceſſors in his Enquiries concerning the Comets; regarded 


he neither thought of employing the Obſervations which were ſo eaſy * £ 


for him to collect, nor Geometry to which it was ſo natural to have Re- ing Him 
courſe, and which he had. carried to ſo great a Point of Perfection; he \ ms to 
conſidered them as Planets wandering through the different Vortices, Z 


which, compoſed according to him, the Univerſe ; and did not. ee 


that their. Motions were regulated by any Law. | 
i 
| Newthn, ajded by his Theory of the Planets, and by the Obſer- Newton dif 


- vations which taught him that the Comets deſcended into our planetary covered that 


the Comets 


_ Syſtem, ſoon perceived that thoſe Bodies were of the ſame. Nature ,.,,. 


with the Planets, and ſubje& to the ſame Laws. | about the 


Every Body placed in our planetary Syſtem, ſhould, according to the reign | 


Theory of Newton, be attracted by the Sun, with a Force reciprocally the ſame 


roportional to the Squares of the Diſtances, . which combined with a Laws as the 
_ of Projection, would make it deſcribe a Conic Section about the Planet. 
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Sun placed in the Focus. According therefore to this Theory, the Co- | 3 a 
mets ſhould reyolve in a Conic Section about the . and deſcribe * „ 
| eee to the Times. 2 = —_ 
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wu | SYSTEM OF THE 


He deer. move in a parabolic Orbit, deſeribin g round the Sun Areas proportional 


mines 


Orbit of to the Times, being given, with the Places of the Earth in the Ecliptic 
Comet from correſponding to thoſe Times, to find the Vertex and Parameter of this 
. — Parabola, its Nodes, the Inclination of its Plane to that of the Ecliptic, T 


ations, 


and the Paſſage of the Comet at the Perihelion, which are the Ele- 


ments neceſſary for mn I the Poſition | owe Dimenſions of the 
24; Parabola. 


This Problem, already of very great Difficulty in a parabolic Orbit, 5 


Was ſo extremely complicated in the Ellipſe and Hyperbola, that it was 
neceſſary to reduce it to this Degree of Simplicity. Beſides the Hypo- 
pPotheſis of a parabolic Orbit, anſwered in Practice, the ſame End as that 
of the Ellipſe, becauſe the Comets during the Time they are viſible, 
deeſcribing but a very ſmall: Portion of their Orbit, move in very 
excentric Ellipſes, and it is demonſtrated that the Portions of ſuch Curves 


which are near their Foci, may: be conſidered without wy ſenſible Error 


a parabolic Arcs. 


| Boat W 
1 The Reſult of his Solution of this important Problem i is as e 


determining From: the obſerved Diſtances of the Comet from-the fixed Stars, whoſe 


theElements 


of x Comer. * Aſcenſions and Declinations are known, deduce the right Aſcenſi- 


on and Declination, and from thence the Longitude of the Comet re- 


duced to the Ecliptic, and its Latitude, correſponding to each Obſer- 
Preliminary vation: Compute the Longitude of the Sun at the Time of 'each Obſer- 


2 {Comput vation, take the Difference (A, A, A“) between the Longitude of the 


Comet and that of the Sun, correſponding: to each Obſervation, which 
is the Elongation of the Comet reduced to the Ecliptic. | 


alſo the Diſtance (B, B. B. ? of the Earth from the Sun at the Time of 


| each Obſervation. 
Fuser Hr. Thoſe preleminary Calcyflations- King performed, ſn by Con- 


vorngeis. jecture, the Diſtances (V and 2) of the Comet from the Sun, reduced 


to the Ecliptic at the Time of the firſt and ſecond Obſervation, deter- 
mine the true-Diſtances by the Means of the two following Pro ortions, 

4 the aſſumed Diſtance ( Y or Z) of the Comet from the Sum in the firſt or 
fecond Obſervation, is to the Sine of the obſerved Elongation, (A or A) fois 
the Diſtance (Bor B') of the Earth from the Sun at the Time of the firſt 


| Avgleat the or ſecond Obſervation, to the Sine of the Angle (C or C Wege ile 


 firaight Lines drawn from the Earth-and the Sun to the Add this 


Angle (C or Ci) to the Elongation (A or A') their Sum will be the e 


of the Angle of Commutation (D or D/). And then ſay as the Sine of the An 

0 Elongation (Aor A) is to the Sine 0 F the 1 1 Commutation 0 or 

„ | o is the Tangent of the"obſermed geor * Latitude of the Comet NY 
| — ponding to the in er ſecond O! 

eee Fong? nag n vo 


| {os Fw "RY ak Tha 


TDs. ng : 


ſervation, 10 the Lg 5 Th "or 5 


. wt oe ee 


1 
2 1 


tee d eee 


PHYSICAL W'ORLD. fp xx. 
{Mabel the curt Diftanees V RY 2. dined by the-Coſine of 3. Le- 


correſponding heliocentric Latitude E and E gives the true Diſhthces! . © 


V/)'of the Comet from ihe Sun, e 
Find the Angle contained by thöſe Diſtandes thi: 2 Add to (a) or ſub 0 K 

ſtract from the Places of the Earth, the correſponding Angles of Com- 

mutation D, D') which will give the two heliocentric Longitudes (L, I“) 


| of the Comet, whoſe Difference (F) is the heliocentric Motion of the Comet 


in the Plane of the Ecliptic. Then ſay, As Radius, is to ibe Cofine of the 


5 Motion (F) ef ihe (Comet in the Ecliptic, ſo is the Cotangent Y the greateſt 


of the two heliocentric Latitudec, tothe Tangent of an Arc -Subfiract 
this Arc X from the Complement of the leaſt heliocentric Latitude, and Motion of 


call the Remaihder X. Then 7507 C eas of the firſt Are X, will be fo ithe in iu Ott. 
 Cofene ine of the ſerond Arc N, at the Sine of tbe greateſt of the two Latitude, „ 
| to the 


ne of the Angle contuined by the two veftor Rays of the Comet. 
Which being done, determine the Rares the Perihelion by the fol- 
lowing Rule: *fubſtra@'the Logarithm of the leaſt vector Ray from that 


of the greateſt, take half the Remainder, to whoſe Characteriſtic, 10 be- e 
ing added, it will be the Tangent of an Angle, from which ſubducting 


480, the Logarithm of the Tangent of the Remainder, added to the Log. 
of the Cotangent of 3 of the Motion of the Comet in its Orbit, will be the 
Logarithtn of the Tangent of an' Angle, to which of the Motion of the 
Comet in its Orbit being added, the Sum will be the! Half of the greateſt 415 
true Anomaly, and their Difference will be Half the leaſt of the two true a How 
Anomalies. ' 'Dbuble thoſe Quantities to obtain the two true: Anomalies, N 
which will be both on the ſame Side of the Perihelion, when their 


Difference is the whole Motion of the Comet, but on different Sides of 


it, when it is their Sum, which is equal to the whole Motion of - the 74 
Comet. 5 

Find the Perihetion Diſtance: by: -adding twice the Togurithra of the Peridelion. 
Coſine of the greateſt of the Halt, of the two true Anomalies, to that mne 
of the greateſt of the two vector Rays, which will de the een Hobs 


of the Perihelion Diſtance required. 


Determine the Time which the Comet ſhould employ” in deſeribing 
the Angle contained by the two vector Rays, by the following Rule: 
To the canſtant Logarithm 1,9149328, add ibe Logarithm of the Tangent Interval of 


| of A of euch true Anomaly. Add the Triple of this ſame Logarithin of HR 
h 


angent to the conſtant Logaritbm 154378116, the Sum of "the. two deſcribing 
Numbers correſponding to thoſe two Sums of Logaritbme, will be the eruef de Angie 


contained 


Number of Days torreſponding to each true Anomaly in a Parabola whoſe by che two, 1 JAE 
belion Diſtance is 1. Take the Logarithm, of the Difference or Sum yer TE 1 
of thoſe twa Numbers, according as the two Anomalies are ſituated on be Wo 


ame Side, or on different Sidet of the Peribelion. To this Logarithm-add 


| "the'$ z of the Log. of the. peribelion Diftance; the Sum will be Log. of the 


<Q Aces to the ae of the comet wih Ot to the iges o of the Zodiac, 
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Time the Cemet ſbould employ to deſcribe the Angle contained by the two 


| vector Rays. : | 1 „* 5 
Second Sup- If the Time thus found, does not agree with the obſerved Time, 
poſition of another Value is to be aſſumed, for the curt Diſtance ( Z) correſ- 
lent ponding to the ſecond Obſervation, retaining the aſſumed Diſtance (Y) 

correſponding to the firſt, and the heliocentric Longitude and Latitude 

of the Comet from thence deduced, and all the Operations indicated 

in the foregoing Articles being repeated, another Expreſſion will be 

found for the Interval of 'Time between the two Obſervations. Which 

if it approaches nearer the obſerved Time, the ſecond Value aſ- 

| ſumed for the Diſtance (Z) is to be preferred to the farſt ; if not, a third 

Value is to be aſſumed for this Diſtance, and by the Increaſe or De- 

creaſe of the Errors, the Value to be aſſumed for it, ſo that the Inter- 


val of Time calculated may agree with the obſerved one, will eaſily 
be diſcovered, and conſequently a Parabola will be found, which anſwers 


the two firſt Obſervations, which may be called irt Hypotheſes. 


Szcoxw This Parabola anſwering the two firſt Obſervations would be the Or- 


| «15 clan bit ſought if it anſwered likewiſe the third Obſervation ; but as this ne- 
1 ver happens, another Parabola is to be found which anſwers the two 
firſt Obſervations, hy increaſing or diminiſhing, at will, the curt 

Diſtance (Y) preſerved conſtant in the firſt Hypotheſis, and preſerving 

it ſtill conſtant, but varying the ſecond aſſumed Diſtance (Z) until this 

ſecond Parabola is obtained. | Tas 


The third Obſervation calculated in thoſe two Parabolas, will ſhew 
which of them approaches neareſt the true Orbit ſought. To calculate 
this third Obſervation in each Hypotheſis, the Time of the Paſſage of 
the Comet at the Perihelion, the Inclination to the Ecliptic, and the 


Place of the Nodes of each Parabola is firſt to be determined. 


| Paſſage To determine the Time of the Paſſage of the Comet at the Perihelion 
83 find the Number of Days correſponding to one of the two true Anomalies; 


of this Number of Days added to 2 of the Logarithm of the perihelion 
Diſtance, will be the Logarithm of the Interval of Time elapſed be- 
tween the firſt Obſervation and the Paſſage of the Comet at the Peri- 
helion, which is to be added to or ſubtracted from the Time of the Ob- 


ſervation, according, as it was made before or after the Paſſage of the 


Comet at the Perihelion. | | 


* | 5 Flace of the . To determine the Place of the Node, ſay, As the Sine of the ſecond 
Tg Node. Arc X is to the Sine of the firſt Arc X, ſo is the Tangent of the Motion of 


the Gomet-in-the Ecliptic, to the Tangent of an Angle (R). Then the. Radi- 
' tus, ts to the Sine of the-leaſt Latitude, as the Tangent of the Angle R, 


to the Tangent of the Diſtance from the Node. By+the Means of this Dif- i 


for Example, to that which correſponds to the firſt Obſervation in the 
Parabola whoſe perihelion Diſtance is 1, as before directed, the Logarithm 
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Diſtance, the Remainder will be the Logarithm of the Difference be- 
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tance from the Node, and the heliocentric Longitude of the Comet, the 
heliocentric Longitude of the Node is obtained. With which and the 
Diſtance meaſured on the Orbit of the Comet, the Place of the Periheli- 
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on is Determined. To find this Diſtance ſay, As the Sine of Angle R, to- 


* 


| Radius, ſo is this Diſtance meaſured on the Ecliptic, to the Diſtance required. 
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To determine the Inclination ſay, As the Radius is to the Sine of the 
Angle R, ſo is the Cofme of the leaſt Latitude, to the Cofine of the Angle 


of Inclination. 


The Elements of each Parabola being determined, ne Place 35 We. 


Comet ſeen from the Earth, anſwering to the third Obſervation, is com- 
puted in each, by the following Rules. F 
Firſt, Take the Logarithm of the Difference between the Time of 


$4. 4 


the third Obſervation, and the Time of the Paſſage of the Comet at Se 


the Perihelion ; ſubtra& from it Jof the Logarithm of the perihelion | 


_ tween the Time of the third Obſervation and the Time of the Paſſage 


of the Comet at the Perihelion of the Parabola, whoſe perihelion Di- 


ſtance is 1. Secondly, Find the true Anomaly correſponding to this 


Time, by ſolving the Equation 5 (b) in which f expreſſes 


27,4038 


the Tangent of half the true Anomaly, and 4 the Time employed in 


deſcribing it. Thirdly, When the Motion of the Comet is direct, add 
this true Anomaly to the Place of the Perihelion, if the third Obſerva- 


Rules for 
finding the 
heliocentric- 
Longitude- 
and Lati- 
tude of a. 
Comet. 


tion was made after the Paſſage of the Comet at the Perihelion; But 


ſubtract it from the Place of the Perihelion if the Obſervation was made 
before the Paſſage at the Perihelion. And when the Motion of the 


Comet is retrograde, add the true Anomaly to the Flace of the Perihe- 


lion, if the Obſervation was made before the Paſſage at the Perihelion; 


but ſubtract it from the Place of the Perihelion, if the Obſervation was 
made after the Paſſage at the Perihelion; by this Means, the true he- 


liocentric Longitude of the Comet in its Orbit is obtained. Fourthly,. 
Take the Difference between this Longitude and that of the aſcending. 


Node, which will be the true Argument of the Latitude of the Comet. 


Fifthly, ſay, As tbe Radius is tothe Cofine of the Inclination, ſo is the Tangent 


of the Argument of Latitude, to the Tangent of this Argument meaſured on the | 


of the' Argument of Latitude, ſo is the Sine of the Inclination of the Orbit 
of the Comet, to the Sine of its heliocentric Latitude, which, when the Mo- 


95 00 T he Equation 7-3 — — may be ſolved thus: | Make a Right-apgled. Tr vg, 
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Eliptic; which added to the true Place of the Node, gives the heliocentric 
Longitude reduced to the Ecliptie. Sixthly, ſay, As the Radius is to the Sine 
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Diſtance of the Earth from the Sun, but ſubtra& from this Comple- 
ment if the Diſtance of the Comet be leſs than that of the Earth; in or- 


| Example. Let it be propoſed to find the Elements of the Parabola de. 


38 = To 
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tion of the Comet is direct, is North or South, according as the 3 2 | 
4o- 


ment of Latitude is leſs or greater than ſix Signs; and when the 


tion of the Comet is retrograde, it is North or South according as the 
Argument of Latitude is greater or leſs than fix Signs. Seventhly, Add 


the Logarithm of the Coſine of the heliocentric Latitude to the 


og. of 
the perihelion Diſtance, and ſubtract from this Sum the Log. of do ble of 
the Coſine of half the true Anomaly, the Remainder will be the Lo- 
garithm of the curt Diſtance correſponding to the third Obſervation, 
Eighthly, Take the Difference between the Logarithm of the curt Di. 


ſtance, and that of the Diſtagce of the Earth from the Sun, add 10 to 


the CharaQeeriſtic of this Difference, and it will be the Logarithm of the 


Tangent of an Angle; from which ſubtract 45d. and to the Logarithm 
of the Tangent of the Remainder, add the Logarithm of the Tangent 


of the Complement of half the Angle of Commutation, the Sum will 


be the Logarithm of the Tangent of an Arc, which add to this Com- 
nts if the curt Diſtance of. the Comet from the Sun exceeds the 


der to obtain the Angle of Elongation, which added to or ſubtra ted from 
the true Place of the Sun, according as the Comet ſeen from the Earth, 
is to the Eaſt or to the Weſt of the Sun, will give the geocentric Lon- 


gitude of the Comet. Ninthly, and laſtly ſay, As the Sine of the Angle of 


Commutation, is to the Sine of the Angle of Elongation, ſo is the Tangent 


of the heliocentric Latitude of the Comet to the Tangent of its geocentric 
Latitude. The Longitude and Latitude thus found ought to agree with 
the obſerved ones, if the Parabola obtained was really the Orbit de- 
| {cribed by the Comet. TRE BE 1 


VII. * | 


ſecribed by the Comet which was obſerved in Europe; the beginning. of 


March 1742, with a very remarkable Tail, coming with extraordinary Ra- 
pidity from the ſouthern Hemiſphere, and afterwards advancing towards 


the North Pole, its heliocentric Motion being retrograde, and its Velo- 


city and Splendor decreaſing to the 6th of May, when it diſappeared. 
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| | Obſ. Long. ſobſerv. Lat. Long. of the 


1742. 
h N of the North of the Sun calcula · Diſ. of the E, Comet from 
1 Time. Comet, Comet. ted. from the dunſthe Sun, 
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The 
leaſt, 9, 95445 5, 237704, and its Halt 10, 1188852, 10 being added to 
its Characteriſtic, is the Tangent of 529 44 38“, from which 450 being 
| ſubtraQtgg, and to the Log. of the Tangent of the Remainder 79 4438, 


the Log of Cotangem of 110 20! 32", the of the Motion (45% 22 8½) 
of the Comet in its Orbit being added, the Sum will be the Loga- 


helion. The Log. of the perihelion Diſtance will be found =9,883835. Peribelion- | 


| contained by the two vector Rays, to the conſtant Log. 1,9149328 _ 


find the Number of Days 36,579 correſponding to the true Anomaly tween the 
of the Perihelion, whoſe Logarithm 1,879789 added to 9,825 752 the 3 of . = 
the Log. of the perihelion Diſtance, is the Log. 1, 05541, to which: 1 9 a 


: Angle contained by the two vector Rays. | 


| tion of 0,001 in the Diſtance (Z), in order to diſcover which Way,... ll 
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rithm of the Tangent of 34 8“ 5" +, whereby the Halfs of the | 
two true Anomalies are found to be 220 47' 33” f, and 45 28' 37” 7, True Ano- 
conſequently the leaſt true Anomaly 245 35 7”, and the greateſt =9g09o, malies. 
7 15“; and their Difference being equal to the Motion of the Comet 

in its Orbit, thoſe two Anomalies are on the ſame Side of the Peri- FR 


To determine the Time the Comet employed to deſcribe the Angle Piſtance. 


adding 0,007233 Log. of the Tangent of 459. 28'. 37 , and to the con- 
ſtant Log. 1,438112 adding 0,021699 Triple of the Log. of this ſame 
Tangent. I find 83,592 and 28,808 for the Numbers correſponding to .- 
1,922166 and 1,459512 Sums of thoſe | Lagarithms, conſequently”  _ 
112,400 Days is the Time correſponding to the true Anomaly 909. 5)“ 1,errat os AM 
T5”, in a Parabola whoſe perihelion Diſtance is 1. By a like Proceſs, I Time be. 
450 35, 7", in the ſame Parabola, I take the Difference 75,821 of err 34 
thoſe Times, becauſe the two Anomalies are ſituated on the ſame Side culated... _ 


correſponds 50,762 Days, Time employed by the Comet to deſcribe the 
- Comparing this Time with the Interval 50, 728 4 between the two: | . nb 


Obſervations , I find it exceeds it by. 0,033. I. therefore make a Vari. 


By 
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| changed: oe end | e e on Tr 
Second Sup- iu Suppoſition, Y = 0,8793 = 0040s" and repeating the ſame. 
| * Hy. Calculations as in the firſt Suppoſition, I find the heliocentric Latitudes , 
potheſis. E. = 129 31' 42“, E = 52 1 54 K the Log. of the vector Rays, 
VS, 954465 Vo, 191424, the heliocentric Longitudes, Lg 6s 
00 17 52 „ L/=5* 29 43' 11”. The Motion of the Comet in the Ecliptic 
=279 34 41”, and the Motion of the Comet in its Orbit 45 18' 13“ 
the true Anomalies 450 32 3“, and go? 500 16%, the correſponding 
Days 36.529 and 112,056, the Log. of the perihelion Diſtance 
 =9,883997; finally the reduced Time employed in deſcribing the 
Angle contained by the two vector Rays 50,594 Days. From whence 
I find that by increaſing Z. by the Quantity 0,001, I diminiſh the Time 
by 0,168: And I ſay, 0,168 : 0,001 : : o, 0335: 00002. I diminiſh 
therefore Z by 0,0002 to obtain a. Parabola anſwering the Conditions 
required. | | - 5 b 5 . 
11 Suppoſition, Vo, 8 79, Z=0,9568, and I find the heliocentric 
Latitudes, E=129 31' 42", E'=529 3' 16½, the Log. of tig vector 
Rays, Vo, 95445 5, and V'=0,192009 z the heliocentric Longitudes, 
26 O0 17' 52%, and L/=5s 20 37' 53“; the Motion of the Comet 
in the Ecliptic, 20 39' 59“; and the Motion in its Orbit 459 21 22"; 
the true Anomalies 45 34 28”, and go? 55 50%; the correſponding 
Times 36,568z, and 112,330 Days: The Log. of the perihelion Diſtance ; 
9,883870, and the Time reduced employed in deſcribing the Angle con- 
tained by the two vector Rays, 50,728 4 Days, agreeable to Obſervation. 
I Having found a Parabola anſwering the two firſt Obſervations, I ſearch 
Szcoxy Hy for another, anſwering the ſame Obſervations, by making a Variation 
 FOTRESIS. jn the Diſtance (Y) preſerved conſtant in the firſt Hypotheſis 
: Tv Suppoſition, Y=0,878, Z=0,957, and I find the heliocentric 
Firſt Suppo- Latitudes, E=129 42“ 11“, E20 3' 38", the Log. of the vector 
ſition of the Rays, V=9,954257, V'=0,192159, the heliocentric Longitude,s L 
— * 65 O 31 54% and L/=55 2? 36' 33“; the Motion of the Comet in the 
©,  Feliptic 270 55 21% the Angle contained by the two vector Rays 
2450 17 56%, the true Anomalies 45% 44: 5 and 910 2“ 52% the cor- 
reſponding Times 36,743 and 112, 680, the Log. of the perihelion Diſ- 
tance 9, 883115, the reduced Time employed in deſcribing the Angle 
formed by the two vector Rays 50, 714, which differs by 0,014 4 from 
the obſerved Interval, conſequently by diminiſhing Y by 0,001, the 
=. Time is diminiſhed by 0,048. I ſay, 0,048 : 0,001 : : 0,014: 00003. - 
\ 1 | v Suppoſition, Y=0,8783 Z=0,957, I find the heliocentric Lati- 
Be Second Sup. tudes, E- 120 39' 2" E'=529 3“ 38” the Log. of the vector Rays, 
peoſition o - V=9,954316 Vo, 192159, the heliocentric Longitudes, LG. O 
dhe ſecond 2 40% L/=55 2 36033 the Motion of the Comet in. the Ecliptic 
ma 2 51 7 the. Angle contained by the two vector Rays 452 19/ 20”, the 
ZE true Anomalies 45145“ and 91 1' 5” the correſponding Times 36,689, U 
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PHYSICAL. WORLD. 


| "eb" 112,590, the Log. of the perihelion Diſtance 99883344» and the. 


Time reduced employed in deſcribing: the Angle contained T” the two 


we are next to examine which approaches neareſt the Orbit of the Comet 
ſought, by calculating the third Obſervation in each; for which Purpoſe 


Perihelion, the Inclination to the Lane and the Place of the Nodes 


of each Parabolaa. 
To determine thoſe Elements i in the firſt Parabolng I find. the Angle | 


R=239 40/ 15, then the Diſtance of the Comet reduced to the Eeliptic Elements of 
at the firſt Obſervation from the aſcending Node 50 25, 45", which added chf Comet 


| lated 
to the heliocentric Longitude of the Comet, the Ath of March, which the firſt and 


is 68 O0 17' 52, becauſe its heliocentric Motion is retrograde, gives the ſecond Hy- 

Place of the Node, in 6s 38 43' 37”. The Diſtance of the Comet rotheln. 
from the Node meaſured on its Orbit, which I find to be 139 38 14", 

ſubtracted from the Place of the Node, gives the Place of the Comet in 
im its Orbit, at the Time of the firſt Obſervation: and becauſe it had then 

45 34 28” true Anomaly, I add them to its Place in its Orbit to obtain 

the Place of the Perihelion in 75 79 39 51“/. I add 2 of the Log. of 

the perihelion Diſtance to that of 36, 5684 Days, Time correſponding to 
the leaſt true Anomaly. 459 34 28”, which gives 24,486 Days, for the 
Interval of Time elapſed between the firſt Obſervation, and the In- 

ſtant of the Paſſage of the Comet at the Perihelion, which being ſub · 


tracted from the 4th of March at 16h 9“ 50%, or at o, 6735, the Time 


of the firſt Obſervation, fixes the Inſtant of the Paſſage at the Perihe- 
lion to the 8th of February at o, 188. In fine, I find the Angle of In- 
clination of the Plane of the Eclipticy; and that of the Comet to be 


0 660 56 4”. 


'The ſame Elements i in the 0 Parabola are, the aſcending Node n 
65 55 596% the Place of the Perihelion in 7e % 53 42, the Incli- 
nation, 66° 47' 14", and the Ti ime of the: Paſſage: at the Perihelion, 155 


From thoſe bee 1 e the geocentric a 251 the | 

28th of March, at 0,569 of the Day, in each Parabola. The Interval 
of Time elapſed between the Paſſage at the Perihelion in the firſt Pa- 
rabola, and the Time of the Obſeivation 28th March 0,569 is 48,381 
Days. The Log. of the perihelion Diſtance, 9,883870, its Triple is, 
9,65 1610, its Half, 9,825 805, which being ſubtracted from 1,6684675, 

Log. of 48,381, gives 1 1,8588 70, Log of 72,255 Days, which correſ- 

ponds to 735 11' 7, or 213110 2 Anomaly, which ſubtracted from 

the Place of the Perihelion 75 70 390518 becauſe the Comet being re- 
trograde, the given Inſtant follows, that of the Paſſage at the, Perihe- 
lion, when gires the true. heliocentric Place of the e in its N 5 


| Year Rays =50,729 agreeable to Obſervation. 7 9 ins on dh ; 
Having found two Parabolas anſwering the two firſt Obltevations, ebe en 


1 calculate the Place of the Perikelion, the Time of the Paſſage at the of „ 
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44 28% 44% from 4 24 28“ a4”, ſubtra ging 6 5 43˙ 37% the 
Geocentric Place of the aſcending Node, the Argument of Latitude 105 18 457“ 
| Loy 1 is obtained, which meaſured on the Ecliptic is 115 11? 247“; conſe- 


met calculat quently the heliocentric Longitude of the Comet is 56 16* 46' 24”, and 


edinthc fiſt che heliocentric Latitude, 37% 20' 41" North becauſe the Argument of 
Buypotheſu. Latitude of the Comet, which is retrograde, is greater than fix Signs. © 
. The true Place of the Sun the 28 of March, at 13h 39m is O 8 x1' 28”, 
and the Log. of its Diſtance from the Earth, is 9, 999841; therefore the 
true Place of the Earth ſeen from the Sun, is 6s 8 11 28”, which ex- 
ceeds 5 16 46' 24” by 21250 4, which is the Angle of Commuta- 
tion. | T find the Log. of the curt Diſtance, correſponding to the third 
Obſervation 29, 974915, I ſubtrat 9, 974915 from 9, 999841, Log. of 
the Diſtance of the Sun from the Eearth: The Remainder is o, 24926, 
which by adding 10 to its CharaQeraſtic, gives 10, 024926, Log. of the 
Tangent of 46 38/42“ 2, from which ſubtracting· 45, the Log. of Tan. 


of Remainder, 1 38' 42”, added to that of the Tangent of 79 17 28“ | 


(Complement . of 10% 42“ 32”, half of the Angle of Commutation 
21 251 4”) the Sum is the Log. of the Tangent of 8 37' 39”, whieh 
ſubtracted from 79, 17 28” ; becaufe the Diſtance of the Comet from 
the Sun, is leſs than that of the Earth from the Sun, gives 70” 39' 49”, 
or 2* 10 3949“, for the Angle of Elongation. By Means of a Fi- 
gure repreſenting the Ecliptic divided into 12 Signs, in Which I place the 
Sun, the Earth, and the Comet, according to their Longitudes found by 
the above Calculations, I perceive that the Comet ſeen from the Earth, is 
to the Eaſt of the Sun. I therefore add the Angle of Elongation to the 
true Place of the Sun, which gives the true geocentric Longitude of the 
Comet, in 2* 18* 51' 17”, which is leſs than the obſerved Longitude 
22 18® 52' 45" by 17 28”; by a like Proceſs I find the geocentric Longitude _ 
of the Comet in the ſecond Parabola, the 28 of March, in 2 18 4s' 14", 
which is leſs than the obſerved Longitude, by ) 31”; conſequenly 
: neither of the two Parabolas, is the Orbit of the Comet. 
Taiz»Hy- But becauſe the Variations of the Orbits, are ſenſibly proportional 
POTREN!S. to thoſe made in the curt Diſtances, to obtain the two curt Diſtances 
which correſpond to the Orbit ſought. I make thoſe two Proportions ; 
(<) As &' 3" Difference of the two Errors —1' 28" and —7' 31", Is to the leaft 
of the two 1 28" : So is 0,0007 and 0,0002, Corrections made to the two 
curt Diflances Y and Z, to obtain two Parabolas anſwering the two fr ? Ob- 
ſervations, to 0,000235 and 0,000065, Corrections to be made to t 4 Dif- 


fances Y and Z, to obtain the Orbit required. | - 
To apply thoſe Corrections, I obſerve, that ſince V, ſuppoſed = to 
0,879, gives an Error of —1'28', and V ſuppoſed= to o, 8783, gives 
an Error of —7 31“, by diminiſhing V, the Error is increaſed; from 
wWhence I conclude, that o, ooo 235 is to be added to 0,879, to obtain 
| FM eee eee if the one was by exceſs and the other by 
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Manner, I find that Z ſhould be ſuppoſed , 956735. 


Vi Suppoſition, Y=0,879235, and Z=0,956735, and I find the heli- Geocentric 
ocentric Latitudes, E=12%29/ 17/1, E'=52* 3' 10%; the Log. of the Kar ore 


vector Rays, V=9,954504, aud V =0,191963; the heliocentric Lon- o the Co. 


gitudes, L==6* Oo 14/ 37", and L“ = 2* 38' 19; the true Anomalies, met caleuke 


45? 32' 0" and go? 54 4"; the coreſponding Times 36,528 and 112, 243 third Hypo- | 


employed in deſcribing the Angle contained by the two vector Rays, 
50, 729; the Place of the Node in 6* 5 38' 29''; the Place of the Pe- 
rihelon, 7s 735 13“, the Inclination of the Orbit, 6659 14“; and 
the Time of the Paſſage at the Perihelion the 8th of February, at ks 
4b 48“: In fine, from thoſe Elements, I calculate the geocentric Longi- 5 
tude and Latitude the 28th of March, at 1 3h 39', which I find, the one 
in 25 18” 88 18”, the other 630 3' 57“ North, agreeable to Obſervation. 
By theſe Rules the following Table was calculated, containing the Ele- 
ments of all the Comets which have been obſerved with any Degree of 
WVC N pots TR BIOS 


Days; the Log. of the perihelion Diſtance 9,884049; and the Time theſis. 


[1 5 4 Place of the der 
dienen Perihelion. 


9-19. 3. ooſo, j do March. 1 1.12:cofretr. 
4. 14. 48. 000, 9478 [an. 30. 7. ocſdir. 
9. 5.45. ooſo, 4108 0July. 17. 6.10jdir. 
of o. 3. zo. ooſo, 3 179 March. 31. 7. 3 8fretr. 
9.30. oo. ooo, 4467 Oct. 22. 0.0cjretr. 
o. 20.00. ooſo, 6445 une. I. I. oqretr. 
28.22. 3 afretr. 
19.22. 2 dir. 
25.10. 3 adir. 
21.20. 1 2Jdir. 


9 


22 — 


* 


* 
ti, > — 


12 
2 
— 
oo 
- 
E 
I 


8. 3.5 Alretr. 
18. 13.47 dir 
10.20. giretr.| 


4.26.19. 0000, 8911 uly. 
7.18.16. oc 


3 
TY 
> 
7 

00 
Fo oh. 
.N 
an 
* 9 

. 


* 


* 


cxxvil 


- * k I 1 "ot 
„ . Rus 5 
4 


N 5 
1 ” my 
4 * Nan 8 8 1 \ 0 
2b "+ 4 
= 8 * A fs ” :, * 
* = Rong 4+ * 24 . f RE SER * * Le * 4 ” * 
K rs 8 8 Pere. s n 3 - 
1 > wh. M i N 8 l « "_ 2 — 


Table of the 
Elements of 
the Comets. 


, r r . 8 ** 
— —— —— ape 5 
7 — 
— 


5 — — — 4 
E 3 
— 2 . 
rw — CES. 2 
— = 8 


— 


9 
* 


rs: 
2 


me © & 
8 
r 


— 


— — — — : — R 
rr r ESD hi, EIRt HI IT» e , —_— 
- —— . TS n 1 2 — 1 — SY _— 


4 8 . : WRT BS 1 
4 . 8 & fa en 
* „ 4 b £ : * „ 
7 3 . * \ ” 
p L ©, f 3 
1 CLIN 2 5 : e ; 7 ; '® * l DOR : 
' 4 n . 4 * 3 . 5 8 » 8 ts ; 
9 : : wa * 83 + LA er " Vw . , - , 5 y 3 i» $3.4 \ ” v ad "1 
8 4 « 6 Nt, 
* # A \ * * * * 1 * % * 2 ” A & * 
; YA, " 4 8 . R 55 b 1 * g * N , vo MZ ed. 
FD be Sn be ale. a. " * 9 5 - nnn 4 . * 1 pe A N Sg * 1 
* * 0 OO x» "01 e . 8 Latif r 2 8 . « WEI bs 8 2 » 0% Ki «8% * [„ 4 ys 2 pa Dum > 2 4 
* 4 1 "oO as 2 ** 1 8 K SM. - L. a ; 5 2 * 7 % by . 1 p *" 
ET OO eee ee | - — — " 8 rr 
. 7 AD} LEA p oe OP es 66 _ Hy oe OP OY DARIN nt e . my 
N bo — — — - \ rg; 1) 0 2 
0 VO aged <P, G £ 12 2 
o — os its 4 be — 
. $f — — —_— Es 5 
r had Soma. ad 


— — 
wy 


ph Pau — 
By 3 2 STE. 
* — " — 
. — — 
SED 5 2 


cxx vin 


$YSTEM OF THE. 


„ 


523. 23 oo 
8.28.15. Ol 
11. 20. 34.4003 1. 
10. 23.45 20 
25 8.27.4415 
1699 10.21-45-35 
1702, 6. 9-25. 15 
1706] o. 13.11.40 
- | 1707] 1. 22.46.35 
1718]. 4. 8443-00 
1723 0.14-16.00]; 
1729 10. 10. 32.37 
1737 7. 16. 22. o 
1739 6.27.25.141z 
1742 6. 5.38.29 
1743, 81 55 21. 150 2. 15 33; 3. 2.41.45, 8350 
8. 6.33.5 20,5 205 
6.17. 10.000, 2225 March. 1. 8. 13 dir. 
9. 7. 2.001, 2198 March. 3. 7.21jretr. 


TAs, 4. 10 50½9. | 
7. 5 O. 500, 840% April. 28.19.34 


1748 7. 22.5 2. 1608 5. a6; 57 
1748 1. 4.39.43 25. 59. 30 
1757 7. 4. 83 
1758 7. 20.50. 
2759 4+ oo 23 


1 Place of the en. Fe 
ſcendi | ceof t lion DiC. at the Perihelion 
| Node. ” Ferihelion. tanc e. Paris. 
8 0 1 5 0 223 N | 
7.26.4 3-10 4.17.37. 5j0,2806|May. _ 
$.11-40.00 10.27.40.00[1,1238|Aug. 
9. 2+. 2.00 8.22.39-30[0,0061|Decem.18.09.15|d1 


2.25.29. 3000, 5 Co IJuly. 

o, 960 iſſune. 
2. 17. 0. 3000, 3250 Bept. 
ecem. 50 5 
Oct. 
7. 2-31. 60, 7440/Jan. 
4.18.41. 30, 6489 March. 13 14. 22 
2.12.29. 1000, 425 80]an. | 
2. 19.54. 5 60, 8897 Decem. 11.23.39 dir. 
4.01. 30.001, 1027 Jan. 
Sept. 
4010. 22.40. 00/1, 426 10 June. 
10. 25.5 55, 2229 Jan. 

3.12.3 8.4000, 673 [une 12.10. 9 
7. 7.35. 130, 65 fFeb. 
Jan. 


7. 28. 5 2. o 


8. 23.44. 450, 0168 
9.00.5 1.15 0,6913 


1.12.52. 200,987 


9. 6. 9.2. 9,65530 


6 4. 2.39.00, 339% ct. 
8. 27,37. 450, 21540[une. 11. 
I. 23. 24. 20007985 NO Vem. 27. 2.28 
. 18. 24.35%, 9660 Decem. 16.21. 13 
1762/11. 19. 00.0 85. 20.00 3-14-00.0011,0090 
11.26.17.00]7 2:42:00] 2.24.43. 
4. O. 7.00152. 770 oO + pong O e 
1760 8. 4.10.5 


| [27005 of 7-84 of 


Elements if the Courr if | Hato, PF i 2 daun. | 


"1-18, 30.0011 
I-19.25.00 
1. 20.21. 0 

1. 20.48. oo 


10. 1.39. 

10. 2.16.00 0, 5868 | 

110.1 36. 00 e 14. a 
6 8 


5 


242.511 


10. .16. 2 


* 
A+ 447 


CT Hes 15 22. 10. 


ec 24. 21.27. 
Oct. 26. Is. 59.11 


Perihe- [Time ofthe Paſt: e 


3 «+» 
+ 


14.23.48 retr. 

27.16. zcretr. 
25.11. dir.. 
30. 8.zoldir. 


445 etc: 


. 20jretr. 


May. 28:00.0 
„49910 Novem. 1. 1 '3 
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Wee 1 apts 

(words 800 chu ſolved the pt ett ; Problem, od applied Newton ve- 

it to all the Comets obſerved, dediiced from thence a complete 'Confir- ie oh n 

mation of his Conj jecture. For all the Places of the Comets calculated by the Ob⸗- 

an the parabolic Oldits, whoſe Elements were deliveted in the foregoing 5 of 

Table, compared with thoſe immediately deduced from Obſervation, Fer 
never differed ſenſibly, which will appear ſo much the more ſur- Comets. - 

priſing, when we conſider how difficult it is to attain) to do rae in 

Obſeryations of this Nature. | : gyro . 

OVID ON TOTOCT 3 gas. 10D: nt iti G3 

As to hy Duration of the Periods of the Dobel * tice: te: tat The Dura- 


Aged from the ſame Calculation, becauſe as we have already hinted, —_— _ Y 


their Orbits being ſo excentric that they may be taken for Parabolas not be de- 
without any ſenſible Error, very great 1 in their Duration yon gh 
would produce ſcarce any Alteration in the Arc of their Orbit, which Hiſtory of 
they deſcribe during the Time they are viſible. However, it no leſs the Apari- 
confirms - the Theory of Newton, to have ſhewn, that in this Por- coming any 
P tion of their Orbit, they obſerve the Law of Kepler, that of the Areas the ſame 
l being proportional to the Times, and that the Sun attracts them in the Circumſtan- 
| fame Manner as all the other celeſtial Bodies, in the inverſe Ratio of equal Inter 
the Squares + of the Diſtances. A | 8 — ee 
xX. | 
+ Halley, on examining the famous Comet of 1680, kivibg oben that Halley em 
the; Obſervations of a No recorded in Hiſtory, agreed with it in very pays thy 
remarkable Circumſtances, and that they had appeared at the Diſtance of the Comet 
575 Years from each other, conjeQured, that it might be but one and the of 16580 to 
ſame Comet, performing its Revolution about the Sun in this Period, he pet tas ; 
therefore ſuppoſed the Parabola to be changed into an Ellipſe deſcribed 
by the Comet in 57% Years, and having the ſame Focus and Vertex 
GC with the Parabola. Calculating afterwards, the Places of the Comet 
. in this elliptic Orbit, he found them to agree perfectly with thoſe where 
| : the Comet was obſerved; ſo that the Variation did not exceed the'Dif- | + 
ference: found between: the calculated Places of the Planets, and what t 
are immediately deduced from Obſervation, though the Motions of tile 
Planets have been the Object of the eee, of ene, for FOR 


| "i ſands of Years. " 
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; | "wy the Cdn of 1686; Hallo bund nee open which nas 
3 e thoſe of 1531, of 1607, and of 1682, the three Parabolas were 
3 ſituated after the ſame Manner, the perihelion Diſtances were equal, -:mhog? 
and the Intervals of Time 55 or 76 Years ; he conjectuted that it migijt a 
be but one and the ſame Comet, and that the Differencce in their 
Inclinations and Periods, might ariſe from the Attractions of the ſu- IHR 


. 


— 
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perior Planets ; for he obſerved, that the Comet in 1681, paſſed very 
near Jupiter; and it is certain, that the Comets receding. farther from 
ff the Sun than the Planets, their Velocity and Tendency towards the 
*-  Sun:ſhould thereby be conſiderably leſſened in the ſuperior Parts of their 
HGSrbits, and conſequently ſhould be more ſuſceptible. of the Modifications 
Effet of At. and Impreſſions of the Attractions, which the: Planets. in their Ap- 
the Comets; Proach exert on them; from whence he concluded, that the following | 
| Apparition would be retarded, and anounced-the Return of this Comet 
for 1759. But theſe Conſiderations were toe Vague to be depended 
upon. To attain to Certainty in this Point, it was neceſſary to calcu- 
late the Situations of the Comet, and the Forces with: which Jupiter 
and Saturn attract it during ſeveral Revolutions; and by the Help of 
thoſe Forces, expreſſed in Numbers, to determine the total Effect of 
the Attractions of thoſe Planets on the Comet. This Clairaut, and after 
him the firſt Mathematicians in Eurspe have effected, and have demon- 
ſtrated that this Comet obſerved in 1531, 1607, and 1682, ſhould have 
the unequal Periods of 9135 and 8983 Months and that the Period after 
which it would appear again in this Age, would be 919 Months, which 
the Event has juſtified. Theſe Reſearches ſhall be explained hereafter. 
6 £54 "Th, | tis if; 
1 The Tails of Comets which formerly occaſioned the Apparition of 
concerning thoſe Bodies to be regarded as portentous Omens, are now ranked in the 
__ — of Number of. thoſe ordinary Phenomena which raiſe. the Attention of 
me Philoſophers alone. Some would have it, that the Rays of the Sun pa- 
ſing through the Body of the Comet, which they ſuppoſe to be tranſ= , 
parent, produced the Appearance of their Tails, in the ſame Manner 
as we perceive the Space traverſed. by the Beams of the Sun paſſing 
through the Hole of a darkened Room: others imagined. that the Tails 
were the Light of the Comet refracted in their Paſſage to the Earth, 
adland producing a long Spectrum, as the Sun does by the RefraQtion of the 
9 rr Priſm. Newton having mentioned thoſe two Opinions, and refuted 
they are Va them, expoſes a Third which he adopted himſelf: it conſiſts in regard- | 
_ pours exhal- ing the Fail of a Comet as a ee which riſes continually from the 
Body of the Body of the Comet towards the Parts oppoſite to the Sun, for the ſame 
Comet. Reaſon, that Vapours or Smoke riſe in the Atmoſphere from the 
| * Earth, and even in the Void of the Pneumatic Pump. On Account of 
the Motion of the Body of the Comet, the Tail is incurved towards the 
Place through which the Comet paſſed, much in the ſame Manner as 


3 I the Smoke proceeding from a burning Cole put in Motion. Pie. 
5 What confirms this Opinion is, that the Tails are found greateſt 
8 when the Comet has juſt paſt the Perihelion or leaſt Diſtance from the f 


Opinion. Sun, where its Heat is greateſt, and the Atmoſphere of the Sun is moſt 
dlenſe. The Head appears after this, obſcured by the thick Vapour that 
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will bring them nearer the Sun in every Revolution, until at lepgt 
they are ſwallowed up in this immenſe Globe of Fire. dun. 


ebe Sun, as 1 to = ED, | OE Wal 


PHYSICAL! WORLD. 
rides plentifully; from it, but about the Centre, a Part more luminous 


than che teſt appears, Which is called the Nucleus. 


A geen Pad f che Tails of the: Comets ſhould be:dilated and diffaled dg wr a. 
over the Solar Syſtem by this RarefaQion : ſome of it by its Gravity Tails of Co- 


may fall towards the Planets, mix with their Atmoſpheres | and repair TE ac- 


cording to 


the Fluids, which are conſumed in the Operations of Nature. Newtcn. 


The Reſiſtance which the Comets meet with in traverſing the At- 
moſphere of the Sun when they deſcend into the lower Parts of their 3 
Orbits, will affect them, and their Motion being retarded, their Gravity Comets may 
1 fall into the 


The Comet of 1680, paſſed at a Diſtance from the Surface of the 
Sun which did not exceed the ſixth Part of his Diameter, and it is 
highly probable, that it will approach nearer in . next Revolution, 
and at length will fall into his Body. EE 
| XII. 
Let the Diſlancs of any one of the primary Planets from the 8 Adds 
l its periodic Time =1 the Force of the Sun exerted on it=1, the Article xx 


"Diſtance of any Satellite from its Primary = and the periodic Time of of the The- 


the ſame Satellite =p the Force (F) of the Sun on 1255 Planet being to Ae 
the Force 5 of any Planet on its Satellite as 1 10 — (Cor. $; Prop. 4.) 2 Bun 
ow New> 


and the Force 6 V) of this Planet on its Satellite if! ir ON juſt as far from ton deter- 


it as the Planet is from the Sun, being to its Force (J exerted on it at its R Gd 


actual Diſtance from it, as r? to 1; by the Compoſition of Ratios, F of the Mat: | 


dz <x#- ; 


is to VN, or the Force (F) of the Sun on the Planet, is to the F. orce cer Sn Pf 


| (V) of a Planet gn its Falelin Jalta as Tor from. it,as hg laps? is from 1 Hd ns 


and t 


Erampie The Revaluszam of Miene . . (83935) 8 1 
* the fourth Satellite of Jupiter (40085) as 1 to o, 074271 855957 742716 


and the Diſtance of Venus from the Sun 72333 being to. the Diſtance 
of. Jupiter-from;the2Sun.520096 as 1 to ), 1903; and Radius.,þeing to 
the Sine of, 8“ 16 Elongation f. the .Satelite,,or its Diſtance from Jupiter 


8 from: che Sun, as 7,1903 t·o o, 01729, 1, ol 129; wherefore 


, ooog37 or 17085 conſequently the Weight of equal Bodies at equal 
Diſtances from the Centre of the 'Sun and Jupiter, are to one another as 


1 


11067 | 0 
1 The The Revolution of Venus round the Sun 5 39 3b being to that of the 


| fourth Satellite of Saturn, 362b 3 as 1.to 40672475, 40672475, and the 


7 > "Pa 
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Diſtance of Vena from the Sun 72333, being to the Diſtance of Saturn 
from the Sun 954006 as 1 to 13,1890, and Radius being to the Sine of 
the Elongation of the Satellite or its Diſtance from Saturn, as 13, 1890 


x3 
to o, 1144, 5 144, wherefore © n o, oo033a or dee vconſequentiy 
3021 


the Weights of equal Bodies at equal Diſtances Teen he An e of the 
Sun and Saturn are to one another as 1 to 


N 1 
The Revolution of the Earth Yound the Sun 365, 248 bling to that 


of the Moon 274, 3215 as 1 to o, 748008, and the Diſtance of the 
Earth from the Sun being to that of the Moon from the Earth, as the 
Sine of the Parallax bf the Moon to the Sine of the Parallax of the Sun, 


1 7 
| wherefore — 7 conſequentiy the Weights of equal Bodies a 


tt 15922 
at equal Diſtances from the Centres of the Sun and Earth are as 1 
I | 
Addition to To determine the Weights of Bodies on the PITS of the Sun, 


of the The. Jupiter, Saturn, and the Earth, or at the Diſtance of their Semidiameters: 


ory of the from their Centres, thoſe Semidiameters are to be inveſtigated. Firſt the 
, primary Pla apparent Diameter of the Sun in its mean Diſtance being found to be 32/8 
1 and that of Jupiter 37” 4 (as determined from the Paſſage of thoſe Satellites 
howNewton over its Diſk) and the mean Diſtance of the Sun from Jupiter, being to 
2 the mean Diſtance of the Sun from the Earth as 520096 to .T00000, 
8 785 and the true Diameters of Spheres, viewed under ſmall Angles, being i in 
Denſities of the compound Ratio of thoſe Angles, and the Diſtances conjointly, the 
„ true Diameter of the Sun will be to the true Diameter of Jupiter as 1928% 
3 X 100000 to 37 X 520096, or as 10000 to 997. Secondly, the apparent 
3 Earth, Diameter of Saturn being found to be 16”, and the mean Diſtance of 
Ts Saturn from the Sun being to the mean Diſtance of the Earth from the 
1 Sun as 954006 to 100000, the true Diameter of the Sun will be to the 
. jetty true, Diameter of Saturn as 1928“ K 100000 to 16/&954006, or as 
+ X Icooo to 791. Thirdly and laſtly, the apparent Semidiameter of the | : 
_ | Earth being found to be 10” 30” as being equal to the Parallax of the | 
=. + Sun, the true Diameter of the Sum will be to the true Diameter of the 
Earth as 1928 to 21, or as T0000 to 109 . b 

Now if we ſuppoſe a Body placed at a Diſtance from the Centre 
of the Sun equal to its Semidiameter, or on its Surface, the Force (F) 


of the Sun on this Body being to the Force (V) of Jupiter on an equal 


P ˙ GO A EAT x one : EP ” - DEEDS 
Y — = « * 
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_ 
Body at the ſame Diſtance from its Centre, as 1 to N and the Force 


(Y. of Jupiter on this Body, being to the Force ( f}; it eat exert | 
on it if it Was placed on its Surface, inverſely : as the Squares of the 3 
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Diſtances, that ĩs, e as the Squares of the une Semidameten er 


1 72 
* to 2 ; by. the Compoſition of 


the Sun and Jopiter, or as 
10000 


997 | 
Ratios FVI is to Vx For the Wei ght (F) of a Body on the Surface of CRISS 
f the Sun is to the Weight ( H of an cual Body on the Surface of Jupiter, WE 


+ i 


82 [20000 7 10 166% 


the Denſity of the Sun is to the Denſi ity of Ip (the Dnfticabeing' in the 


direct Ratio of the Weights and inverſely as the Diameters) as 100 to 
941. In the ſame Manner it will be found ſecondly, that the Weight of a 


Body on the Surface of the: poor is to the Weight of an e . on 


- . + 4s TCV £6: +0 vl s 
the Saures of Saturn as — to — —X ==="; OF." as 10008. tos 529, 
1086000 30210 751 


conſequently that the Denſity of the Sun is to the Denſity of Saturn as 


1 tb — T or as 10000, to 943, and conſequently that 
en Ar 


100 to 67. T hirdly and laſtly, That the Weight of a Body on the 


Surface of the Sun, is to the s of by n Body on the Surface 


of the Earth as = Or as 10006 to 435, con- 


— ty ——j 
looo 0 Tone X 


100 to 400. Which 8 MM, examining, the Pisse of the 


109 
Tequently that the Denſit ity, of the Fey is to, the Denſity of 3 Barth as. 


Computation will appear not ta,depend.on.the Parallax, of 1 Sun ha 


on the Paroles of- the Makes and. is TE truly defined. 
in. 
"Suck i is the, Fer of the immortal Diſcoveries, of the. MY e 
Pötte and of, ir Iſaae Venen in particular, whoſe: Efforts 3 th 


and e Dy cannot. 1 8 0 ly,;-admires, which, ſhine 3 t 


ole of thoſe Strokes of Genius, which chara ee Inventor, ang 
a Mind fertile in. Re Suren that no Man, poſſefled in ſo eminent a 

ree.. Aided d by the Suecours that the analitic / rt furniſhes in 9 1 8 
e it is not ſurprizing that ſome more 8108 have been made 


in a vaſt and difficult Career that he has ee to us, that all the Irre- 


gularities the have, 192 Ter e in the Heavens, have been explained 


and demonſt 


a great Number af others, Which on Account 


Concer vsr: _ 


3 
14 1 « # 
= 

Brews, 

- lation of 

the Improve: 

ments the 

Principia 

have receiv- 

ed to this 

Day. 


of their Sm alt a0 ik Kg had eſcaped the moſt ex act Ob- 5 


ſervers, Ow been 2 and uno Ided; that it has been 8 that 


the Return of the Comet which _ obſerved in-153ts 1607s, and 1682, 


ought to have had the unequal Periods of 9131 and 8985 Months, which 
was found to be ſo, and that the Period after which it would appear 


again in this Age, would. be 919 Months; which the Eyent has juſtified. 
That the Courſe and, Laws of the Winds, the ebbing and flowing of 
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Moon, haue been accurately determined. That the Narute and Laws 
of Magnetiſm, the Theory of Light and Laws of Viſion, the Theory 


of Sound and Laws of Harmony, &c. have been accurately inveſtigated. 


Ne Edition Such is the Plan of the MATHEMATICAL PRINCIPLES OF NATURAL 
3 * PayLoSOPHY, which the Nobility and Gentry of the Kingdom of Ireland 


cipia, wi 


the tm . 1 to their Reſolution of the 4th of February 1768, have ordered 
ments they to be publiſhed for the Uſe of the Mathematical School eſtabliſned under 


N their immediate Inſpection. Previous to which, in the Monthof November, 


Day. 1764, 4 Copy of the Chapter of the Theory of: the primary Planets, as a 


Specimen of the whole Plan, was delivered to Dr. Hugh Hamiltan, to have 


his Opinion of the ſame, which he returned in ſix Months after, with 


this Anſwer, That the above Piece was printing by Subſcription at Cam- 
bridge, under the Title of Excerpta guædam ex Newtoni Principiis, with 
Referrences to the Doctor's Treatiſe on Tonic Sections. 


PLAN of the Art of making Bxperiments and that of employing them. 


Experimenta rerum naturalium ita ſunt exbibenda, ut in bis nobiles. ado- 


loſcentes ſtudio ſuaviſſimo atque utili imo humane mentis hiſtoriam, preclara- 
que artium inventa, quibus naturani et ornare et adjuvare, ediſcere palſunt. 


O illuſtrate Sir Iſaac Newton's. Principia, and thereby to enable 


Youth, to make a Progreſs in the Knowledge of the Works of 
© to improve to Advantage its Powers and Forces, and render 
them ſubſervient to the Purpoſes of Life, they are initiated in the Art of 
* making Experiments. and Obſervations. For theſe Purpoſes the School 

is furniſhed with a complete Collection of the beſt executed Machines 
Courſe of adapted for experimental Inquiries; they are inftruQted i in the Manage- 


Exper. ment and Uſe of theſe Machines; they are taught how to aſcertain the Dif- 


ments for 


illuſtrating ference between the Reſult from Theory and from Experiment, and how 
the 'Princt- to employ this Difference, for determing the Alterations ariſing from 
2 external Cauſes, in order to ſhew them how Experiment not only 
| ſerves to confirm Theory, but conduQts to new Truths, to which we can- 

not attain by Theory alone. As to the Phenomena for the Diſcovery of 

whoſe Cauſes Thevry affords little or no Aſſiſtance, for Inſtance, thoſe of 

_ Chimiſtry, Electriciiy, &c. they are taught how to examine and con- 


ſider them in different Lights, arrange them in Claſſes, and explain o 2 


one by the other AS tar. as the Nature of the Subject will allow. | 

'  FigsT Crass. © 25 
Machines for making Aer on N Gravity, » and the bun 
brium of ſolid Bodies. — 


A Machine for beat we e Thess of chain: 1c. 
Bis Machine is fo contrived, that by its ance may be ſolved el 
mentally, the Problems which appear the leaft ſuſceptible of ſuch a Solution ; 


the Velocities and W may be varied at will, ee is fo dininifted | 


* 


P 
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41 10 cauſe no. ſenſible Error, the: Times are: marked. * Sounds, a the E Auger u 
Spaces. deferibed by. an Index. 22 — mes 
A, Glaſs Globe mounted on an 413 fo that 1 may be turned; round os Abbey 
with. any Degree of Velocity. — - 
This: Machine ſhews the. Efſefis. If KA Forces on. Fluids of Ae 
Halle Gravitiet, and an Solidsy which circulate in the ſame Medium. - 
A terreſtrial Globe which turns on its Axis with any. given Velocity. 
De Surface of this Globe is flexible, its Concavity is filled with a Mat- 
ter Jemewhat fluid,, and. is:ſo contrived, that its two Pales, are capable of 
moving towards each other, ſo that by turning the Globe, the centrifugal 

. Force raiſes. the Equator of the Globe, and Jhews thy. Figure wubich modern 

- Diſcoveries attribute to the Earth. 

A graduated Rule adapted to a Glaſs Tube withio hich A. ſmall Cy- 
linder is put in Motion. Second, A Plane upon which two Bodies e. 
ſcribe in. the ſame. Time unequal Spaces. Third, A Globe of Cork of  _ 

of three Inches Diameter, with a Bal of Lead of the ſame Weight. 1 4 

5 By the; Aſſiſtance. f the three. laſt Articles" are explained the adds Hot Vas 

. of, Motion,” VIZ. Direction, Velocity, Quantity «t! . by ̃ ᷣuV- 

5 | A ſmall Cyſtern divided into two. equal Parts by a; Partition upon e FY 
which is So a double Pendulum, ſhewing, i in what Ratio different 

Mediums exert their Reſiſtance. _ | 

A Machine with which. i is demonſtrated the Doctrine of the Colliſion Experi- 
of Bodies. „ e for il- 
The Parts of this Machine are made with the utmeſt Gris the Maſſes — e Boe 
are in giuem Proportions, and the Effects remain we. Mer the Experiment 1 
by. the Means of an Inden. des e- 
A CHRONOMETER or Indrument. for meaſuring: ſmall eres of Time. | 
The Pendulum which conſtitutes the principal Part of this Inſtrument 
may be lengthened or ſbortened according to. a Scale accurately divided for 
oy vibrating Minutes, Seconds, Tbirds, and the different Times of Mufick: 
A ſmall Billiard- l'able with its Appendages.. _ 
| "The Abpendages of this. Machine are Hammers ſuſpended in ſuch a Man- 
ner, that the Quantity of Motion may be regulated by. the Velocity, or by 
the Maſs, and ſo as to exhibit the Motion of a Body pelle by Forces 
acting in different Direfions, and known Proportions.” 

A Machine for ſhewing the Motion of a Body which receives at the Experi- : 
ſame Time an Impulſe in a perpendicular and ee Direction. —— W 

Another Machine for ſhewing the Motion produced by two Forees the Comęoſi 
acting on a Body in Directions forming an Angle, but which conſtantly tion and Re- 


remain in the ſame Ratio 8 of 


| os Machine for ſhewing the Acceleration of Bodies which fall. freely. 
| Secondly, a Kind of Balance for making the ſame Kind of Experiments. 
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' .. Theſe two laſt Machines not only ſbew that the Motion of Bodies is ac 
| celerated i in their Deſcent, but "OM renders ſenſible * Law of this Accele- 
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Espen. A Machine for ſhewing the Line a Body deſcribes when e to 


— its Weight after having received an Impulſion in an horizontal Direction. 
the Doctrine A Machine for ſhewing the Motion of a Body abandoned to its Weight 
o b © after having received an Impulſion upwards, but oblique to the Horizon. 
Bodies. Vs the Curve which refults from ibis Motion depend. on the Obliguity of 
the Direction, the eee is eee N that the Degree of Obliquity 

may be varied at will. 

A Machine which weve to compare the Velocity of a Body which. 

in its Diſcent deſcribes a Cycloyd with that wt another: Wenden to the 


ſame Point along an inclined Plane. 
A Machine for Thewing's in what Ratio ſeveral Forces 2 on the ſame : 


' Body. 1 
A Machine for eipleining the Laws: of Elaſticity. [Re | | 
3 Tus Cones joined together by their Baſes, and which aſcent? an 


iluſtrating inclined Plane. 2d. A Cylindar which aſcends an inclined Plane. 
the Nature Thoſe two Machines ſerve for proving experimentally, that 4 Body can- 
_ Proper- not remain at reſt when its Centre of Gravity is not ſupported. . The Plane 
Center of on which the double Cone moves is formed of two Rulers Py FR: torveach 
Gravity other and o the Horizon, and this double Cards wer bong 1 be enen at Plea- 
fure as the Experiment may require. | wth 175 
A ſmall Carriage with its Appendages. 
This Model with the Parts which accompany it, es the reliettive 
Advantages of broad or narrow Wheels, of large or ſmall aner, and what 
renders Carriages more or leſs liable to be overturned. 
Experi- A Machine for ſhewing the Properties of tlie ipclived Plane. 
ments for. This Machine is ſo conſtructed that the Inclination of the Plane may 
| 2383 be varied fromthe horizontal Line to the vertical, and that the” Power 
e Theory + 
of ſimple may ad in any deſired Direction. 
Machines, A Machine for ſhewing the Nature and Properties of the Wedge. 
3 What forms the Wedge in this Machine are two Planes inclined to 
ane, the 
Wedge, the each other, the Degree of Inclination can be varied at Pleaſure, as. "20 | 
Screw, the the Power, the Weight and the Baſe of the Wedge. 
120 855 A Screw, which can be taken to Pieces to thew the Principles! of its 
ConſtruQtion. | 
A Machine for Wewing the Natuve of. the ' tires Species of Loves. 8 
A large Beam accurately divided, mounted on a Foot, for ſhewing 
the Properties of the Lever. 
be Power, the Weight, and the Prop or. Fulcrum are euer and 
may be eaſily placed fo as to be to eath other in any given Proportions. .. | 
Two Figures in Equlibrio on a Pivot, for ſhewing: the Are of Chord | 


.or Wire-dancing. »3 61 * 


A large Braſs Pally, in which the Cireumference and the dime 


al 


_ other Side, to Nn as a 8 by the APptication ft the Jane Power: and S 
right. = 
A Model of Archimedes's Senses W Effects. are i ſenvble, Rl Ke Mong 


| Santloriue. 


but the Aſſiſtance of anothe 


Þ E * 8 1 ea 15 * RD: 


"RO Lines have only been left, in order to ſhew that the Pully may be con- 8 1 


ſidered as an Aſſemblage of Levers of the firſt Species. 
At the Back of the Supporter, there is fixed a Lever of the fame Species 


with thoſe which conſtitute the Digmeters of the Pully, to. ſerve 0 4 Proof 


by the. Application of the ſame Power. and Weigbt.' 
A Pally whoſe Axis is moveable in a. perpendicular Pune and 


| which ſerves to ſhew the Action of the Power, and of the Weight on 
this Axis, in different Caſes. : . 


A Block with two Pullies, 2d. A Block with four Pullics ; 5 another 


Block whoſe Pullies are fixed on the ſame Axis. 


All thoſe combined Pullies are of Metal or Ivory, turned on their Axis | 


with, great Precifu en, and all Care bas bop daten. We Siminyſ: the 
Friction. 


An Afſemblage of ſeveral Toothed Wheels and e for * Models for 


| that both the one and the other like the Pullies, may be conſidered as Tyr rm 
_ Levers. : 4 


At the Back of the Aw « are fixed an Afemblage of Levers which Machines in 
correſpond. in_the ſame Manner as the Diameters ef the Wheels, on the compounded 
tan, the 


rane, 


WH 


the Motion of ſeveral ſmall Balls of Ivory, which are raiſed ſuceeſſively. Wind -mills, 
A Madel of an Endleſs Screw, which drives an Axis. 2d. A Mo el 2 
1 Preſs, 3d. A Model of a Capſtan. 4th. A Model of a Crane. 5th, ** 


A Model of an Engine for driving Piles. | 
A Jack, of a particular Conſtruction, for * great Weights, A 


common Balance, for ſhewing the Defects to which this. e js li- 


able, and bow they may be remedied. N 


A large Roman ate, contrived for making the Experiments of 
d, that . Perſon way weigh bimſelf ujth-. 5 
A Þ of a; Screen for micuwoning Coro by the; Ls. of an arti- 


This Machine is ſo con 


| ficial Wind, and ſeveral Screens of a particular Conſtruction. 


A Model of a Saw for cuting at the ſame Time ſeveral F lints, Agates, 


Den e &c. and at one Stroke, to form Tables for Snuff- Boxes, 1 


and other Works. An hortzontal Turning Leath, adapted for Srinding 


7 Glaſſes for Teleſcopes, Microſcopes, &c. 


A Model of a'\common Wind-Mill. ad. A Model of a Poliſh Wind. 
Mill. 3d. A Model of à Water-Mill ar extraQing Oil. db. A Mo-. 
del of a Water. Mitt for phy and Kees en eee the Wage 
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4. all 3% Model are intended to ſhew the latin of FR l Mes 


or to cover with Glaſs, the Pieces deſtined for Motion, and the de n 
of the Parts have been carefully obſerved. 
A Machine for ſhewing the Effects of Privtions in Machines more 
correct, and of ': a more hes N Uſe than ang; hitherto egen 
3 Grann;t 
Machines for making +07 er on + the Motion, Gravity and Equi- 
librium of Fluids.” F | . 
bs Hh 
A large Ciſtern lined with 1 Lend, n a Cock to TAY which ſerves fo for 
—.— ſeveral hydroſtatical Experiments. 
Ius large cylindrical Glaſſes mounted on a common Baſe; between 
which is ereQed a Stem which carries a Beam of a Balanci 


This Machine is very commodious in ſeveral Operations which regard the BY 


Experi- Weight or Equilibrium of Fluids. 


Medi A ſmall Bottle with a Glaſs Stopper, and heavier in this State than 


Properties of a Quantity of Water of the ſame Bulk. | * 


Thüds. A Glaſs Tube, a Part of which riſes perpendicularly, RY the ence. 35 
| forms ſeveral Flexions for ſhewing the Height of Fluids f in TROY which. 


have a Communication with each other. 


A ſmall Barrel with a Cock to it, and a bent x ube which Ribes for 


demonſtrating the ſame Principle, with ſome curious Applications. 


A Glaſs Veſſel, partly filled with a coloured Fluid, to which 1 2 i 


chines in the more compounded ones, Care bas been taken to leave 7 poſe | 


juſted a large Glaſs Tube, and a ſmall ſucking Pump, which. ſerves. to 


| | ſhew that Columns of the ſame Fluid are of the ſame ſpecific Gravity. g 

45 A long Tube of Glaſs with a Cock at the lower Extremity, . and 
mounted on a graduated Ruler, to which is adjuſted a Pendulum which 
beats Seconds. 


This Machine ſerves to ſbew how the Parts of a Fluid profe each other, | 


and i in what Ratio the Effluxes thereof are performed. 


A Bladder filled with a coloured Fluid, to which is fitted a Glaſs Tube, | 


which ſerves to ſhew that Fluids exert their Preſſure in all Directions. 
A Veſſel whoſe Bottom burſts wth the Preſſure of a fraall I of 


Experi- 4 GS WT * 8 
ments for A large Machine, which bee to bew the preſſure of Fluids on the 


Prefte of Bottoms and Sides of Veſſels which contain them. 


Fluids upon , This Machine conſiſts of ſeveral fine Veſſels of Glaſs, which rs) 2 | 
the the Bot- jufted ſucceſſively on a common Baſe, the Piſton which ſerves as 4 Bottom, 


Sides _ is ſufficiently moveable as not to cauſe any ſenſible Error by Friction, the 


Veſſels that Columns of the Fluid remain always at the yu He, and the Power 


—_ Oy 


| 


r 
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Fi igures of Enamel, of which ſome are lighter and the others heavier 
than a like Portion of the Fluid in which they are immerſe. 


PHYSICAL W.ORLDY : a 
An Hydtomater with fix ſmall elinrca Vaſes, which are filled with 


different Fluids. 


Two ſmall Cruets, . inch on a Pedeſtal, which e for the 
Experiments by which Water is apparently | changed. into Wine, n 


Wine into Water. 


Two Vaſes of different Forms, which ſerve to make 4 kauviey. rie 
aſſume the Place of a lighter in the ſame Veſſel, without mixing. - 5 
A Veſſel perfectly cylindrical of Copper, with a Solid of the a0 1 l my 
Metal, and of the ſame Figure, which fills it exactly, for ſhewing how 1 
much a Body immerſed in a Fluid, loſes of its Wei 2 „ 
A Vaſe of Glaſs ſuſpended to the Arm of a Balance, for making Ex- of Fluids 
periments of the ſame Kind. Ron. Pore | 
Two Balls, one of Ivory, and the other of Lend of the ſame Weight, them. 7b 


prepared to be ſuſpended to the Arm of the Balance juſt mentioned, 


for ſhewing, that what a Body loſes of its Weight: when immerſed in 


a Fluid, is proportional to its Bulk. 
A cylindrical Vaſe of Glaſs filled with Water, with ſeveral human 


A Machine for ſhewing that . the relative Gravity of a Body immerſed ae | | 
in a Fluid, is changed when the Fluid is pad ty x or rarified, __ | 
This Machine renders palpable by a very quick Operation, the Efedts 


which the different Temperatures 0 45 the Air produce in the werent K inds 
of Thermometers hitherto invente 


A human Figure of Enamel, which is made to move in Water by 
Compreſſion. '2d, Two large Tubes of Glaſs mounted in à Frame, in 


which two Figures move by a Comprolion, which 1 is hoy Perorived Ke the 
Spectator. 


5 Model of the I Diving Bell, and the Apron of a Diver. | 


An hydroſtatic, Balance, with all its Appendages, | 
A Model of a curious Machine for raiſing up Veſſels that are ſunk. 


A Water Level. A ſimple Syphon. 2d. A Fountain Syphon moun- 


ted on a Pedeſtal. 3d. A Syphon with its Vaſe: to be placed in Vacuo. „„ 


Ath. A double Syphon. sth. A Syphon whoſe Branches are moyeable ments for 


by the Means of a Joint. Sth. Tantalus's Cup. 7th. A large Syphon iluftrating 
whoſe IG are moveable, — in Experiments made with the Eat 


Air-Pum — I 5 | 


All theſe different Species of Sypbons are of Gloſs, that the Moien of Fi 


the Fluids may be mare. eaſily perceived. 
A Model of a Sucking-Pump. 2d. A Model of a N . 


d. A Model of a Sucking and Lifting Pump. 4th. A Model of the 
oe: under ee, that raiſes, Water N ede denn. 


* W 


© 0 — — — _ 2 » 
32 4 N — 0 — — — — — — — — 5 — | ibs 
a. — — — — BoA Re * 1 * 1 : * * * 2 „* 
« EE Ea Comaarodil — * 2 1 n . v > : : * 
2 - ) 5 4 „ 
* L * A 
* £ 
K - 


8 Y'S EN O F THe „„ 4 
th. A Nledel ef ' new Pump whoſe Sucker has no Friftion, an in- 


_ Ermitting Fountain, Hiero's Fountain. | 
All thoſe Model ef Pumps and Fountains are of Glaſs, in all thoſe Parts 
in which the A ibn paſſes, and the! Motion of "the Valves an "Suckers, 


are eaſily perceived. Yb ni 


Experi Several Ciſterns and other Vaſes for making Vivperinrens on Ice, 


1 and artificial Congelations. ad. An Aſſortment of different Salts and 
e Fluids for congealing Water with a Vaſe, in which without Ice, + a Cold 
„„ ee of 8 880 wy be Fm PA 


It Twas: Ste 


| Machines for making u agen? on the e Air. f er 


| nenn a 4 OW - 
A dne barrellec Air-Pump mounted ofi a very ſolid Baſe: [£2763 IEG 
Tube Piſtons are put in Motion by a Handle. Inflead of Valve Step-Cocks 


— 


Marbine, For the Experiments whert it is nere ary. SH 
PETR A ſingle barrelled Air- Pump, mounted on a folid Baſe; 1. K A 
ments for In ib Cbnflruction of the whirling Machine, which foes ar an Apen- 
ſhewing the 4 to this Pump, Care has been taken, that the Axis of the great Wheel 


oo hol on t may move along its Frame, in order to ftraiten the Chord, and that the 


the Air, horizontal Pulley, which receives the whirling os, may be raiſed or 


R * as the Height of the Receiver may require.” 


A large Receiver fitted for making Experiments on Bodies put in 
Motien in Vacuo. 2d. A Receiver of lefs Size fitted for the fame 


Uſes. 3d. A long and narrow Receiver fitted alſo for the fame Uſes. 
Thoſe Vaſes are fitted for the above Uſes, by the Means of a Braft Box, 
filled with a Sort of prepared Leather, a which paſſes a Steel Axle. 


Tree, which communicates the Motion wow the Receiver without letting 


the Air enter. 


ments on 


Experi- An Apparatus neceſſary for making the Experiments on Fire i in | 


Fire in Va - Vacuo. 


An Apparatus for making ciearical Experinients in Vacuo. 
ceiver fitted for the fame Uſes. 


prepared as above, through which paſſes a Shaft of Metal, whoſe. Extre- 
mity is fitted for rawng different Sorts © Pimert, and other Iaſtru. 


ments. 


Four Cruets nivatited on one common Pedeſtal; and fufpended ſo as to | 


have their Contents poured out in Vacuo, which ferve 'for mixing 
different Fluids therein, | 2d. n Cruets ſuſpended in the ſame 
Manner. 


are made Uſe of, which are opened and out, and that by the ſame Motion N 
which raiſer and lowers the Piſtons; there is affixed to the ng a er h 


A large Receiver fitted for operating in Vacuo; 1 tall narrow Re- 
Thoſe Vaſes are fitted for the above Uſes, by Means of a Brafs Box 


7 
7 
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like Body. 


27550 Machine 16 fo contrived, that the Cruets may: be. raiſed. or u 5 . 5 495 5 


h and brought nearer to each ather, as may be required. 


An Apparatus for eſſaying Inflammations in Vacuo. | 5 
A Receiver compoſed of ſeveral Pieces, very tall, at the upper End Experi- 


of which, a Machine is adapted with which may be repeated ſix Times, . 


the Experiment of _ deſcent of Doves in Vacuo, when the A is but Deſcent of _ 

once exhauſted. 7 | Au „ a amanþgp 
A large Vaſe of Glass adjuſted 1 10 a a Receiver, 1 — diſpoſed for deprix- dr pound 96 

ing Fiſhes in Water of Ar. ; 


A large Globe of Glaſs, joined- 10 a Rectiver by a Neck, to which . 


is adapted a Stop-Cock, for making Experiments on the Vapours in ſhewing that 


the Air. 2d. Two Vaſes of Compariſon damen for « common Baſe a the Air isfil- 


ſmall Receiver, for ſimilar Uſes. Jed with Va- 


A Receiber, to which are adapted ewo: Barometers, one of Mercury 8 


1 5 and the other of coloured Water. 


Two large Receivers with a hollow Button at Top. EY Two "SE 
ceivers of à middle Size. 3d. Four ſmall Receivers. 4th. A Machine 
ry commodious for ſealing up Vaſes hermetically, c. wi 
ix ſmall-truncated Barometers of different Lengths, KR exch Experi- 


on a ſmall Baſe, to which a Scale is adapted. 2d. Six ſmall gage Tubes, ments for 


aſcertainin 


for compreſſed and rarified Air. 5 


Theſe Gage Infiruments are mive- commodious for DN tas 20) binders e 


made, and it is well known of what Importance it is in making Experiments, ren = 7 
to be aſſured of 'the' Degree of Re radius, or of the Cunden ſation 4 2 my | 
the Air. 38 ca 


A Receiver for making Expetinibints-on burns or infecded Air. E T 464 
Two large Copper Hemilpheres, to one of which | is ee en a Ring, ments on 


burnt and X 


and to the other a Stop - Cock. feected Air. 


A Fountain Bottle, and a Vaſe to place it in, with ſeveral. ſpouting 


Pipes, which are ſucceſſively adjuſted on it. 


A ſmall Receiver for applying the Hand to. the Alt- Pump. Fuser 
A Receiver of very thick Glaſs for burſting a Bladder. "  m__ . 


A Supporter, and a ſmall Wan of Glas to 71 Eggs under a es ring of 


ceiver of the Air- Pump. the Air and 


A ſmall Receiver with A harp edged Brim, to cut an Apple, or 66 ca 
A large Glaſs Tube, at the Top of which is adjuſted, a Wooden Vaſe 
for proving the Poroſoty of Vegetables. 
in Tube of Cryſtal whoſe Bottom is of Leather, covered with Mer- 
„ to ſhew that animal Subſtances are porous. | 
Bladder ſuſpended in a Reciver. 2d. A Bladder - in a cylindrical 


5 Vaſe of Metal charged with a great Weight. | 


A Machine for compreſiing Air. +4 


'P H 1810 al W O RL Ns C ii 
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7 his Machine is of ſufficient Strength to remove 1 1 n 
| Danger, and is ſufficiently large to place all ſuch Bodies with which Expe- 
riments are made by the Means of an Air-Pump ;' it is conſtructed in 72 . | 
a Manner, that what paſſes within, may eaſily be perceived, and the: Air is © "0 
coompreſſed with: great Eaſe by Means of a Lever which Parke! abe. oh _ 7 a Za 
| the Pump in Attion. __. | 
xperic A ſmall forcing Pump with Valyes for compreſſing Air" in certain = 


ments for 
ſhewing the Experiments. 


Preſſureof A Glaſs Vaſe prepared for tmprating Air on Liquors | 
_ From, A Fountain of Compreſſion of Copper. 

A Tube which contains Water without Air. 

A Kind of round Bellows, furniſhed with a long Tube for beine 
ale: powerful Efforts of Fluids. 

Iwo Hemiſpheres of Copper for the Machine ol Compreſſion. A . 

An Air-Gun. 10 4% 

This Air-Gun is. furniſhed with a . ng Gurings in thi Butt, 44 is 
charged with Balls by a Receiver which contains 10. They may eaſily be 
taken out without letting the Air eſcape. At each Shot anly one goes off and, 
one Charge of Air is ufficient for them all, and the laſt en. an O 

Plant half an Inch thick. i | 
1. 2A Model of. a Bellows, - in which the Air i is "Excite, by. the PLA Pers 
J Motion of ſeveral Vans. 2d. A Model of a Bellows whoſe Eſſect * 


pends on a Fall of Water. 
1 A Glaſs Bell ſu (pended, with a ſmall Hammer put in Motion by a J | 


ts f. 

rainy Screw, adapted for Experiments on Sound. . 
the Theow A ſmall Bell mounted on Clock-Work, with a Tricker, for Experi- 
.of Sounds. ments on Sound in Vacuo. | 


« An accouſtique | T ube of a parabolic Figure. 2d. A Speaking-Tru rum T 


55 A graduated Monochord. ad. Glaſſes of ſeveral Tones, oh 
A large Column which imitates the Noiſe of Rain and Hail. | 
Glaſs Tears, with ſome Inſtruments necellary for the Experiments 
to which they are applied. | 1 
Capillary Tubes of different 86 and Lengths. 
FouRTRH CLass. 1 
| Machines for making Experiments on Fire. 
OT 
ments for A Lone Ws for ſhewing the ordinary Operations of Chimiſtry. 
x ones, Lav With this Machine Diſtillations are performed in Balneo Maris | in 5 
O Chimiſ. the Sand Bath, with the Cucurbit and with the Retort. ral ot” pints 
90 An Aſſortment of Veſſels of Glaſs for the Lamp Furnace, 
1 | A Table of an Enameller with a Bellows and Lamp ; lern of Ena- * 
. mely and Tools, requiſite for this Art, 


* 2 


ä 
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else planes which turn round by the Action of two lighted Can- 
"© Second, a Lantern: which turns round. | 
Several Fluids which ferment with Heat and Sulit; Second the Experi- 


- TY W . Fluids which ferment without Heat. T hird, ſeveral Fluids which 8 


duced by the Fall 


fermenting, burſt into Flame, and the Vaſes nEeſlary' for thoſe Ex- tion, 
menten 3 


Talaue Sebesss, and Inſtruments, neceſſary for performing Ex- | 
periments on them. 85 
Burning Powders. 2d. Powder for accelerating the Fuſion of Me- jive e 


A tals. Third, ſeveral Diſolvents of Metals. 5 the Diſſoluti 


The Urinous Phoſphorus. 2d. Urinous Phoſphorus difolved | in di * 


ferent Kinds of Oils. 3d. Luminous Calcinations. 


A Glaſs Veſſel, by which may be exhibited a Shower of Fire, pro- | 
8 Mercury in Vacuo.  ' | 

| Papi s Digeſter. : 
A large Copper Folipile with a long Neck, to which is ALS M 


accurate Stop-Cock, which ſerves for condenſing Air in Vaſes, when 
: er is Reaſon to apprehend that the Moiſture of other Air introduced Expork- - $: 


hurt the Experiment. 2d. A ſmaller olipile for ordinary Uſes. Wente for 


ä — 


34. An Zolipile for forming a Fountain of Fire, with the Spirit of the Effects 
ine. Ath. An Jolipits mans on a mie which recoils during of Fire- arm: 


E Experiment. "A rate. 
'A ſmall recoiling Cannon for explaining the Nature of Rockets, 
fr Firrn: CLagss,. + | 
- Machines for making Ee on Light and Colours 
5 bows Caſe, the Sides of which are of Glaſs adapted for the Ex- 
3 on RefraQtion. — | 


In the tuo leſſer Sides of this Caſe are dla Sat concave Fae” convex Sur- loftrating 
aces. It can be raiſed; lowered, or turned round on its Pedeſtal, and is the Theory. 


fareifbed with a Gawd. which in aſs of Neceſſi 'y, ſupplies the Place of the of Refracti.- 
Foe of the Sun. 


2 on of. Lebt. 
A triangular Box * Glaſs, whoſe Sides form vith beak other decent 2 


| e mounted on a graduated Circle, with an Index for determining 
the Angles of Refraction. 5 


Two Priſms of ſolid Cryſtal. 2d. A large ſolid priſm mounted on 2 K 


8 pedeſtal, ſo: that it can be raiſed, lowered, inclined, and turned round ments for 


its Axis. 3d. A Priſm ſimilar to the former, mounted vertically on a illuſtrating 
the Theory 


Pedeſtal, ſo that it can be raiſed, lowered, and turned round its Axis. of Colours. 
4th. A Right-angled triangular Priſm. 5th. A large triangular Priſm of br. 


s Rock Cryſtal mounted on a graduated Circle, with an Index. 


A large folding Table with its Appendages, adapted for making Ex- . | 
periments on Light. 
Six F rames covered with waxed Cloth, for rendering a Room per- 


1? R 


Experi- 

ments for 

ſhewing the 

different 

Reſrangibi- 

lity of t e 
| re of 


| 1 
ments for 
illuſtrating 


ant 2 - : 
- 2. a 4 . — - FR 5-4, - 
n . — — . . UG IDIE LI gi. "7 2 EPA —— os ACE: : 
— — c ——pe—_——_———e twat pon) ; FS we n N * 8 . . W 6 
” : . 1 7 E 1 = 8 3 2 . . : r . » 
- I * DB 
* _ * 1 p - 4 = 
” # * 7 / 
. : : q , » þ 
. - 7 , F b ; 5 Be 
4 " { . > 
. k 7 4 
6& 2 x > 
F * > 4 pe 
— , 7 4 
T * 


. 
10 ns 1-Day ah . 9 


ied BS, 


Viſion. 


ments for 
illuſtratin 


flection of 
Light. 


| and ſhorted, and on v 


the Laws of 
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 feQly dark, with a Tablet and Circles of Metal for opening Paſſages 
to the Rays of the Sun, of different Magnitudes and Figures. 


A plain Mirror of Metal mounted on a Stem which can be lengthened 


ened Room. 2d. A Mirror of Glaſs mounted as the former, and ſor | 


the ſame Uſes. 


Four Glaſſes 8 Jifferent Colours, i in | Tortoiſe Shell. 2d. 


Four Mirrors of Glaſs mounted in the ſame” Manner. 


A large Glaſs Lens of fix Feet Focus Length, mennted en a a pe- 


deſtal whoſe Stem can be lengthed or ſhortened,” 2d. A Glaſs Lens of 5 


a ſhorter Focus mounted, ſo that it can be raiſed, lowered or inclined. 
A Frame, in which is. adjuſted a Glaſs Lens between 'two vertical 


Planes, for ſhewing that ſome Rays of Light a in a ſhorter Tous 


than others. 


| This Machine is fo contrived, that the Ae may Be made upon 
a Ray ſeparately, and may be adjuſted to the Motion of the Sun. 


large concave Glaſs mounted. 2d. A large multilateral Glaſs 
mounted. 3d. 'T'wo Polyhedrons of very pure Glaſs. Ach Two con- 


cave Mirrors of Glaſs. 
A very large convex Glaſs, compoſed of two ed Glafſes mounted 


on a Pedeſtal, for making Experian on the Refraction of Light 
through different Fluids. 


A large vertical Plane for receiving the dn of the Sun when it has 
paſſed through the Priſm. 2d. A ſmaller Plane, to which is adapted, 
an excentric Circle for making the Rays of Light of different Colours, - 
paſs ſucceſſively. 55 

A Cloth ſix Feet ſquare ſpread on a Frame, which can bs: raiſed 


| and lowered for receiving the Images produced by the Magic Lanthorn, | 


and the Camera Obſcura. 
An artificial Eye with Spectacles for different b Cob hewing how 
the Defe&s of Sight are remedied by the Help of Glaſſes * 
A Cornea of an Inſe& adapted to a ſmall Microſcope for ſhewing that 
the Eyes of thoſe Animals, for the moſt. Part, are Multipliers. 's 
An Aſſortment of Fluids for Experiments o on the Colours which re- 
ſult from their Mixture. | 55 
Inviſible Ink, the Writing of which appears and diſappears ſeveral 


Times, when heated at the Fire. 2d. Sympathetic Ink. 


A large Mirror of Metal, concave on one Side, and convex on the 
other, mounted on a Pedeſtal. Two convex Mirrors of Paſte- board ſilver- 


the Dogrine ed over, with their Appendages, for ſome catoptrical Experiments. 
of the Re- 


A cylindrical Mirror of Metal, with thirty Anamorphoſes. | ad. A 
conic Mirror of Metal, with fix Anamorphoſes, A EY Mirror 
of . with four nne, | 


| uch the Mirror can be raiſed, lowered, inclined, 
and turned round, for introducing the Rays of the Sun into a dark- 


— 


8 


| 4 the multilateral Glaſs, for dioptrical Anamorphoſes. 


5 Magic Lantern enlightened by a Lamp and a concave Wien, e . 
Alitbougb this Machine is become very common, it is not however” deſpix the The 
cable; the moſt eminent Philoſophers of the preſent Age, have not thou tit off 3 7 


tions of it. ' The above mentioned one, preſents a Sight ſo mueb the more ſeruments, 
agreeable, as the Objects appear animated, and are perfectly well nl Fav the Magic- 
able, 


| and other Gonveniencies for deſigning. © nne ſcura, reflect 


at Right-angles to the Tube. 2d. A Newtonian ——_— with which leſcopes, Mi 

leſcope two Feet long, which magnifies the QbjeQs 300 Times. 4th. An 

ad. A larger Microſcope, with a greater Number of and 
| Lenſes for increaſing or leſſening its e e e 3d. A Micro- 
of its Cheſt contains every Viliagdevelliey for the different Obſervations 


- And other|Operations where the Microſcope is not commodious. 
8 bets of Bodies, l in e Ser 11 Glaſs, rn a an 


* br . '# Eng „ST Or As. 


| whirling Machine. 1 Sir] mana borer rh mounted on „ Hin, 


oy is and Frogs of Enamel. 3d. A Box filled with ſmall Ends of Iron 


PHYSICAL WORLD. „ 
75 all thoſe Mirrors is adapted a Machine for regulating the Point of Mew. 
A PiQuure, commonly called the magical one, on account of the Effect 


A Magic Lantern, enlightened by the Rays of the Ban ad. A Experi 


unworthy of a Place among their Machines, and have given ample Deſerip- 1p- optical In- 


A Camera Obſcura of a new Conſtruction, with a Stool and Camera Ob- 


A kind of Teleſcope for obſerving Objects whithi idiot: 3 ig Aung 7 — 


the Ohjects ate viewed ſideways, or in a Line which forms an acute 2 
Angle with the incident Rays of thoſe Objects. 3d. A catoptrical Te- 4 


Achromatic Teleſcope 12 Feet long. 
& portable Microſcrope, with the Inſtruments neceſſary: for obſerving. 


ſcope which has fix different Degrees of »magnifyin Power, with Mir- 
rors of Reflection and Lenſes for increaſing the Light; it is mounted ſo 
that it can be moved in all Directions with great aſe, and has a Ma- 
chine of a new Contrivance for fixing it at its true Point. The Drawer 


to hichãt may be applied. 
A double Lens mounked in Tortoiſe Shell for Obſerontions on- Infedts, 


An Apparatus for making Experiments on the Tranſparency aud Opi- 
<&.iqilerier Deities, 


180 wars Machinesfor making magnetic and eQrical k Beperiment. , 8 
ö | 
Aiſmall Table one Foot long, and eiglit Inches road 4 65 | 
A Magnet/cut, but not mounted. 2d. A Magnet cut 184 | fübpegded Experi- 
| * 
in a little Boat of Ebony. 3d. A Magnet mounted and adjuſted to a mente on 


* 


e 11 H. Ly 3 5 


A Box filled with the Fileings af ram: 20 A Beſon with little 


280 Braſs Wire. Ath. A Box filed with ſmall Iron Rings. '$th.' A Box 
containing ſeveral Iron Balls, and ſome Cylanders of the ſame Metal. 


: 5 


exLVl 


| sv S 1 E M OF TRE . 
Two large magnetic Needles of poliſhed lron, placed one at wwe Top | 


of the other, and mounted on a ene 2d. A Dipping-Needle 5 | 
| mounted on a Pedeſtal. | 


A ſquare Rod of poliſhed e two > Feet agd a half loa, 2d. A dend 7 


-n Rod of poliſhed Iron two Feet long. 3d. Al thin Plate of polifhey! Iron 
.. eighteen Inches long. Ath. A Stand of varniſhed WOOd. 


A. Braſs Circle FED] 5 Pivots, for Were 4 twelve ſmall Steel 


£ 31 . 
1 
1 Needles. e 1 20 can 


A Glaſs Vaſe mounted on aPedefial for placing a magnetic Needle in 
Water: | 


A Machine \ which "SHOES for trying the Bones of a Magnet. | 
A Dial Compaſs. 2d. A truncated Compaſs for — [the 


5 nd Meridian of a Place, &c. 3d. A Sea Compaſs, en _— Needles of 
different Sizes adapted for magnetic Experimente. 


A large Tube of Cryſtal. ad. Two ſmaller ones and not ſo thick. 
3d. A large Glaſs Tube very thick, two Feet long. Ath. A Glaſs Tube 


three Feet and a half long, with a nen to be . 27g to the Air- 


Pump. 


A thick ſquare Rod of. poliſhed Glaſs about eighteen Inches [long 7 


| 2d. A round ſolid Rod of Cryſtal. 


A large Globe of Cryſtal lined to a whirling Machine: WY 54 


| Globe. of Cryſtal, the Inſide.of which is laid over with Sealing-Wax, 5 
to which is adapted a Stop-Cock to be applied to the are 74 and 


afterwards to a whirling Machine. $943 
A large Stand, whoſe Tablet 1s made of Bro. + 2d. A Glaſs 


| Stand fourteen Inches high. 3d. A Stand of Cryſtal of a different Form 


from the preceding one, for erging ke Fluide and Bodies of a daun 
Figu An? 145 Ant rei ir | 
F 4 Stick of ee e one FRY Dianicter end one Foot'long. . 20. 
A Tube of Sealing-Wax of the ſame Diameter and Length as the Stick. 

A Stick of Sulphur one Inch Diameter, and eighteen Inches long. 
2d. A Globe of Sulphur three Inches Diameter. 3d. A Cone of Sulphur 
covered with a Vaſe of Cryſtal of the ſame Figure. 4th. A Cone of 
Sealing-Wax covered as the former. chen A ſmall Globe of Amber 


| and another of Gum. 


Six ſmall Cups of Ivory. ad. A {mall poliſhed: Copper Pyramid for 


making Experiments on the, Communication of Electricity. 


A Suſpenſory garniſhed with Ribbands of different Colours. ad. A 
Suſpenſory garniſhed with ſilk Twiſt for communicating Electricity to 
living Bodies. 3d. Thread Twiſt, with A eg Ball, for communi- 
cating Electricity a/ great Way off. : Mi ei e A 


424 


A Cake of Roſin and Ares weighing cight Pounds,» A Cake of Rofin 
weighing Res Pounds; | liam de tedligach ic. oem? 4 | aid 


"x 


X s 
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1 1 Box containing ſix Rackets of Gauſe of different Colours. ad. A the Trang. 
Box containing Plates of different Metals, Wood, Paſte · board and Glaſs. e 2. 


Vacuo, to which is adapted a Stop- cock to be applied to the Airs pump. | 


the other with Leaf-Silver, for ſhewing the Dudility of thoſe Metals. 


| pendages for ſhewin #2 the different Motions of the Planets, and dhe illuſtrating - 
| 


the Motions and Reſations of the Sun, the Earth and the Moon. eon ary Pla · 
 awbich it is faſtened. 


| conſtructed on the lateſt Obſeryations, coloured and varniſhed, mounted 


one according to the Ptolemaic, the other according to the Copernicaann 


1 . PHYSICAL, W eiii l e 
A Pallet of Paſte-board covered with Gauſe, and garniſhed with. Gold. Ate 


. 


eaf, Balls of Cotton and the Down of Feathers. 224 25 
A Receiver without a Bottom for the Experiments of Tranſmiſſion. :: ments on. 


A Glaſs garniſhed with a Circle of Metal, for containing Water. = 
A Bar of Iron one Inch ſquare and three Feet. long. | 
A ſmall Globe of Chriſtal mounted ſo that it can be rüber n 


A compleat Aſſortment of every Thing necellary for electrical Experi- 
ments, either in Air or in Vaud. | 

Plates of Braſs, Part of which bigs, been beat cold, the becher when, 
tempered i in, Fire. by 

A large Paſte-board covered on one WF bg 6? Gold, and on 


A Metal compoſed of Iron and Antimony,, the Filings of which burſt - 26 /46etf ri 
into Flame b Friction of the File, 2d, Soundin Lead. 3d. An, 
Amalgama of n 00 Mercury, for colouring, FG e hade of of Glaſs- 1 14 Fol 
bbs I ar PU e A eee i e bor 
5 wh | 0 wo S G R 1 

9 10 5 10 Machines of Coſmography. 9485 

VII. . 1 

A large Planetarium five Feet and a Half Yamin: "9% all its Ap- yp: 


Relations of the cele ial Bodies with the Earth. bo 2 — g 
0 e pri- 


A Box containing the Pieces neceſſary for a 1 es what concerns, Abd. 
This Box, only ſuppeſes a. Table froe Feet Diameter, in the l liddle » of nets. 
Two Globes, one celeſtial and the N 85 A e one Foot ee / 


on four pillared Pedeſtals, with Me ang. Horizons, of a particular . 
Kind of Paſte-board. | 
Two Armillary. Spheres, of che ſame Diameter as the Globes, the 


Syſtem, coloured and varniſhed, mounted on Pedeſtals of Ebony. 
A ſmall tereſtrial Globe, three Inches and a half Diameter, coloured „ 
and varniſhed, with a Meridian and Quadrant of Altitude. Ar | 
Two Globes, one tereſtrial and the other celeſtial, 18 Inches JA | 
ter, coloured and varniſhed, mounted on pillared Pedeſtals, with Meri- 
dians, horary Circles, Compaſſes of Braſs, engraved and poliſhed, - 
The ſame Globes varniſhed and Poliſhed, with Meridians, horary. | 
Circles, Braſs Compaſſes, mounted on a e Fe of a new Con- 40 5 
ſtruction. | | 


e ee e eee eee 
y at 348 - «ea etc 3 46 


XII SYSTEM o THE 
Experi- 


ments for - * The celeſtial Glebe is of an azure blue. 


illuſtrating 


The Figures of the Cinftetl- 
tions are perceived as Shades, the principal Circles of the & phere are mark- 


| the = ne ed in Silver, as alſo on the tereſirial Globe; the Stars are raiſed in Gold, 


Sphere. each in their proper Size, ſo that at one 2 few, the natural tate of 't the 
5 43. HDieadent is percerved' without Confuſion, t 


Two large Planifpheres, mounted on yy Frame with Cold Sta, and 
garniſhed with Meridians and Horizons. 


= A white Globe one Foot Diameter, mounted on a Stand; with rene. 
a - Inſtruments belonging to it. 


A new Dial, which ſerves for tracing the Meridian of a Place. 

An aſtronomical Quadrant two Feet Radius, with two Diviſions * 
Nomus; a moveable and immoveable Telefcope, and an exterior Micro- 
meter. 2d. An aſtronomical mural Quadrant four Feet Radius. 
= | A Sextant four Feet Radius. 2d. A Sextant one Foot Radius for 
Obſervati- taking correſponding Altitudes. | 
2 3 A Quadrant two Feet and a half Radius, with a Tranſor and double 
aſtronomical Joint, for meafuring Angles on Land. 


3 A meridian Teleſcope or a paſſage Inſtrument, ſouk Feet 1080, 
— o and its Axis two Feet. 2d. A parallatic Teleſcope with its Axis, which 
Sextant, the ſerves for following the Parallel of a Star. 3d. An equatorial Teleſcope: 


- — 5 
— — 1 Er” 
. 
had _— 
ates") : 


r moveable by the Means of ſeveral graduated Circles, with its objective 


Par nie te. Micrometer. 4th. A Teleſcope moveable on an Axis, with an horizon-- 
me, © tal and vertical Circle graduated, and an Helioſcope. 


"A Micrometer, to be applied to a moveable, Teleſcope for meaſuring | 
the Diameters, the Differences of the right Aſcenſions and Declinations. 
of the celeſtial Bodies. ad. A Micrometer to be applied to an aſtrono- 

64230 mical Quadrant. 3d. An achromatic Micrometer. 


An Oftant 18 Inches Radius, for obſerving the Altitudes and Diſtances: | 
of the Moon from the Stars on Sea. 


A Clock adapted for aſtronomical Obſervations, whoſe Pendulum is 
ſo compoſed as to correct the Dilatation to which Metals are liable. 2d. 
A Teleſcope contacted by a Clock for deſigning the Spots of the Mori, be. 
5 Elo HTH CLAss. | 
| 88 Machines of Meteorolo gg. 
Meteorolo- n arte t en conſtructed on the . of Reaumur. ad. 
33 A Thermometer conſtructed on the fame Principles mounted to accom- 


pany a Barometer. 3d. A Thermometer, conſtructed on hey ſame Prin- TY 
ciples, to be expoſed in open Air. 


A portable Thermometer one Foot long, conſtru&ed on the U 
Principles. 2d. A pottable Thermometer contrived ſo as to be plunged 
into Fluids, in order to determine their Degree of Heat or Cold, 3d. 


3 
A Thermometer conſtructed with Mercury, og Experiments where the 
Heat exceeds that of boiling Water. 


— 


A 
' 7 5 < IT -..# 


* 


© by the Form of the 


| been bitherts liable is removed, the Degree of Heat is eaſily regulated, and Metals... 
. to ſpoil the Poliſh or the N otign of the Pieces. 
| 0 7 75 the 08 with the Time during e it FPRUNPSs.. „ | 


PHYSICAL” WORLD Rl 
The Thermametet of ren 2. A Thermometer of Air with Mer- obſer. 


cur zd. A Thermometer of Air, with coloured Liquor. . 2d A 
kind of Pyramid, garniſhed with ſeveral Thermometers of Water, Denſity of 
Oil, Spirit of Wine, ſalt Water, Mercury, for mne wing the Dilatability we at b 
53 miniſhed ei- 
of each of thoſe Fluids. ther by the 

A large Thermometer filled with pron; Water, for ſhewing the Expanſion | 
Dilatability of Glaſs. 2 by 


A double Barometer. 2d. T he Barometer of bana. 3d. A Ba- Cauſes 
rometer bent in its upper Part. \ KT wikich, dimi- 

Thoſe three Machines ſerve for ewing the Means employed for render- We 4 
ing the Variation in the ah 755 Spring of the Air more ſenſib ble. ER: 

The Barometer ſhortened, e een of the, two Columns. of 


Obſervatis 


Mercury to one Column of 2d. The Barometer ſhortened, by a A 


Remainder of Air in the upper Park 3d. The Barometer of Amonton. ing when 
Thoſe Machines, ſerve for ſhewing the Methads employed for. rendering d the el 


the Barometer portable. of he the Air is 

The ſimple and luminous Barometer mounted, to accompany the by 55 

9 Sens conſtructed on the Principles of Reaumur. _ ſes which di- 
miniſh 3 its 


is Barometer Ved fon the e ones 1. the Manner i 170 1 Weighe. 


A4 


, 
The ſame Barometer . IT in 7 y Diiedion, 0 or in any Aid 


5 of Carriage. 2d. The ſame Barometer rendered portable in a walking Cane. 


This Barometer has this Advantage, that the inferior Surface of the” 


| Mercury is ſeen, which. is ell known to. be of Ule 


A Dial rde very ſenſible, 2d. An Hygrometer of another 


ConfiruQion. 5 | 
Ie Pyrometer, or Machine for meaſuring the Action of Fire on Bo- Experi 
5 dies, whoſe Dilatation is not immediately perceived. ks 


In the Conſtruction of this Machine, every Imper feftion: ta which it he Dilatation of: 


every Precaution 1 has been taken to binder the Duſi , the Humidity 


An Anemometer, or Machine for diſcovering. the DireAion and Ve- * 


6 Conciuson: © 
Buch! is the - Plan of the Collection of Machines which the TO and 
Gentry of the Kingdom of Ireland have purchaſed, and whoſe Conſtructi- 
on and Application to Experimental Inquirtes, they have ordered to be de- 
ſcribed, "PP publiſhed; for the Uſe of the Mathematical School eftahliſh- 


ed under their immediate ee, Kaak to Jnr une 


of the 4th bay 3768. 
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PLAN of the Syſtem of the Moral World,  _ 


e Servare modum, finemgue tuerly, , © 
erat FJ 1 Naturamque ſequi, patrieque impendere vitam, . 
e Nen ib ed toti genitum ſe credere mund... 


1 


. 1 


EN in the State of Nature, being apt to allow no other Rule 
for determining the Difference which. might ariſe among them, 
but what is common to the brute Creation, namely, ſuperior Strength. 
The Eſtabliſhment of civil, Society ſhould; be conſidered as a Com- 
Pact againſt Tnjuſtice and Violence, a Compact intended to form a 
Kind of Balance between the different Parts of Mankind; but the TE 
© © moral Equilibrium, like the phiſical one, is rarely perfect and durable. | 
on ON Intereſt, Neceſſity, and Pleaſure, brought Men together, but the ſame 
u oeleh. Motives induce them continually to uſe. their Endeavours to enjoy the 
Advantages of Society, e the Charges neceſfary to its 
Support: and in this Senſe, Men, as ſoon as they enter into Society, 
may be ſaid to be in a State of War; Laws are the Ties, more or leſs 
_ efficacious, intended to ſuſpend their Hoſtilities, but the prodigious 
Extent of the Globe, the Differerence in the Nature of the Regions 
of the Earth and its Inhabitants, not allowing Mankind to live under 
one and the ſame Government, it was natural that Men ſhould divide 
| | themſelves into a certain Number of States, diſtinguiſhed by the dif- 
: | ferent Syſtems of Laws which they are bound to obey. © Had all Man- 
kind united under one Government, they would have formed a Nac 
The 


© Bagy, extended. without Vigour on the, Sarace of the Barth, 
different States are ſo many ſtrong and active Bodies, which lending 


each other mutual Aſſiſtance, form but one, and whoſe reciprocal Action 
ſupports the Life and Motion of the Whole. 5 
111311 e e 9: 4 4. Io 8 nn? 


The diffe- All the States with which we are acquainted, partake of three Forms 

ent Forms ; RON} FT PIITK HA RAT. SP TITAN 
of Govern- Of Government, viz. the Republican, Monarchical, and Deſpotie. In 
ment in the ſome Places Monarchy inclines to Deſpotiſm, in others the Monarchical. 

World. is combined with the Republican, &c. 'Thoſe three Species of Govern- 

ment are ſo entirely diſtinQ, that properly ſpeaking, they have nothing 
in common: We ſhould therefore form of thoſe three, ſo many 
diſtin& Claſſes, and endeavour to inveſtigate the Laws peculiar to each 

it will be eaſy afterwards to modify thoſe Laws in their Application to 
any Government whatſoever, in proportion as they relate more or Jefs 

1 ; Winne ot 1h 52 


to thoſe different Forms. % OR IL TO 
In the different States, the Laws ſhould be conformable to their Na- 


ture, that is, to what conſtitutes them, and to their Principle, or to 


wy 
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WED "MORAL WORLD: 1 
that wich ſupports and gives them Vigour. The Law relative to the 
Nature. of Democracy is firſt explained; it is ſhewn how the People in 
ſome reſpects are Monarchs, and in other Subjects; how they elect and 
judge their Magiſtrates, - and how their Magiſtrates decide in certain 
_ Caſes, Fe. Then the Laws relative to the Nature of Monarchies are 
unfolded; the Degrees of delegated Power and intermediate Ranks 
that intervene between the Monarch and the Subject, the Duties of the 
Body to be appointed, the Guardian of the Laws to mediate between 
the Prince and the Subject are properly ſettled: In fine; it is proved, 
that the Nature of Deſpotiſm requires, that the Tyrant ſhould exert his 
Authority, either in his on Perſon, or by ſome: other who! repreſents 
him; afterwards the Principles of the three Forms of Governments'is 
pointed out; it is proved, that the Principle of Democracy is the Love 
of Equality, whereby is meant, | | 
4 0 chimerical Equality, but that happy Equilibrium which renders 
all its Members equally ſubject to the Laws, and equally intereſted in 
their Support: That in Monarchies, where a ſingle Perſon is the Dif 
pencer of Diſtinctions and Rewards; the Principle is Honour,” to wit 
Ambition and the Love of Eſteem; and in Deſpotiſm, Fear. The 
more vigirouſly thoſe Principles operate, the 8 the Stability of the 
Government zl and the more they are relaxed ànd corrupted, the more it 
inclines to Deſtruction. ; 1 x he. 2 
The Syſtem of Education, ſuitable to each Form of Government, 


follows: It is proved, that they ought. to be conformable to the PrinciC:. 


ple of each Government: That in Monarchies, the principal Object 
of Education ſnhould be the Art of pleaſing; as productive of Refine- 
ment of Taſte; Urbanity of Manners, an Addreſs that is natural, and 
yet engaging, whereby Civil» Commerce is rendered eaſy and flowing. 
In deſpotic States, the principal Object ſnould be to inſpire Ferror and 
implicit Obedience; in Republics all the Powers of Education are re- 
quired; every noble Sentiment ſhould be carefully inſtilled; Magnani 
mity, Equity, Temperance, Humanity, Fortitude, a noble Diſintereſt- 
edneſs, from whence! ariſes the Love of our Countt yer 


y is mèant, not an abſolute, rigorous, and iconſe- 
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al OO gy STEM Or THE = 
1+ More civil Laws and Tribunals are required, which are accurately. de- 


ſcribed; that in temperate Governments, whether Monarchical or Re- 

publican, criminal Laws cannot be attended with too many Formalities; 

that the Puniſhments ſhould not only be proportioned to the Crime, but 

as moderate as poſſible; that the Idea annexed to the Puniſhment, fre- 

. quently will operate more powerfully than its Intenſity; that in Repub- 

| licks, the Judgment ſhould be conformable to the Law, becauſe no In- 

dividual has a Right to alter it; in Monarchies, the Clemency of the 

Sovereign may abate its Rigour; but the Crimes ſhould be always judg- 

ed by Magiſtrates appointed to take Cognizance of them. In fine, 

1 * it is prineipally in Demooracies, that the Laws ſhould be ſevere 

5 aſt Luxury, Diſſoluteneſs of Manners, and the Seduction ot the Sex. 

gage. The Advantages peculiar to each Government, 1 is, in fine, enume- 

Dach . Wld ; it is proved, that the Republican is better ſuited to ſmall States, 

of Govern- the Monarchical to great Empires; that Republicks are more ſubject to 

ment. Exceſſes, Monarchies to Abuſes; that in Republicks the Laws are exe- 

cuted with more Deliberation, in Monarchies with more Expedition. 

As to deſpotic Governments, to point out the Means neceſſary for its 

Support, is in effect to ſap its Foundation ; the Perfection of this G- 

vernment is its Ruin; and the exact Syſtem of Deſpotiſm is at on 
the ſevereſt Satire, and the moſt formidable Scourge of e 3008 


III. ror {ovens 


Liberty is | The general Law of all Governments, at leaſt temperate. ones, and 
the Preroga conſequently juſt, is political Liberty; the full Enjoyment of which 


tive of every ſhould be ſeeured to each Individual: This Liberty is not the abſurd 


temperate 


Govem- Licence of doing whatever one pleaſes, but the Privilege of doing 


ment. Whatever is permitted or authoriſed by Law; it may be conſidered ei- 


is not to be ther as it relates to the Conſtitution or to the Individual. It is ſhewn, 
confounded that in the Conſtitution of every State, there are two Powers, the 


may:  Legiflative and Executive, and that this latter has two Objects, the 


internal and external Policy; in the legal Diſtribution of thoſe different 


Conſidered Sorts of Power, conſiſts the greateſt Perfection of political Li 


© the Oan- with reſpect to the Conſtitution z- in Proof of Which are explained the 
ee Conſtitution of the Republic of Name, and that of Great. Nritain : It 
is ſhewn, that the Principle of the latter is founded on the fundamental 
Exiſtsprind Law of the ancient Germans; namely, that Affairs of (mall Conſequence 


Taf. in were determined by the Chiefs, and thoſe of Importance were referred 


Sand. to the General Aſfembly of che whole Nation, after being previouſly | 


examined by the Chiefs. Political Liberty conſidered, with reſpett to 
Conſidered Individuals, conſiſts in the Security which the LAW afford them, where- 


| lad ww by one Individual is not in Pread of another. It is ſhewn, that it Is 


principally by the Nature and Propartiod” of Puniſhments that *this 
Liberty is eſtablifned or e That — Beliong 
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berty; conſequently in Democracies they may be heavier than in other | 


overcharge the People with Taxes; a Means of enervating the State, 


Rag, 


© WORUL WOnLS* - . om 


5 ſhould be puniſhed by the Privation of the Advantages which Religion : 


drocures ; the Crimes againſt good Morals, by Infamy; Crimes againſt 
the public Tranquility, by Prifon or Exile; Crimes againſt private 
Security, by corporal Puniſhments: That Writings are leſs. criminal 


than Deeds; meer Thoughts are not puniſhable z Accuſation without 


a regular Proceſs, Spies, anonymous Letters; all thoſe Engines of 'Ty- | 


ranny, equally infamous with reſpect to the Inſtruments and the Em- 
ployers, ſhould be proſcribed in every good Government, that no Ac- 


cuſations ſhould be urged but in Face of the Law, which always pu- 
niſhes Guilt or Calumny: In every other Caſe, the Magiſtrate ſhould 


ſay, we ſhould abſolve 2 Suſpicion, the Man who wants an Accuſer, 


awithout wanting an Enemy. That it is an excellent Inſtitution to 
have public Officers appointed, who in the Name of the State inay pro- 


fecute Criminals: This will produce all the Advantages of Informers, 


without their Inconveniencies and Infamy. 


The Nature and Manner of impoſing and collecting Taxes is after- Liberty con- 
wards explained: It is proved, that they ſhould be proportioned to Li- fidered with 
reſpect we 

Governments, without being burthenſome ; becauſe each Individual Tas veg 


conſiders them as a Tribute he pays himſelf, and which ſecures the the public 
Tranquility and Fortune of each Member : - Beſides, in Democracies, REIN 
the Miſapplication of the public Revenues is more difficult, becauſe it 

is more eaſily diſcovered and puniſhed; each Individual having a- 

Right to call the Treaſurer to an Account. That in every Form of 
Government, thoſe Taxes that are laid on Merchandizes are leaſt bur- 
thenſome, becauſe the Conſumer pays without perceiving it : That the 


exceſſive Number of 'Troops in 'Time of Peace, is only a Pretext to Fort, | 
mentation 

. i Wag? of the Num- 
and an Inſtrument of Servitude. In fine, that the collecting of the ber of 


Duties and Taxes by Officers appointed for this Purpoſe, whereby Troops ener 


vates the 


the whole Product enters the public Treaſury, is by far leſs burthenſome State. 
to the People, and conſequently more advantageous than the farming 
out of the ſame Duties and Taxes, which always leaves in the Hands 


of a few private Perſons, a Part of the Revenues of the State, 
The Circumſtances independant of the Nature of the Form of Go- Particular 


vernment, which ſhould modify the Laws, ariſe principally from the Circumſtan-. 
Nature of the different Regions of the Earth, and the different Charac- ſbould modi- 
ters of the People which inhabit them. Thoſe ariſing from the Nature fy the dit. 


of the Regions of the Earth, are two-fold ; ſome regard the Climate, e 


others the Soil. No Body doubts but the Climate has an Influence on ment. 
the habitual Diſpoſition of Bodies, conſequently on the Characters, the 


Laws ſhould be therefore conformable to the Nature of the Climate in 
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TheClimate indifferent Matters, and on the contrary check its vicious Effects; 
produces the ad Enumeration of which is made, and the Laws for correcting how 
Difference 

in the Cha- explained, it is ſhewn, how in Countries where the Heat of the Climate 
rattersand inclines the People to Indolence, the Laws encourage them to La- 


* * bour; where the Uſe of Spirituous Liquors | is prejudicial, they are diff 


| couraged, Co. 
slavery is in- The Uſe of Slaves being authoriſed in the hot Countries of Aſia and 


OR America, and prohibited i in the temperate Climates of Europe, the La- 
Law of Na- fulneſs of civil Slavery is next enquired into; it is proved, that Men hav- 
ture and the ing no more Power over the Liberty than over the Lives of one another, 
* Slavery in general is inconſiſtent with the Law of Nature; that there 
has never been perhaps but one juſt Law in Favour of Slavery, viz. the 
Roman Law, whereby the Debtor was rendered the Slave. of the Credi- 
tor; the Limitation of this Servitude, both as to the Degree and as to 

the Time, is pointed out. That Slavery at the utmoſt can be tolerated 
Countries in deſpotic States, where free Men, too weak againſt the Government, 
where it m 7 ſeek ſor their own Advantage, to become the Slaves of thoſe who ty- 

be tolerate 
Body, and weakens the Spirits, that Men cannot be brought to undergo- 
painful Duties only by the Fear of Puniſhment. | 
6.6% From thence we paſs to the Conſideration of the domeſtic Ser- 
Domeſtic vitude of Women in certain Climates: It is ſhewn, that it ſhould 
883 take Place in thoſe Countries where they are in a State of cohabiting 
Climate. with Men before they are able to make Uſe of their Reaſon; mar- 
riagable by the Laws of the Climate, Infants by thoſe of Nature. That 
this SubjeCtion is ſtill more neceſſary in thoſe Countries where Poligamy. 
is eſtabliſhed, a Cuſtom in ſome Degree founded on the Nature of 
the Climate and the Ratio. of the Nunber of Women to that of 
Men; then the Nature of Repudiation and Divorce is examined, and it 
1s proved, that if once allowed, it ſhould be allowed in Favour of Women 
E as well as of Men. 

Political In fine, political Slavery i is treated of; it is proved, that the Climate 
Slavery. which has ſuch Influence in producing domeſtic and civil Servitude, has 
not leſs in reducing one People under the Obedience of another; that 
the Northern People having more Strength and Courage than thoſe of 


rannize over the State; or elſe in Climates where Heat ſo enervates the 


Southern Climates, the former are deſtined to preſerve, the latter to 


loſe their Liberty ; in Confirmation of which, the various Revolutions 

It Reigns which Europe, Aſia, &c. have undergone, is unfolded; the Cauſes of 
principally the Riſe and Fall of Empires is pointed out, particularly thoſe of the 
in hot Roman Empire; it is proved, that its Riſe was principally owing to the 
„Cove of Liberty, of Induſtry, and of Country; Principles inſtilled 
into the Minds of the People from their earlieſt Infancy ; to thoſe in- 


fine Diſſentions, which kept all their Powers 1 in Action, and which 


JJ... ² ˙ m np iter, Lats a 


A 
# 
== 
: 
i 
8 
+ Ba 
I 
95 te 
% 
FX 
wy & 
7 
18 
I, 
x 
| 
f 
f 


MORAL WORLD. 


ceaſed at the Approach of an Enemy; to their intrepid Conſtancy under 


Misfortunes, which made them never diſpair of the Republick ; to that 
Principle from which they never receded, of never concluding Peace 
until they were victorious; to the Inſtitution of Triumphs, which ani- 
mated their Generals with a noble Emulation; to the Protection they 
granted Rebels againſt their Sovereigns; to their wiſe Policy of leaving 
to the Vanquiſhed their Religion and their Cuſtoms ; in fine, to their 


Maxim of never engaging in War with two powerful Enemies at once, 
ſubmitting to every Inſult from one, until they had cruſhed the other. 


DCEV 
Enumerati- 
on : 
Cauſes of 
the Riſe and 
Fall of the 
Roman Em- 
pire. 


That its Fall was occaſioned by the too great Extent of the Empire, 


which changed the popular Tumults into civil Wars; by their Wars 
abroad, which forcing the Citizens to too long an Abſence, made them 
loſe inſenſibly the Republican Spirit; by the Corruption which the 
Luxury of Aſia introduced; by the Proſcriptions of Sylla, which de- 


baſed the Spirit of the Nation, and prepared it for Slavery; by the 


Neceſſity they were in of ſubmitting to a Maſter, when their Liberty 


became burthenſome to them; by the Neceſſity they were in of chang- 


ing their Maxims, in changing their Form of Government; by that 
Succeſſion of Monſters, who reigned almoſt without Interruption, from 
Tiberius to Nerva, and from Comodus to Conflantine; in fine, by the 


the Weſt, by the Power of the Barbarians ; and after having languiſhed 
many Ages in the Eaſt, under weak or vicious Emperors, inſenſibly ex- 


pired. : 


The Laws relative to the Nature of the Soil is next explained ; 
it is ſhewn, that Democracies are better ſuited than Monarchies to 
barren and mountainous Countries, which require all the Induſtry 


of their Inhabitants; that a People who till the Soil, require more 
| Laws than a Nation of Shepherds, and thoſe more than a People who 
live by Hunting; thoſe who know the Uſe of Coin, than thoſe who are 
ignorant of it. | | | 


The Laws relative to the Genius of the different People of the Earth 


at length is diſcloſed, ' and it is proved, that Vanity which mag- 


nifies Objects, is a good Reſort of Government; Pride, which depreſſes 
them, is a dangerous one; that the Legiſlator, in ſome meaſure, . ſhould 
reſpect Prejudices, Paſſions, and Abuſes; as the Laws ſhould not be the 
beſt, conſidered in themſelves, but with reſpe& the People for which 
they are made; for Example, a People of a gay Character require. eaſy 


| Tranſlation and Diviſion of the Empire, which was deſtroyed, firſt in 


The Influ- 
ence of the 
Nature of 
the Soil on 
the Laws. 


The Laws 
conſide 

with reſpect 
to the Geni- 
us of the In 
habitants of 
the Earth. 


{ 


Laws; thoſe of harſh Characters, more ſevere ones. The Manners and 


Cuſtoms are not to be changed — Laws, but by Recompences and Ex- 


amples: In fine, what the different Religions have, conformable or 


cContrary to the Genius and Situation of the People who profeſs them, 
is explained. | EY 
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The Relati- The different States conſidered with reſpect to each other, may yield 
US mutual Aſſiſtance, or cauſe mutual Injury. The Aſſiſtance they afford 
Forms of is Principally derived from Commerce, its Laws are therefore to be un- 
Govern- dug folded; it is proved, that though the Spirit of Commerce naturally pro- 
8 duces a Spirit of Intereſt, oppoſed to the Sublimity of moral Virtues, 

: yet it renders a People naturally juſt, and baniſhes Idleneſs and Rapine. 
nch com. That free Nations, who live under moderate Governments, ſhould ap- 
merce in- 8 to it more than thoſe who are enſlaved; that one Nation 
troduces. ould not exclude another from its Commerce without important Rea- 

„ ſons; that the Liberty however of Commerce does not conſiſt in allowv- 
1 ing Merchants to act as they pleaſe; a Faculty which would be very 
not to be often prejudicial to them, but in laying them under ſuch Reſtraints only, 
r as are neceſſary to promote Trade; that in Monarchies, the Nobility 
8 — ſhould not purſue it, much leſs the Prince: In fine, that there are Na- 
Trader. tions to whom Commerce is diſadvantageous; it is not thoſe who 
| want for nothing, but thoſe who are in want of every thing ; as Poland, 
Should be by whoſe Commerce the Peaſants are deprived of their Subſiſtence, to 
ANC. ſatisfy the Luxury of their Lords: The Revolutions which Commerce 

ODI- . . . 
lity in Mo- has undergone, is next diſplayed, and the Cauſe of the Impoveriſhment 
narchies. of Spain by the Diſcovery of America, pointed out: In fine, Coin be- 

ing the principal Inſtrument of Commerce, the Operations upon it are 
treated of, ſuch as Exchange, Payment of public Debts, & c. whoſe 

Laws and Limits are ſettled. 5 F e 
Population and the Number of Inhabitants being immediately con- 
nected with Commerce, and Marriages having for their Object Popu- 
lation, every Thing relative thereto is accurately explained; it is ſnewn, 
Marriage to that public Continence is what promotes Propagation; that in 
beencourag: Marriages, though the Conſent of Parents is with Reaſon required, yet 
be, it ſhould be ſubje& to Reſtrictions, as the Law ſhould be as favourable 
 ______ as poſſible to Marriage; that the Marriage of Mothers with their Sons, 


on account of the great Diſparity of the Ages of the Contractors, could 


Inceſtuous 


'  _ Marriages ſhould be prohibited; that the Marriage of the Father with the Daughter 


ms ha might have Propagation for Object, as the Virtue of engendering ceaſes 
2 a great deal later in Men, and has in conſequence been authoriſed in ſome 
Countries, as in Tartary; that as Nature of herſelf inclines to Marriage, 
the Form of Government muſt be defective, where it ſtands in Need of 
2 being encouraged; that Liberty, Security, moderate Taxes, the Proſcrip- 
moted. tion of Luxury, are the true Principles and Support of Population; 
; that Laws notwithſtanding may be made with Succeſs, for encouraging: 
Marriages, when, in ſpight of Corruption, the People are attached to 

their Country ; what Laws have been made to this Purpoſe, particularly 


as 


rarely have Propagation for Object, and conſidered even in this Light, _ 


e En Wu or A 


| Introduce and eſtabliſh Deſpotiſm ; that the great Principle of the Spirit of is not Slaye . 
Conqueſt ſhould be to render the Condition of the conquered People bet- ry but Con- 


Americans, whereby their Conqueſt was reduced to a vaſt Deſert, and 


_ Conqueſt, is to put the Vanquiſhed and Victors on a Level if poſſible, 
by granting them the ſame Rights and Privileges; how the Romans 
conducted themſelves in this Reſpect, is related; as alſo how Ceſar with 
' reſpe& to the Gauls. | | pot: 


Law common to each Individual; by the divine Law, which is that of ons, of the | 
Religion; by the eccleſiaſtical Law, which is that of the Policy different 
of Religion; by the civil Law, which is that of the Members of ©... 


MORAL WOR LD. : CLVn 
thoſe of Auguſtus, are unfolded ; that the Eſtabliſhment of Hoſpitals Hoſpitalsne- | 


may either favour or hurt Population, according to the Views in which ch Kats. 


they have been planned; that there ſhould be Hoſpitals in a State where 


the greateſt Part of the Citizens have no other Reſource than their In 
duſtry; but that the Aſſiſtance which thoſe Hoſpitals give ſhould be 2 | 


Eaſe, except thoſe who labour. ; | 
. To prevent the mutual Injuries which States may receive from each 
other, Defence and Attack are rendered neceſſary; it is ſnewn, that 


Republicks by their Nature being but ſmall States, cannot defend them- 

| ſelves but by Alliances ; but that it is with Republicks they ſhould be 
formed. That the defenſive Force of Monarchies conſiſts principally in 
having their Frontiers fortified. That States as well as Men, have a 


Right to attack each other for their own Preſervation, from whence is 
derived the Right of Conqueſt, the general Law of which is to do as 
little Hurt to the Vanquiſhed as poſſible. That Republicks can make 


leſs conſiderable Conqueſts than Monarchies; that immenſe Conqueſts The Objedts | 


of Conqueſt 


ter, which is fulfilling at once the natural Law and the Maxim of State, ſervation. 


how far the Spaniards receded from this Principle, in exterminating the 


they were forced to depopulate their Country, and weaken themſelves = 2% 
for ever, even by their Victory, is explained. That it may become 8 
neceſſary to change the Laws of a vanquiſhed People, but never their Means of pre 


Manners and Cuſtoms. That the moſt aſſured Means of preſerving a Conte. | 


Fl 


E 3 ! VI. | > ; | | : 
After having treated in particular of the different Species of Laws, be Laws 
there remains no more to be done, hut to compare them together, and from the 

to examine them, with reſpect to the Objects on which they are en- Nature, Cir- 


acted. Men are governed by different Kinds of Laws, by the natural 3 


Forms of YE ? 1 


the ſame Community; by the political Law, which is that of ment. 
the Government of the Community; by the Law of Nations, which 
is that of Communities conſidered with reſpe& to each other; each of 


thoſe have their diſtin& Objects, which are not to be confounded, nor 


CLN 


to exiſt in the Mind of the Legiſlator; but when they are aſſigned, they 


Coneluſion. 


— 
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— 


what belongs to one be regulated by the other; it is neceſſary that the 
Principles which preſcribe the Laws, reign alſo in the Manner of com- 
poſing them; the Spirit of Moderation ſhould as much as poſſible dire& 
all the Diſpoſitions: In fine, the Stile of the Laws, ſhould be ſimple 


and grave, it may diſpenſe with Motives, becauſe the Motive is ſuppoſed 
ſhould be founded on evident Principles. 

= | $25 5 VII' : . | | 
Such 1s the Plan of the Syſtem of the Moral World, where 'the In- 
habitants of this Earth are conſidered in their real State, and under all 
the Relations of which they are ſuſceptible; the moral Philoſopher 
without dwelling on mere ſpeculative and abſtract Truths, in pointing 


out the Duties of Man, and the Means of obliging him to diſcharge 


them, has leſs in View the metaphiſical Perfection of the Laws, than 


what human Nature will admit of; the Laws that are exiſting, than 


thoſe. which ſhould be eſtabliſhed ; and as a Citizen of the World con- 
fined to no Nation or Climate; he makes the Laws of a particular 


People leſs the Object of his Reſearch, than thoſe of all the People of 
the Univerſe. 8 f e 


PLAN of the Military Art, including the Inftruftions relative to 


Officers. 


Intenti expecſant Signum, exultantiaque haurit 
Corda pavor pulſans, Laudumque arrecta Cupido. 
' a 1 70 7 


as NCE the Revolution which the Invention of Gunpowder has 
produced in Europe, but above all, ſince Philoſophy born to conſole 


Mankind, and to make them happy, has been forced to lend its Light to 


teach Nations how to deſtroy one another, the Art of War forms a 


Science as vaſt as it is complicated, compoſed of the Aſſemblage of a 
great Number of Sciences united and connected together, lending each 


other mutual Aſſiſtance, and which the Youth of this Country who are 


intended for the the Military State, could never acquire but in a Military 


School, eſtabliſhed by public Authority, and conducted by a Man of ſu- 


perior Talents and Abilities. 


There the young Officers are firſt brought acquainted with Algebra 
and Geometry, elementary, tranſcendental and ſublime, to teach them 
the general Properties of Magnitude and Extention; how to calculate 


the Relations of their different Parts; how to apply them for determin- 


ing acceſſible and inacceſſible Angles and Diſtances, tracing of Camps, 


- ; 


c 
1 
7 
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8 CD MILITARY AR x. . 
ne ſurveying of Land, drawing of Charts, cubing the Works of Fortifi- 


"| | cations, &c. and to infuſe into them that Spirit of Combination, which 
= is the Foundation of all Arts, where Imagination does not predominate,, 
is . as Wee to the Military Gentleman as to the Aſtronomer, which 
= has formed Turenne and Coborn, as Archimedes. and Newton. 
„ i ORE OT „ in 9” . , 
* | Theſe abſtract Notions ſerve as an Introduction for attaining the Art 
which teacheth the Properties of Motion, to meaſure the Times and Necanick? 
. Spaces, to calculate the Velocities, and to determine the Laws of Gravi- and Dyna- 
1 ty, to command the Elements by which we ſubſiſt, whoſe Forces it wicks. 
r teaches to ſubdue, and learns how to employ all that is at our Reach in 
> Nature, in the moſt advantageous Manner, either to aſſiſt us in our En- 
> terprizes, by ſupplying our Weakneſs, or to ſatisfy our Wants, and pro- 
1 cure us all Kind of Conveniencies. | 
They are taught the Application of this admirable Art, more parti- 
; calarly for regulating the Dimenſions which ſuit the Linings of the wjcary Ar- 


5 | Works of Fortification, that they may reſiſt the Preſſure of the Earth, chitecture. 
N which they are to ſuſtain, by determining the Law according to which 
this Preſſure acts. For eſtimating the Reſiſtance that Counterforts are 
capable of, according to their Length, Thickneſs, and their Diſtances 
from one another, for calculating how the Efforts of Vaults act, in order 
to deduce general Rules for determining their Thickneſs, according to 
the Forms that are to be given them in the different Uſes that are made 
of them in Fortification, either for Subterraneans, City-Gates, Maga- 
Zeens of Powder, &c. for aſſigning the Form of Bridges, relative to the 
ſpreading of the Arches, determining the Streſs and Strength of Timber, 
the Proportions of the Parts of Works, that they may have an equal 
relative Strength with reſpe& to the Models, according to which they 


are executed in large Dimenſions. 


| V. 
Then is unfolded the Theory of the Force and Action of Gunpowder,. 
as it ſerves to regulate the Proportions of Cannons, Mortars, Guns, &c. B 1... 
that of elaſtic Fluids, as it teacheth to determine the actual Degree of Er 
the Reſiſtance of the Air to Shells and Bullets, and to \ſlign the real. 
'Tra& deſcribed by. thoſe millitary Projectiles. . 
| N | VE h | 
Then the Uſe that can be made of the Dilatation and Condenſation. of 
the Air, as of the Force that its Spring acquires by Heat, to move Ma- Pnumaticks. 
chines, is explained, by ſhewing the Effects of Pumps, deſcribing the 
Properties of all the Kinds that have hitherto been invented; pointing 
out their Defects and Advantages; to what Degree of Perfection they 
can be brought; determining the moſt advantageous Proportions and. 


"PLAN OF THE 


Forms of their Parts, and of all the Machines contrived to make them 
move, either of thoſe intended for the Uſe of private Perſons, for ex- 
tinguiſhing Fires, for ſupplying public Fountains, & c. unfolding the 
Conſtruction of all thoſe that have been hitherto executed in the different 


Parts of Europe, which are put in Motion either by Animals, by the 


Courſe of Rivers, by the Force of Fire, explaining how this. Agent, 


the moſt powerful in Nature, has been managed with the greateſt Art; 


afterwards is ſhewn how to calculate the Force of the Wind, the Advan- 


tages that can be drawn from it, for draining an aquatic or maracageous - 


Land, or to water a dry Ground; exemplified by what has been praQiſed 


in the different Parts of Europe in this Way. 


| Hydraulicks 


| FEE | | „ | 5 - 
The Art of conducting, raiſing, and managing Water, is next diſ- 
cloſed; it is ſhewn how to raiſe Water above the Level of its Source 


by Means of its Gravity, without making Uſe of the Parts which enter 


into the ordinary Compoſition of Machines; how to diſcover by 


Calculation, if a Water of a given Source, or raiſed. to a given 


Height, by any Machine, can attain to a given Place, either by 'Tren- 


Beauty of Objects of this Kind, V . : 
Water, being of all Agents, that from which the greateſt Advantage 


ches, Aqueducts, or Pipes; how to conſtruct Baſons, Water-Houſes, 


and Ciſterns to preſerve it; how to diſtribute it through the different 
Parts of a City, determining the moſt advantageous Dimenſions and 
Diſpoſitions of the Conduits, and deſcribing the moſt uſeful and inge- 
nious hitherto executed. „„ Rey 3 

As nothing is more agreeable to the Sight than Water- Works, the 
Manner of laying them out, and the Conſtruction of the Machines 
imagined to raiſe the Water into the Reſervoirs, which are the Soul of 
all thoſe Operations, are unfolded, in order that the Engineer may be 
able to point out to thoſe who are willing to embelliſh their Gardens, 
what ſuits them as to the] Expence they are willing to be at, or the 
Situation of the Place; and that the Officer may be able to judge of the 


* 


can be drawn for animating Machines, it is ſhewn how to apply it to 
the Wheels of the different Kinds of Mills; what Velocity they ſhould 


have relative to the Current which moves them, in order that the Ma- 


chines may be capable of the greateſt Effect; entering into the Detail 


of all their different Species; calculating the Force neceſſary to put 
them in Motion; the Effects they are capable of, by Calculations, com- 
prehending the Friction of their Parts, and the other Accidents inſepe- 


Table from Practice; determining when they act upon inclined Planes, 


the Angle they ſhould form with the Horizon. In fine, comparing ſuch 
Machines as are contrived for the ſame Purpoſe, in order to diſcover _ 
which are to be preferred, according to the local Circumſtances and 
Conveniencies for their Execution. : „ 


— 


N 
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The Art of rendering Works capable of reſiſting the violent or ſlow Hydranlick _ 
Action of Water, preſents itfelf next; the various Machines made uſe Archtec- . =» 
oſ in draining, and of ſinking Piles, is deſcribed ; then all that concerns | 


; 
> 
. the Conſtruction of Sluices, as alſo the Manner of employing them, 7 
* according to the different Uſes to which they are applied, either in level- 9 
ling the Canals of Navigation; draining of Marſhes ; rendering Rivers A 
8 navigable; forming artificial Inundations; making of Harbours, Cc. 4 
Z In order to render thoſe Reſearches of real Uſe to the young Officers, Draughting, += 
they are initiated in the Art of delineating Objects, as it teacheth how to 1 
repreſent all the Parts of Works already conſtructed, or that are intended 1 
to be conſtructed by Plans of them taken parallel to the Horizon, which 4 
ſhew the Diſtribution of all their Parts, their Dimenſions, &c. by Pro- 1 
files or Cuts of them taken perpendicular to the Horizon, which ſhew 3 
the Heights, Situations, Sc. of all the Parts, by Plans of Elevation, or J 
Cuts of the exterior Parts of the Work; in fine, by perſpeQtive Plans or 4 
Cuts, which repreſent the Object as ſeen at a certain Diſtance, which 1 
will enable them to judge of the Effect that all the Parts together pro- 9 
Theſe Studies prepare the young Officers for attaining to a Profici- Attack and 42 
_ in the Art of defending and attacking, which comprehend the Me- Defence. 1 
thod of fortifying regular Poligons, according to the different Syſtems, | = 
 thewing their Advantages with regard to the local Circumſtances, and 1 
how far they have been followed with Succeſs in the Fortifications of the 9 
moſt celebrated Towns in Europe; the Conſtruction and Diſpoſition of 1 
Batteries, the Management of Artillery, the pointing of Mortars and 4 
Cannon, the conducting of Trenches, the Manner of diſtributing the 4 
different Stages of Mines, the Form of their Excavation, the Range- | = 
ment of the Chambers, the beft contrived for the huſbanding the Ground BY 4 
and the Annoyance of the Enemy, the Conſtruction of Lines and the- AY 
Menſuration of their Parts, the tracing of Camps, entrenched ar not 6 
entrenched, in even or uneven Ground, the tracing of the Camps of 4 
Armies which befiege, included in Lines of Circumvallation and Contra L 1 
vallation, the Attack of a regular or irregular fortified Place, fitpated in = 
an equal or an unequal Ground, exemplified by the Plans of the moſt | 1 
celebrated Sieges, joining Theory to Practice, neglecting not one Detail 2x 
that may be of Importance. All theſe Operations being made in large 7 
Dimenfions, and a Front of Fortification being raiſed accompanied with 5 1 
5 me other detached Works to be attacked and defended as in a real 


Lx. PLAN OFTHE 
Geography. Geography, as an Introduction to Hiſtory, is uſeful to all Perſons, 


ſhould have an exact Knowledge of the Countries which are commonly 
the Theatre of War, they are therefore inſtructed in Topography in 


Places, the Paſſages in Hiſtory which may render it remarkable, prefer- 
| ing military Facts to. all others; by this Means their Notions are ren- 
"TINT dered more, fixed, and their Memories though more burthened, will 

become ſtronger. J 

LY So Edo boot: EI dls ave} ore T 

Hiſtory, The Life of Man is inſufficient to ſtudy Hiſtory in Detail, the Man- 
ner of teaching it ſhould therefore be adapted to the State of Life for 
which Youth is intended: 'Thoſe who are deſtined for the Law, ſhould 


for the Church, as it relates to Religion and the eccleſiaſtical Diſcipline; 
the young Officers are taught it, as they may draw Inſtruction from the 


Greatneſs of Soul, Attachment to their Country and Sovereign; they 


own Country, ſo neceſſary and ſo neglected, the preſent State of Affairs, 


and Sovereigns, &c. „ 
| | A 


vice being neceſſary to all Officers, they are inſtructed in what regards 
the Service of Camps, the Service of Towns, Reviews, Armaments, 
Equipments, &c. As to military Exerciſes, and Evolutions, all who 
are acquainted with the actual State of military Affairs, know how 
neceſſary it is to have a great Number of Officers ſufficienily inſtructed 


ficers there fore are taught the Management of Arms, and trained up to 


border ofthe The Order that is followed in the Employ of the Day is ſuch, that 
Stadies. the Variety and Succeſſion of Objects may ſerve as a Recreation, 
of Algebra, Geometry, Mechanicks, Hidroſtaticks, Hydraulicks, Geo- 


7 


but the Profeſſion for which Youth is intended ſhould decide of the | 
Manner more or leſs extenſive, it is to be taught; the young Officers 


the greateſt Detail, employing the Method of refering, to the different 


be taught it, as it ſerves to diſcover the Spirit and Syſtem of the Laws 
of which they will one Day be the Diſpenſers; thoſe who are intended 
military Details, as it furniſhes Examples of Virtue, Courage, Prudence, 

are made to remark in Antient Hiſtory that admirable Diſcipline, that 
Subordination which rendered a ſmall Number of Men the Maſters of 
the World; they are taught how to gather from the Hiſtory of their 


the Rights of their King and Country, the Intereſt of other Countries 


| Tacticks, The Theory and Practice of the different Parti ot the Military Ser | 


in the Art of exerciſing Troops; it is manifeſt that a continual Practice 
is the ſureſt Means to attain to a Proficiency in this Art; the young Of- 


the different Evolutions, which one Day they will make others execute. 


_ which is the moſt infallible Means to haſten Inſtruction. The Leſſons 
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rawing ſucceed. | 


been preſented them, it inſpires them at the ſame Time with a Deſire of 


learning new ones, and making them execute after Nature agreeable 
Operations, it is a ſure Means of forming their Taſte. x 


1 5 VVV „„ . 
As the Inequality of Ages and Genius, and even of the good and 
bad Diſpoſitions of the Pupils, cauſe a great Difference, the State of 
the Examination is divided into three Claſſes. In the firſt are thoſe who 
diſtinguiſh themſelves the moſt by their Application; in the ſecond are 


. . compriſed thoſe who do their beſt; the third comprehends thoſe from 
- whom little is expected. This State is laid before the Society, in order 


that it may have an exact Knowledge of the Progreſs of each. 


* 


XVII. i 


: = back are the Means, my brave Countrymen, which the DUBLIN 


SOCIETY have purſuant to their Reſolution of the 4th of February, 


1768, procured you, to enable you to ſtudy with Succeſs, how to eſta- 
bliſh a Concert and an Harmony of Motion amongſt thoſe vaſt Bodies 


ſtiled Armies; how to combine all the Springs which ought to concur to- - 


_ gether ; how to calculate the Activity of Forces, and the Time of 'Exe- - 
cution ; how to take away from Fortune her Aſſendant, and to enchain 


her by Prudence; how to ſeize on Poſts, and to defend them; how to 


profit of the Ground, and take away from the Enemy the Advantage of 


theirs; not to be dejected by Dangers, nor elated by Succefs; how to 
retire, change the Plan of Operation ; how in the Glanee of an Eye to 


conſiſts the AgT oF WAR. 


Form the moſt deciffive Reſolutions ; how to ſeize with '['ranquility the 
rapid Inftants which decide Victories, draw Advantages from the Faults 
of the Enemy; commit none, or what is greater, repair them, in which 


, MILITARY ART, Ci m 
graphys Hiſtory, &c. are firſt given, and thoſe on the various Branches 30 
of e ee: 4X66 15 


A s Youthis liable to take a Diſguſt againſt abſtract Knowledge, when practical 
its Application is not rendered ſenſible, the Teachers of Mathematicks Operations. 
and Drawing frequently put in Practice in the Field, the Mathematical, | 
Mechanical, &c.. Operations which are ſuſceptible, and which have 
been already delineated on Paper, Deſign at ſight, Views, Landſcapes, 
& c. this Method has the Advantage of procuring the Pupils an Amuſe- 
ment which inſtructs them, and rendering palpable the Truths that have 


av 
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We Trader. 
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 ManufaQures of one Country for thoſe of another, binds and links to- 
gether in one Chane of Intereſt, the Univerſality of the human Species 


The Diſad- 
vantages in 
Point of 
Education 
thoſe of the 
commercial 
Profeſſion la 
bour under. 


Senſe more than the external and adventitious; their Taſte for Writing 
and Living might be in ſome Meaſure formed, their Judgment reQtified,. 
the firſt Principles of Honour and Equity inſtilled, the Love of Virtue 
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PLAN of the Mereantile Arts, including-the Infruftions relative to. 


thoſe who are intended for Trade. 
Docuit que maximus Atlas. | 


practicable, operative, and uſeful, by the Skill and Addrefs of the judi- 
cious and induſtrious Trader; it is he who employs the Poor, rewards 
the Ingenious, encourages the Induſtrious, interchanges the Produce and 


— 


and thus becomes a Bleſſing to Mankind, a Credit to his Country, a 


Source of Affluence to all around him, his Family, and himſelf. The 


Extent of Knowledge and Abilities notwithſtanding, requiſite to fit 


Youth for ſo great and-valuable Purpoſes, have not been attended to in 
this Country, and thoſe of the commercial Profeſſion have laboured 
under the ſame Diſadvantages in Point of Education, as the different: 
Claſſes of Men we have already ſpoke of. N 


11 . 


A Number of Years are ſpent and frequently loſt in drudging through» 


the common Forms of a Grammer School, where Youth are obliged 
to learn what is dark and difficult, and what muſt afterwards coſt them: 


much Pains to unlearn, and if long ork muſt in the End retard the- 
e 


quickeſt Parts, and go near te eclipſe the brighteſt Genius: whilſt on 
the contrary, if the Grammar School Studies were properly directed 
and carefully purſued, they would learn to paſs a proper Judgment: 
on what they read, with regard to Language, Thouglits, Reflections, 


Principles, and Facts, to admire and imitate the Solid more than the 


Bright, the True more than the Marvellous, the perſonal Merit and good 


and Abhorrence of Vice excited in their Minds . ergo liberalibus 


Studiis Filios erudimus ? non quia. Virtutem dare paſſunt, ſed quia Animum 


ad accipiendam Virtutem preparant, quemadmodum prima illa ut Antigui 
vocabant, Literatura, per quam Pueris Elementa traduntur, non docet Iibe-- 


rales Artes, ſed mox percipiendis Locum parat, fic liberales Artes non per- 


ducunt Animum ad V irtutem, ſed expediunt. 

At a certain Age, not after certain Acquifitions, a Maſter of Mathe- 
maticks is looked out for, and in this Caſe great Pretentions, atteſted by 
his own Word, and low Prices, are ſufficient Credentials to recommend 
him, although neither the Teacher nor the Student reap much Advan- 


T7ISE Regulations and well concerted Encopragements will con- 
tribute very little to promote Trade, unleſs they be rendered 
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9 
he hath Talents for communicating, hath not Time for attending 
Apprentice, who, on the other Hand, hath 


MERCANTILE ARTS. 


| ed, the Student is then turned over to the Compting-Houſe, where he 
is employed during the Time of his Apprenticeſhip, in copying Letters, 
Meſſages, and waiting on the Poſt-Office. 'The Maſter, though 


to the Inſtruction of an 
been ſo little accuſtomed to think, that this 
plication will be very inconſiderable, beſides his Time of Life, and 
conſtant Habit of Indulgence, render him more ſuſceptible of plea- 


nt 


ſtcrable Imprefſions, than of Iraprovement in Buſineſs, the more eſpe- 


_ cially when he was not previouſly prepared to underftand it; where- 


fore it is not at all ſurpriſing, if many, who having 


OY 7 no Foundation in 
Knowledge to qualify them for the Compting-Houſe, profit little from 
the Expence and Time of an Apprenticefhip,- and from ſeeing Buſineſs 


conducted with all the Skill and Addreſs of the moſt accompliſhed Mer- 
cChant: Ihe Conſequence muſt no Doubt, be fatal to Numbers, and 


the public Intereſt, as well as private, muſt ſuffer greatly by every In- - 


ſtance of this Nature. It is true, that there have been, and till are, 
Sentlemen, who, deſtitute of all previous mercantile Inſtruction, with- - 
out Money, and without Friends, by the uncommon' Strength of natural 


Adbilities, ſupported only by their own indefatigable Induftry and Appli- 
_ cation, and perhaps favoured with an-extraordimary Series of. fortunate - 


Events, have acquired great Eſtates; but ſuch Inſtances are rare, and 


_ - anther to be admired than imitated; for we fee ſet out with large 


many 
'Capitals, who have ſhone in the commercial World while their Capitals- 
lafted, as Meteors do in the natural, but like them, foon deftroyed them-- 


ſelves, and involved im their Ruin all fuch who were fo unhappy as to 


be within the Sphere of their Influence. Novimus Novitios,. qui cum ſe - 
e pero Rem ſuam 


Mercature vis dederunt, in magnis Mercimoniis 


male geſſiſſe ;, et profetto imperitos Mercatores, multis Captionibus ſuppoſitos,. 


multisque infidiis expoſitos experientia videmus. 
r 


Commerce is not a Game of Chance, but a Science, in which he who Eſtab lim... 


is moſt ſkilled bids faireſt for Succeſs, whereas the Man who ſhoots at 
Random, and leaves the Direction to Fortune, may go miſerably wide 
of the Mark; of which the People of this Country at length made ſenſible, 


have come to the Reſolution of no longer truſting the future Proſpects 


ment of 


a mercantile- 


School. 


of their Children in the World to a Foundation ſo weak and uncertain: 


but ſetting a proper Value on Education, are determined to be as careful 
in having the Minds of their Children adorned with Virtue and good 
Senſe, as they are in ſetting off what relates to their Bodies. A School is 
_ erected in this Kingdom for training up Youth to Buſineſs, where every 
Maſter has a Salary proportioned to the Difficulty of his Department: 


— ———— —— 
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The moſt intelligent Traders being appointed the Superintendants of this 
School, who take Care that none be admitted whoſe Parts are 
not previouſly enquired into, and whoſe Genius is not, in ſome 
Meaſure, turned to act with Dignity in the mercantile Profeſſion; 
who enquire often into the Morals and Proficiency of the Students, 
converſe frequently with the Maſters on the Subject of Trade, and ad- 
mit the Students according to their Seniority in Letters to ſuch Conver- 

ſations; and in ſhort, take every other Method of encouraging Maſters 
and Students to Induftry and Attention, that they may go through the 
tedious and difficult Taſk with Alacrity and Spirit. That by theſe Means, 

our Youth may be long acquainted with the Arts of gaining, before 
they learn to ſpend Money; they may not be grown old in De- 
bauchery and Riot before they are initiated into Buſineſs, and we 
may ſoon ſee a Spirit of Induſtry, Knowledge, Humanity,. and good 
Senſe, diffuſe itſelf among all Ranks and Denominations, whilſt Idleneſs 
and Folly, with all their miſchiveous Train, may be baniſhed our Streets. 


order of In this School the young Merchant is firſt brought acquainted with 
the Studies. Arithmetick, numeral and ſpecious, which of all other Sciences is the 
moſt neceſſary to the mercantile Profeſſion, the Teaching of which re- 
Mathers quires much Skill and Knowledge. Before it is applied to Computa- 
Drawing. tions in Buſineſs, every Rule is ſtated, exemplified, and illuſtrated, 
2 in an eaſy intelligible Manner, and the Examples fo multiplied and di- 
verſified, that the Learner may be thoroughly grounded, and have Rea- 
ſon always ready for what he does: All the various Compendiums which 
ſerve to abreviate Operations are diſtinctly ſhewn and demonſtrated: 
That Facility and Diſpatch may be equally familiar, Theory then is 
reduced to Practice, in all the Caſes which can occur to the Merchant, 
the Banker, the Cuſtom-Houſe, and Inſurance-Office, to which every 
Obſervation relative to Inſurance, Factorage, Exchange, and ſuch other 
Branches of Buſineſs are joined, which ſerve to illuſtrate the Uſe of the 
different Examples. This not only forms the Mind of the young 
Merchant to Buſineſs, but when he comes to act for himſelf, will pre- 
vent many tedious and expenſive Suits, which an Ignorance in the prac- 
tical Arts of negociating them is frequently apt to create. OR, 
He is then initiated in Geometry, elementary, tranſcendental, and 
ſublime, which of all other Studies, contribute moſt to invigorate the 
Mind, to free it from Prejudices, Credulity, Superſtition, and to ac- 
cuſtom it to Attention and demonſtrative Reaſoning : 'The 'Theory is. 
reduced to Practice in the Menſuration of Surfaces and Solids, Heights 
and Diſtances, and in conſtructing the Inſtruments he hath Occaſion to 
uſe in laying down Plans and Maps of Countries, ſelling Land by Mea- 
ſure; aſcertaining the Price of Labour, and determining the Quantity 
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8 of Liquors, for! regulating of their Price and . & c. ſome Proficien- 


ecution theſe practical Nenne 


: Trade of all the Nations in the World; how the ſeveral Parts of the 


\ Cuſtoms, and Uſuages relative to the Buſineſs of the Merchant, the 


the Duties, Impoſts, and other Charges, laid upon the Produce of thoſe 
Iſlands in other Countries, with all the known Maxims that relate to the 


dity of her Motion to her Capacity: the Method of gauging Veſſels, 
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cy in the different Branches of Drawing enables him to carry into Ex- 


— 


. he young Merchant is lte ed in the Uſe. of the Globes, Mags, Geo vs ww 
&c. and brought acquainted with the Situation, Extent, Produce, Ma- and 
nufactures, Commerce, Ports, Policies, and Regulations with reſpect to 
World are connected together in their mutual Intercourſe of Commerce, 

how the Redundancies of one Country ſupplies the Wants of another, in 

what Articles the Markets are ſcarce, and in what they are overſtocked, 

to enable him at, all Times to foreſee when any Branch of Trade in 

which he is concerned is likely to be ſtagnated, and to take his Meaſures 
accordingly for preventing the bad Conſequences; the national Comj- 
merce in general, the Trade of the Place where he lives, the Laws, 


Penalties to which he is liable, and the Privileges to which he is intitled; 


Proſperity of. Trade, auen Ao, a wide Field for. eee in Matters 
of real TTT ’ÿ„̃ñ 
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1 e A W the you — — the 3 Paris of Navigation. 
the Veſſel and their Proportions, the Dimenſions of her Bottom, the 
Curvature of her Flanks, the Sally of her Stem, &c. how to form the 

Plan of a Ship, how to diſcover by Calculation Whether the Veſſel con- 
ſtructed according to the Device, will have the Qualities requiſite to her 
Deſtination, whether the Weight is pr enge to the Solidity of her 


Bottom, her Stability to the Quantity of Sail ſhe is to carry, the Rapi- 


how to regulate the Duties on Anchorage, and other Duties of the 
ſame Species, & c. | 
The young Merchant is alſo brought acquainted with the Ui of 3 
Sea Fe the Conſtruction and Uſe of Sea Charts, the Principles 
of Aſtronomy applied for finding the Latitude, the Variation of the 
Compaſs and Longitude. at Sea; in fine the Manner of ſolving the dif- 
ferent Problems relative to Marian by graphics! e and 
Calculation. = 1 


VIII. 

It wilt be of little eee to LD the Uadertanting improved, Moral Pi- 13 
if the Heart, be totally neglected; Man was made by Nature for Society,, *® phy... - 
but the Merchant. both by Nature. and Practice: The oung Merchant BUY 
Is thereſqrs ain the Nature and e of Good, its Principles, Pow-- 
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ers, and Effects, how to blend Self-Love with is to 3 


rate his Paſſions, to ſubject all his Actions to the Teſt of Reaſon, and 8 
that it is his Duty and Intereſt to found all his Dealing on Inregrity and 


Honour, as he that accuſtoms himſelf to unfair Dealing will, by De= 


grees, be reconcilled to every Species of Fraud, till Ruin and Infamy 


become the Conſequence. 
The Principle of Law and Government likewiſe conſtitute a Part of 


the mercantile Plan of Inſtruction, by which they learn to whom Obe- 
dience is due, for what it is paid, and in what Degree it may juftly be 


required; and to give proper Inſtructions to their Repreſentatives in 
the great Council of the Nation when they are dehiberating on any Act 
which may be detrimental to the Intereſt of the oa wag nes Me with 7 


to Commerce, ar any other 1 whatſoever. | 


'The Study of Compoſition not only teaches but eee the young 
Merchant to range his Thoughts, Arguments, and Proofs, in a proper Or- 
der, and to cloath them in that Dreſs, which Circumſtances render moſt 
natural; by this Means he is not only enabled to read the Works of 
the beſt Authors witn Taſte and Proprietys to obferve the Elegance, 


Juſtnefs, Force, and Delicacy of the Turns and Expreſſions, and ftill 
more the Truth and Solidity of the Thoughts; hereby will the Connec- 
tion, Diſpoſition, Force, and Gradation of the different Proofs of a 
Diſcourſe be obvious and familiar to him, while at the fame Time he is 
led by Degrees to ſpeak and write with Freedom and Elegance, which 


will infalliably raife the Opinion of the young Merchant! in the 7 N of 


5 Dis Correſpondents, and of the ud wine 


Book-Keep- A Merchant ought to know upon all G ons what i is in his Power to 


ing, 


Compting-Houfe. 


=1 Forms of 


do without embarrafing himſelf, and have ſuch an Idea of his Dealings, 
and thoſe with whom he deals, that his Speculations may be always with- 
in his Sphere, to effect which the Method of arranging and adjuſting 
Merchants Tranſactions is, like other Sciences, communicated in a rati- 
onal and demonſtrative Manner, and not mechanically by Rules depend- 


ing on the Memory alone. The Principles upon which the Science is 


founded is likewiſe reduced to Practice by proper Examples in foreign 
and domeſtic Tranſactions, ſuch as - and Selling, Importing, Ex- 
porting, for proper Company, and Commiſſion, Account, Drawing, 
and Remitting too, freighting and hiring Veſſels for different Parts of 


the World, making Inſurances and Under-writin "ge and the various other 


Articles that ma be OY oſed to diverſify the Buſineſs' of the practical 
Be Natare of all thoſe” Tranſactions, yur e Man- 


ner of negociat 1 are particularly explained as t occur, the 
fre wi be Nine of all 


ge” and Bills of Safes, Oy with the 


MERCANTILE AR TS. cel 


es Accounts, which may be made uſe of to anſwer particular 
Purpoſes, are laid open; and the Form of all ſuch Writs as ma/ be ſup- 
Poſed to have been connected with the Tranſactions in the Waſtebook, 
are rendered ſo familiar, that the young Merchant may be AG & to n 
1 them out at once without the Aſſiſtance of ere | Ei 
att WH 75 | 
Ny In order to ene the young Merchants to thinks ide pers aQ Practical 
like Men, before they come upon the real Stage of Action, an epiſtolary 3 
Correſpondence is eſtabliſned among them, in order to accuſtom them a 
to digeſt well whatever they read, and improve their Stile under the 
Correction of an accurate Maſter, to that clear, pointed, and conciſe 
Manner of Writing which ought, particularly, to diſtinguiſn a Merchant. 
Fictitious Differences among Merchants are likewiſe ſubmitted to their 
Judgement, ſometimes to two by the Way of Arbitration, and again to 
a Jury, whilſt one aſſumes the Character of the Plaintiff, and- another 
tat of the Defendant, and each gives in ſuch Memorials or Repreſenta- 
tions, according to the Nature of the Facts diſcuſſed, as he thinks moſt 
nen to ſupport the Cauſes the Patronage of winch . aſſigned him. 5 
: ITY XII. r 
Thus the Bauestien of the young Merchant i is . that his Concluſion. 
Knowledge may be ſo particular, and his Morals ſo ſecpred,; that he may 
be Proof againſt the Arts of the Deceitful;) the Snares of the Diſingenu- 
| ous, and the Temptations of the Wicked; that he may in a ſhort Time 
be ſo expert in every Part of the Buſineſs of the practical Compting= 
' Houſe, that when he comes to act for himſelf, every Advantage in Trade 
will lie open to him, that his Knowledge, Skill, and Addreſs, may carry 
him through all Obſtacles to his Advancement, his Talents fupply ke 
Place of a large Capital, and when the beaten Irack of Buſineſs be- 21924 
comes leſs advantageous, by heing i in too many Hands, he may ſtrike out = 
knew Paths for himſelf, and thus bring a Balance of Wealth, not oniyx — 
to himſelf, but to the Community with e he is connedted, by | 


Branches of Trade unknown been ae „ 


PL 4 N of the * 1 Including. * 3 5 5 54 to Ship | 
Builders,  Sea-Officers, and in general to all theſe wha are ay . 9 avid 


cerned in the Buſineſs of the Ses. | 


Qui dubiis auſus committere fluGibus Alnum, „ St <7 
Va Natura negat, n Arte Viact. CraAup. 


of Geometry and Mechanicks, no leſs indiſpenſible is the Uſe of 
Sciences 4 in Naval emen vix. W ning. Work- 


A nothing i is executed in the Militar Way, but bay: the Direction 


1 
1 
| 
| 
| 
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LAN OF THE: 


ing, and conducting Veſſels through the Sea. A Ship is fo e e 
a Machine, its various Parts have ſo cloſe and ſo hidden a Depandance 
on one another, and the Qualities it ought to be endued with, are ſo 
many in Number, and ſo difficult to be | reconciled, ihe Mechaniſm of 


its Motions depends upon ſs many Inftruments, which have an eſſentiai 


Relation to each other, Cc. that it is only by Experience, aided by the 
ſublimeſt Geometry, it has been diſcovered, that all its Actions are ſub- 
jected to invariable Laws, and that we can attain to certain Rules, which 
could enable the Maſter Ship-builders to give their Veſſels the moſt ad- 
vantageous Forms, relative to the Services for which they are deſtined, 
and inſtru the Navigator how to draw from the Wind the greateſt 
Force, to diſpoſe of it at Pleaſure, and to traverſe the vaſteſt Seas 
. Danger and without Fear. 

Notwthſtanding which, Mathematicks reduced by the Tesche of them 
in this Kingdom, to a few groſs practical Rules, their Application to Sea 
Affairs, and to all other uſeful Enterpriſes, has not as yet been introduced; 
this Neglect has not only retarded the Progreſs that the Study of the Ma- 
thematicks otherwiſe would have made, by hindering it from being known 
that they are the Means the moſt proper to ſupply the Limitation of 

our natural Faculties, and that it is from them that all uſeful Arts are 


: e. receive their Perfection. But in the preſent Caſe, cannot but be 


Naval Archi 
tecture. 


attended with the moſt fatal Conſequences, and the Diſaſters that hap- 
pen but too often at Sea, are dee ee in a great ere bee 
to it. | 
li RR 

The e nd repairing of Veſſels i is entirely 21005 to 
the Direction of Ship-Carpenters, whoſe Knowledge is confined to a 
few groſs obſcure Rules, which leave the Diſpoſition of almoſt all the 
Work to Chance, or to the Caprice of Workmen; they rely in the 


- moſt important Circumſtances, on the blindeſt Practice, on that which 


is the moſt liable to Error; they change the upper Part of the Ship, 


they add a new Deck, or take one away, they alter totally the Form of 
her Bottom, &c. Making all thoſe Changes, without knowing what 
Effects will enſue, even thoſe that would manifeſt themſelves in the 
Harbour, though they could determine them after the moſt infallible and 
preciſe Manner, in employing the leaft Knowledge of "Gevmetry, and 


the ſimpleſt Operations of Arithmetick. 


how to confider the Ship as a phyfical heterogeneous Body in all its 


It was therefore neceſſary that a Marine School ſhould be eſtabliſhed, 
where the Youth who are intended for the Buſineſs of the Sea, ſhould 
be taught the Nature of Fluids, and the Mecaniſm of floating Bodies, 


fetent Situations, and relative to its different Uſes; repreſenting i it to 
thetnſelves not only when it is loaden, and at Anchor, but alſo When it 


ſiails, when it goes doubles a "Oy gets W N clear of a Coaſt, 


% erat Son ec ST — 
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c. ſo that Geometry and Mechanicks 3 place cas Chance and 
blind Practice had uſurped, Maſter Shipbuilders may exerciſe their Em- 
loyments with Diſcernment; ſubſtituting - luminous and - pteciſe Rules 
in the Place of their imperfect practical ones; they may be no more ex- 
poſed to the Trouble and Shame of attempting any thing raſhly, but 
may be enabled to aſſign and foreſee the Succeſs of their Enterpriſes, 

producing no Plans but what are ſupported by juſtifiable Calculations, 

in which each Quality the Ship ought to have, are diſcufled and eſtimat- 


ed with Exactneſs; we can ſee, in verifying their Calculations, what 


Streſs can be laid upon their Promiſes; we may have infallible Means of 
deciding in Favour of the different Plans propoſed for the ſame Ship, 


and the Multitude of their Opinions, far from being hurtful, may on 
the contrary be profitable, ſince it will eee dne an Saab of 
> eee better . EVE 1 | | 


111. * 


= The Ship 8 beilt; it is the Buſineſs of the 3 to diftribute Mechanical 
the Loading in ſuch a Manner, that ſhe may ſail without Danger, and Navigation. 
at the ſame Time receive with the greateſt Facility whatever Motions | 
 _ are to be given her, that is, he is to diſcover her moſt eligible Poſition 
in the Water, he is to diſpoſe her Sails after a ſuitable Manner to oblige 
the Veſſel to take the Route the intends to follow upon all Occaſions, 
and to make her go well in ſpight of the Agitation of the Sea, and the 
Violence of the Wind, which often oppoſes ; for this Effect, in a Glance 
of an Eye, he muſt be capable of rendering preſent to his Mind all the 


moveable Parts of the Ship, which he muſt look upon as a Body which 
he animates as he does his own, and that it is as it were an Extention 


of it; ſeize the actual State of Things in their continual Change, and 


form the moſt deciſive Reſolutions, which he muſt draw from no other 


5 Fund but his own Breaſt. This is without doubt, the moſt difficult Part 
of the Navigator's Art, but at the ſame Time, the moſt important for 
him to poſſeſs, as it furnifhes him with the ſureſt Reſources in immer- 


gent Occaſions, and renders him ſuperior in Battle. It is ſurpriſing with 


what Readineſs, the Ship well diſpoſed, obeys, as it were, the Orders 
bol the ſkilful Seaman ; but on the contrary, if he does not know all the 
Nicety of this Part of his Art, his Ship, though excellent, is no more 
khan a heavy Maſs, which receives all its Motions from the Caprice of 
Winds and Weaves, which in ſpight of his Courage and deſperate Ef- 
forts, becomes but 3 a Frey to n Enemy. or ends very ſoon 

| 122 Deſtiny by Shipwreck. 


"Notwithſtanding which, no Attempt had view made in this Kingdom to 


leſſon che Difficulties of attaining to a Proficiency in this Branch of the Na- 
val Art, by inſtructing Sea - Officers in it after a methodical Manner. It was 
entirely abandoned t to blind Practice, as if it * not he Wand to —_ 
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therefore neceſſary that the 
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Rules in the Employment of the phyſical Means which it makes uſe of to 


move the Veſſel. When a Maneuvre is executed in the Preſence of a 
oung Sea- Officer, he does not know very often for what it is done, or how 


the Inſtruments that are made uſe of act; he is ſurrounded with Perſons 
too buſy to give him the leaſt Eelairciſement ; we may judge from 


thence how much Time he muſt loſe to learn theſe groſs Notions, which 


are to ſerve him inſtead of Theory: The imperfect Knowledge which © 


. 
1 


the ung Sea-Officer will attain to, will be (to the Difgrace of human Rea- 
| fond he Fruit of many Years unwearied Labour; and nevertheleſs, as 


it will favour of its defeQtive Origin, it will not give him ſufficient In- 
ſight, and will leave him without exact Rules, which he can abſolutely 


rely upon; he will give, for Example, a certain Obliquity to the Sails; 


he will receive the Wind with a determined Incidence, but will he know 
whether there is nothing to be changed in one Senſe or the other, in one 


or the other Diſpoſition, his only Rule is ſervily to copy what he has 
ſeen practiſed perhaps ee by others on like Occaſions; it was 
outh intended for the Sea, ſhould be 


methodically inſtructed in the uſeful Maxims of the Doctrine of the 


moveable Forces, applied to the Buſineſs of the Sea, ſo that rendering 


them familiar to themſelves in taking Share in all the Maneuvres they 


itioner 
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Reckoning would not agree with the Obſervation, to judge on which 


7 


? 
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no Profeſſion ſo eminent as in theirs, and that they could never be ſu 
_ ..ciently ſkilled in their reſpective Arts, until a Marine School was eſtab- 
liſhed, conducted by a Perſon exerciſed ſufficiently in the ſublime School. 


« 5 $M 
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* Side. lay the Error, and conſequently how to correct them; all which 
ſuppoſes in the Teacher a profound Knowledge of the Theory of the Art, 


and a perfect Knowledge of all the Circumſtances of the Ship's Motion, 


in all Caſes of Wind and Weather. 
heir not being ſufficiently exerciſed in Aſtronomy, and aſtronomical 
Obſervations, make them neglect inſtructing Sea- Officers how to chuſe the 
| moſt favourable Circumſtances: for obſerving either by Night or Day. 


TFhe only Obſervations practiſed by Sea-Officers, are the Sun's meridional 


Height, and its ſetting ;.' they are entirely unacquainted with the Stars, 
though their Obſervations could be of great Uſe, particularly when the 
- Sun does not ſerve, being obſerveable at all Hours of the Night, and the 
-Incertitude to which the Reckoning is liable demands that the Sea- 


Officers ſhould let no Occaſion ſlip of taking Obſervations every Day; 


moreover the moſt reaſonable Hopes of determining the Longitude at 


Sea, is founded on the Obſervation of the Diſtance of the Moon from a 
Star, or from the Sun; this Method gives actually the Longitude to half 
a Degree, and has the Advantage of being as eaſy put in Practice as that 


for determining the Latitude. If they had a little Skill in aſtronomical. 
Obſervations, they could determine the Poſitions of ſo many Places, 
even of: this Kingdom, which are placed in Charts after an uncertain: 


Eſtimation; but on the contrary, they do not know even how to verify 


the Inſtruments. that, are in uſe at Sea, particularly their Compaſſes and 


Quadrants ; for want of ſuch a Knowledge, they are obliged to take 


them upon the bare Word of the Workman, who is intereſted: to get 


them off his Hands at any Rate; and though they ought to be verified: 


every Voyage, on Account of the Accidents that might ariſe to them, 


it is not done. This Particular, however minute, nevertheleſs is worthy. 


of Attention, fince nothing ſhould be negleQed in the preſent, Caſe, ſee- 


ing, in ſpight of all the Care that can be taken, the Errors that are 
committed being but too ſenſible, and as great ones may be occaſioned f 


1 
g S > 
* 


in the Reckoning by the Imperfection of the Inſtruments, as in Deduc-- . 


tions deduced from Calculation 


We may conclude from theſe: Conſiderations, that the Ship-builders. | 


and Navigators of this Kingdom were no way appriſed of the important 


Reſources they could draw from Geometry and Mechanicks, though in 


Mathematicks, as to be able to underſtand the different mathematical 
Fracts that have been publiſhed in great Number of late Years, upon 


the different Branches of the Naval Art, ſuch as Ship-building, Stowing, 


working Veſſels at Sea, Cc. by the moſt eminent Mathematicians of 


Europe, who ſhould make it his Buſineſs to communicate to them after 


5 


1 


ffi Eſtabliſh- 


ment of a. 


Marine. 
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a methodical Miner; all the n their reſpetve A Arts have 
e and receive oF; from NEG _ e 


He is aided in this important Employment, b eee | 
che Ship-builders cannot finiſh properly their P Jo without a Tinc- 
ture of this Art, and ſome Proficiency in it, may enable the Navigator 
to take Views of Lands, draw ſuch Coaſts, and plan ſuch Harbours, as 
the Ship ſhould touch at, which will contribute very much to render the 
Geography of our Globe more correct, and leſſen the Dangers of Navi- 
gation; but what is perhaps of more Conſequence, it will make them 
acquire the Habit of obſerving Objects with Diſtinctneſs, and recolle& 
exactly every Part of them, and recall all the Circumſtances of their 
Appearances. In one Word, as the Science, which is entirely occupied 
in weighing, meaſuring and comparing Magnitudes, is neceſſary in all 
Stations and Occurrences of Life, fo the Art which teaches how N r 
ſent them to the Eye is indiſpenſible. 


AN EXTRACT * from the Plan of the School of Mechanic Arte, 
 "wobere Architects, Painters, Sculptors, and in general all Artiſts and 
| Manufatturers receive the Infiruttions in Geometry,  Perſpeftive, Sia- 
ticks, Dynamicks, Phyſicks, &c. which ſuit their reſpectiue Prefaſſanss 
.and may contribute to improve their T, afie and their Lm, 


Rem quam ago, non opinionem ſed opus 2 | eamgue non edle — | 
aut Pla, Jo utilitatis E et anplitudini W ee £ 
8 ON. 


-OWEVER vigorous, indefatigable, or ppb is the naked 
Hand of Man, it is capable of producing but a fmall Number of 


Effects. He can perform great Matters but by the Help of Inſtruments 
_ aud and Rules, which are as Muſcles ſuperadded to his Arms. The different 


Syſtems of Inſtruments and Rules conſpiring to the ſame End, hitherto 
invented to impreſs certain Forms on the Productions of Nature, either 
to ſupply our Wants, our Pleaſures, our ee our. TOs 
. *&c. {conſtitute the mechanic Arts. SIONS” 

Every Art has its 'Theory and Pragice; its Annen ne on 
Geometry, Perſpective, Staticks, Dynamicks, whoſe Precepts corrected 
by thoſe of Phyſicks, as it procures the Knowledge of the Materials, 
their Qualities, Elaſticity, Inflexibility, Friction, the Effects of the 
Air, Water, Cold, Heat, Aridity, &c. produce the Rules and Inſtru- 


ments of * Art. Praftice i is the e re w_ ws: eee 7; 
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It is ſcarce poſſible to improve the Practice without Theory, and re- 
ciprocally to be Maſter of the Theory without Practice, as there is in 
every Att a great Number of "Circumſtances relative to the Materials, Ine REES: 
to the Inſtruments, and to the Operation which can be learned only by ledge the 
Uſe. It is the Buſineſs of Practice to point out the Difficulties, and to Theory ab- 
furniſh the Phenomena. It is the Buſineſs of the Theory to explain the e . 
Phenomena, to remove Difficulties and to open the Road to further Im- every Artiſt. | 
provement ; from whence it follows, that only fuch Artiſts who have a ES 
ps bee Knowledge of the Theory, can become eminent in their Pro- 
777777... i Tei as 20 9. „ 
But unfortunately ſuch is the Influence of Prejudice in this Country, 
that Artiſts, Mechanicks, &c. are conſidered as incapable of acquiring 
any Knowledge in the Principles of their reſpective Profeſſions, and 
N - our Youth deſtined to receive a liberal Education, are taught to think it 
beneath them to give a conſtant Application to Experiments and particu- 
lar ſenſible Objects, for to practice or even to ſtudy the mechanic Arts, 
Is to ſtoop to Things whoſe Reſearch is laborious, the Meditation ignoble, 
| ____ the Expeſition difficult, the Exerciſe diſhonourable, the Number end- 
8 leis, and the Value inconſiderable. Prejudice which has debaſed an 
uſeful and eſtimable Claſs of Men, and peopled our Towns. with arro, 
gant Reafbners, uſeleſs Comtemplators, and the Country with idle and 
© haughty Landlords. oo „ 
The Judicious, ſenſible of the Injuſtice and of the fatal Conſequences 
attending this Contempt for the mechanic Arts, the Induſtry of the 


People and Eſtabliſhment of ManufaQures being the moſt aſſured Riches 9 
of this Country, have come to the Reſolution that the Jaſlice which is | 1 
due to the Arts and Manufactures, ſhalt be rendered them; that the me- 

| chanick Arts ſhall be raiſed from that State of Meaneſs, which Prejudice 
bas hitherto kept them; that the Protection of the Noblemen and Gen- 

; tlemen of Fortune ſhall ſecure the Artiſts and Mechanicks from that Indi- 

gence in which they languiſh, who have thought themſelves contemp-- 

tible becauſe they have been deſpiſed; that they ſhall be taught to have 

a better Opinion of themſelves, as being the only Means of obtaining 
from them more perfe& Productions. | 
A School of mechanic Arts is eſtabliſhed, where all the Phenomena of The Eft 
the Arts are collected, to determine the Artiſts to ſtudy, teach the Men 22 op 8p 
of Genius to think uſefully, and the Opulent to make a proper Uſe of mechanic 
their Authority and their Rewards. There the Artiſts receive the In- An. 
ſtructions they ſtand in need of, they are delivered from. a Number of PE '4 
Prejudices, particularly that from which ſcarce any are free, of imagin- - ,- 
ing that their Art has acquired the laſt Degrees of Perfection; their 
narrow Views expoſing them often to attribute, to the Nature of Things, 

Driefects which ariſe wholly from themſelves; Difficulties appearing to 


cbKx I 


Force. 


read, this Expreſſion, for (a) 70, for (b) 69. 
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them unſurmountable, when they are ignorant of the Means of removing 


diſcovering, in ſhort, the only Means of excelling; the Means of ſaving 


the Matter, and the Time, of aiding Induſtry, eitherby a new Machine, 
or by a more commodious Method of Working. There Experiments 
are made, to advance whoſe Succeſs, every one contributes, the Ingenious 

direct, the Artiſt executes, and the Man of Fortune defrays the Ex- 


pence of the Materials, Labour and Time. There Inſpectors are appoint- 


ed who take Care that good Stuff is employed in our Manufactures, and 


that they are properly ſupplied with Hands; that each Operation em- 
ploy a different Man, and that each Workman ſhall do, during his 
ife 


„but one Thing only; from whence it will reſult, that each will be 
well and expeditiouſly executed, and the beſt Work will be. alſo the 
| cheapeſt. Thus, in a ſhort Time, our Arts and Manufactures will be 
brought to as great a Degree of Perfection, as in any other Part of Europe. 


GENERAL CONCLUSION. 


Such is the Plan of the new Scene of uſeful and agreeable Knowledge | 
_ calculated for all Stations in Life, which the Nobility and Gentry of the 


Kingdom of Ireland, purſuant to their Reſolution of the 4th of February 


1768, have opened to Youth, in the Drawing-School eſtabliſhed under 
their immediate Inſpection. Encouraging Men of Genius and Education, 


from all Parts, to appear as Teachers, inviting the Artiſts and Connoiſieurs 


to devote their Attention to excite the Emulation of the Pupils by adjudg- 


ing and diſtributing the Premiums granted to engage them to advance 
more and more their Studies to the Point of Perfection, and taking un- 
der their Patronage ſuch young Citizens favoured by Nature more than 


by Fortune, who diſcover happy Diſpoſitions and ſuperior Talents for the 
Service of their Country. Ys FFF | | TEE. | 1 F 8 FO 
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DEFINITIONS. 
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LI 


($1 TV; : 


Fig. 3. 


raight line; for which reaſon, Euclid could make no uſe of it: it is no more 


"quoted in the body of the work. He is obliged to have recourſe to other princi- 
ples (for example, to the 12th axiom) as often as be has occaſion of employing 
truths, which depend on a perfect definition of a ſtraigbt line. 


A Superficies, is that which hath only length and breadth. Fig. 4. 
The Extremities of a Superficies, are lines (A B, C D, AC, BD, ). Fig. 4. 
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A Plane Super fices, 1 ſimply « Plane, (AD) is that which lies evenly be⸗ 


tween its extremities „AC, B, ). Fig. 5. 
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A fraight Line; is that which lies evenly betweek its extreme points (A, B,). 


This definition is imperfeci, ſince it preſents no eſſential character of | 
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DEFINITIONS 
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| A: Plane Sia; 1 1s the inclithdbt of two Miel (AB, 'BC,) to one lod 
which meet e and e are fituated 1 in the _ TT pa 6. 5 


W eee 
| * Plane i Refiilneal Angle, is the ielnaion oft two o fight lines GW, one ano- 2 
Vb 4 2 
N. B. When ſeveral angles are at one point B, any ene of them is expreſſed = 
by three letters, 0 of which the letter that is at the th of the angle, that is at 
_ the point in which the ſtraig bt lines that contain the angle meet one another, is 


put between the other two letters, and one of theſe two is ſeme cu lere u 
of m_y firaight liner, and the pther Fu ay other 4 ne. Fr * 


When a ſtraight line (AB) Banda ig on another fight * ( CD) makes the 
: —. angles (ABD, ABC,) eq to one another, each of the angles is 
called a right angle; and the Araight line N * n on | the prey 
(CD) ialled a perpendicular. 1 en 1 | 
| x" e 1 FI 17 ny 10 BY $26 at 13 | 1 1 . 
1 One, | 15 G is that which is greater than a right angle (EBC). AY 
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1 955 bee aun (ABC) is that whichi is lefothana right cg bee Fig. 
N WW 88 * Term or anon, is the auen any magnitude. 
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* a> figures is that which is ace by one or more boundaries Fig 10. 
is Circle, is a * . is by one 3 which 1 is a 15 circum- 


ference, and is ſuch: that all ſtraight lines (CB, CD, ) drawn from a certain 
point (C) within the fi to the circumference, are * to one another, 


Fig. 11. | 
8 XVI. 


: CD,) drawn en ess center, to the eee are called the 10 


1 XVII. 


E f both ways by the « circum ETENCE. | Fig: 54. %% 


A XVIII. 


11 XIX. 


| yy eons of ; a Circle, i is a 1 figure tina: by a fake 
Chord, ad the _ of the cs. it-cuts 3 OS 8 F, or "oF pulled 


"This S0 ( 851 is called the. center of the 9 and the firai . lines (CB; 


i Diameter of a Circle, is : ſtraight line (DB) drawn thro? 5 center, - and | 


55 A Sembirele. 18 the — * (DEB) 8 as by: Toy ROO (BD) and | 
the 108 of the circumference 9 eut off 4 the diameter 1 Fig. 1 2. 
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"DEFINITIONS, 
"NN: 
. EAilineal Figure, are thoſe which are contained by 4 5 B. Fig. I 3 5 
14s 15, 10, 17. Re | : 


Trilateral Figures, or triangles, are thoſe which are contained by hires | 
ſtraight lines. Fig. 135 16, 17. 


| XXII. | 5 | 
Quadrilateral pig igures, are thoſe which are contained by four r right n 
Fi . | 
8 F XXIII. 


M ultilateral Figures, or r polygons , are thoſe which are contained by more 
than . firaight lines, Fig. 15. xv 


As to three fi ied figures | in e | ; „ 

An Equilateral Triangle, is that which has three equal Gdes Fig. 16. 

: | NV. „ 
An = are is that which has only two ſides tu Fig. 19. 
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fides equal. 1 23. 


angles. Fi is. 24. 


DEFINITIONS. 
XXVI. 


N A Scalene 1 is that which has vs unequal ſides. Fi ig. 1 8. 


XXVII. 
Likewiſe, among thoſe ſame trilateral figures: 5 


A Right angled Triangle, i is that which has a right angle. Fi is. 19. 
: XXVIII. | 


An Obtuſe angled Triangle, is that which has an obtuſe Chow (a). 
Fig. 20. 


XXIX. 


An Acute angled Triangle is that which has three acute angles, (A, B, cy. 
Fig. 21. 


XXX. 
After the ſame manner in the ſpecies of four ſided figures: : 
A Square, is is that which has all i its | fides equal, and alli its angles right angles 


Fi if. 22. | 
An Oblong, i i that which has all its roles 2 18 es, but gs E 


A Rhombus, is that which has alli its o fate enn, but its angle are not | ie iht 
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A Rhombord, is that which has its oppoſite ſides equal to one another, but 
all its ſides are not equal, nor its angles right angles. Fig. 25. 
5 1 . | T - 1 00] 


Al ocker four ſided figures beſides theſe, are called Trapeſiume. Fig. 26. 
, , tons . „„ 


Proralll flraight Liner, are ſuch as are in the ſame plane, and which being 
produced ever ſo far both ways, do not meet. Fig. 27, „ 


5 5 It is for this reaſon that every quadrilateral figure whoſe appoſite ſides are 
f Par alle, is called a Parallelogram. 8 Fig. 25. „ f , 8 
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And that a "IR ny be deſcribed from any center, at any diſtance from 


that center. 
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F equals be taken from equals, the remainders are equal. ' 
If from the whole line AC, be taken the part BC, and from the whale 1 
line DF, equal to AC, be taken the mY EF, equal to BC; the remainders of 
| AB, . will be 2 85 Fig. 3. 3 
If equals be added to une quals, the wholes are unequal. 4 
£ If to the line AB, be added the part BC, and to the line DE, 255 than 
AB, be added the part EF, equal to the hors BC; the wholes AC, . 
: GR ee, Fi ig. + 


| | v. | 
"I equals be taken from unequals, the remainders 2 unequal, | 
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: If from the line AC, be taken ibe part BC, 17 
„C 2 be 1 the part EF e * 1% BC 304 the remainders AB, DE, ore 
5 | | \ _ vi... EE! VVV 
ütud ” N are "double, or + equimultpler of the fame mognituce, 
| Magnitude which are + halves, « or r equifubmultiple of the fats magni tudes 
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AX IO MS. 
n. 


Tbe whole line AC, is greater than its part BC. Fig 6. 
„ VNN | 
Magnitudes, which coincide with one another, are equal. 
T bis axiom is called the principle of congruency ; the notion 0 congruency, 


includes the notion of terms, and the notion of the poſſibility of their coinci- 


dence. Two magnitudes coincide, when their terms perfectly agree; or when 
they may be contained within the ſame bounds, Euclid regards the principle of 
congruency as a common notion: be is authoriſed from the univerſal practice 


of determining he equality of magnitudes, by applying one to the other, as” 


in the menſuration of magnitudes by the foot, cubit, pearch, &c. or by includ- 


ing them within. the ſame bounds, as in the meaſure of liquids, of grain, and 5 


eln, &c. So that we judge by the eye, 


27 


cientifical 
'obn Tom which 
he rigourouſly demonſtrates the more complex ones which depend on thin pr itt 


N 
* * 5 
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V 


obe band, how one agrees with" the. other, and accordingly determine their 

' equality. It would be wrong to ſuppoſe, that ſuch a principle could only conduit 
to a practice purely mechanical, incompatible with geometrical preci ſſion. 
Euclid bas found the means of converting this na im, im a ve 
principle. On congruency he lays down but a few obvious truths, | 


jb Vl ſeveral of bis nnn, 
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AXI 0 Ns. 


1 8 ee 


| 1 Straight lines, which are equal to one another coincide ; and reciprocally, 
ſttraight lines whoſe extremities coincide are equal. 
(B & 5 coircide, and 


3. If in two equal angles (ABC, abc,) the vertexs 
one of the fides (BA) with one of the fides (bs) the other fide (BC) 


will coincide alfo with the other fide (Bc). e all e whoſe ſides | 
coincide are equal. Fig. 7. _ 

Euclid has not ſeparately enounced, thoſe rn axioms ns ſubordinate to the _ 
general one; be nevertheleſs makes % of them, af will A appear in ana- 1 


he Al right angle are equal to one nne „ ONS - 2 
a | XI. T TY | N | | BETH by. 


If a Araight line (AB) « cuts two other Araight lns, (ED EY), ſituated ; 
in the ſame plane, ſo as to make the two interidr angles DGH. FHG,) , 4 N tl? 
on the ſame ſide of it, taken together, leſs thar two inks Wiles: ; theſe tẽW wo ] 
lines (CD, EF,) continually proffuced, will at length meet upon the ſide | 


| (K) on which ore the angles which-are leſs than two right angles. Fig. 5 
This tr i nat ple enough, to be placed among the axioms; if is a conſe= _ 
of the XXV Prop tion Mk {he SE ag, 11 11 OP theres that it * 9 
e pro ory — e „ | 


1 the two raight lines EF ind EXP _ 4 a be. ; thoſe tavo 1, 
{7 FR be both ir liner; 75 N e of tea "65 KXF 1 5 be a curve | 
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EXPLICATION of the SIGNS, 
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- —- - Greater than = 


= - - Triangle. 

= - - - Equal. 
E37 ͤ Square, 
FFF 
. Circumference. 


— - More. 
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Y * "þ 1 Angle. 
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 ABREYVIATIONS: | 


= Parallel. 


angle (ABC). 


lines AB, AC, are drawn from the center A to the O BCD ( 85 4.) 
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"PROPOSITIONI PROBLEM I. „„ 
PO N a given finite right ns (AB) ; : to FT an equilateral tri. - 7 


Sho : x Sou ht | 
the Araigbt line AB. 1 conflrudion of an equilateral A 
8 3 upon the finite n line AB. 


Re ſolution. „ 


| Few the center A, at the diſtance AB, deſcribe © BCD. Pof. 3 
From the center B, at the diſtance BA, deſcribe O ACE. 3 


Mark the point of interſection C. 
From the point A to the point C, dray the ſtraight line AC. * Pof. 
2 


5. From the point B to the point C, draw the ſtraight line Bo. F/ —_— 
DEMONSTRATION. — 
. ECAUSE the point Ais the center of © BCD (Ref. 1 , and the SE EIN i = 


ol 


— 
o 


7. Thoſe two lines AB, AC, are rays of the fame ©. 
2, Conſequently, the line AC is = to the line AB. ',  _— 
Likewiſe, becauſe the point B is the center ay ACE (Ref. 2. 

and the lines BA, BC, are drawn from m the center er B "to > the OACE 
( Ref. 5.). 2 . | 
3. Thoſe two lines are rays. of ie ſame circle ACE. ba 
4. Conſequently; the line BC is alſo = to the ſame line AB, - | 
5. Therefore, AC, BC; are each of them to AB (Arg. 2. and "4 f 
| F two magnitudes ore rpg to a Jour third, oy are _ ; 
40 one another. | Ax 


-< The line AC is therefore = to che Une BC. 
But each of thoſe 5 lines S to one another (4g. 6. * is alſo 


2 Wherefore, the three Ko AB, BC, AC, which form the "LEA ſides 


of A ABC, are = to one another. be 
8. Conſequently, the A ABC conſtructed upon the siven finite ſtraight | 1 
| D. 24. B. 1. 


line 20 is an ee trigngſe. 
| Which was required to be done. 


— 


S 2 . Thoſe two lines are rays of the : ſame © C | 1 D. 16. B. 


» . the O GLN- (Ref/ 5. 9. 
I 3. Thoſe lines, are alſo rays of the fame 20 Gl # 
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6. The remainder AF is == toithe-remainder BE: N 1 3. = „ 
Since therefore the line AL is == to the line BG 7 we. 95 TY m_ the . 


7 The line AL is = to the line BC. „ 1535 
But it is manifeſt that this line AT, is » line dien from the given „ 
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PROPOSITION I. "PROBLEM It - 


ROM a given point (A), to. draw a 3 line AL), equal to A given 
| Kraight line (BC). 
Given > TE . | 
OY Fhe point A. . Al. — BC. 
2. The ftraight line ho. | 
Reſolution, 


1. From the point A to the point B, draw the ſtraight line AB. Pof. 1. 
2. Upon this ſtraight line AB conſtruct the equilateral A ADB, P. 1. B. i. 
3. Produce indefinitely the fides DA and DB of this A. Poſe. 2. 

4. From the center B, at the diſtance BC, defcribe © CGM. Pof. 3. 
5. And from the center D, at the diſtance DG, deſcribe © GLN; Po. 3. 

£ which 1558 the ſtraight line DA produced, ſomewhere in aol 


DEMONSTRATION. 


ECAUSE the lines BC and BG, aredrawn from the center B to . 
the O CGM (Ref. 4.). 3 N 


betauſe The los ”& 


4 Conſequently, DG = DL. e Ni 
But the lines DA & PB, ben de aa. of a equilateral. 
ADB (Ref: 2.): 1 vo 8 15 

5. The line DA, "hn == bo the Ihe UN mY ; D. 
Cutting off therefore from the 1 tes DG, DL, 0 j-in . 

- their equal parts. DB, DA, (Arg. 5.) . 


line BC is alfo = to the fame line- BG (Arg. 2). 2's. e 


point A (Reſ. 3.) 
8. Wherefore from the given. point A, a ſtraight line AL, equal to the 


Sven ſtraight line BC, has been drawn, 
1 5 Which was to be done. 
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the greater eg a part (CB) equal to the lefs A. 


5 Rs Refolution. OD 


the O BEF (Ref. 2.). N . 
1. They are rays of the ſame O BEF. | . 
2, Conſequently, CB = CE. 2 
3. The ftraight line A is to the maine OW, fg n 


4. From CD the greater of two 
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- PROPOSITION III. PROBLEM IH,, 
WO unequal. ſtraight lines (A & CD) being given; to cut off from 


the line CD > line A. Fron O t cutoff CB A. 


* 


1. From the point C draw the ſtraight line ck = to the given 
„ one . F. 2. B. 1. 


5 From the center C and at the diſtance CE, deſcribe © CEB; Po. 1. | 5 1 g 

which cuts the greater CD in B. | 3 1 
| DEMONSTRATION. * 
HE ſtraight 3 5 CB, CE, being drawn from the center & to | WS 1 f F 


But the ftraight line A being = to the ſtraight line CE (Ref. 1. ); 
and the ſtraight line CB being likewiſe = to CE ( arg. | 


And fince CB is a part of-CD. 
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PROPOSITION IV. THEOREMI. 
LF two triangles (BAC, EDF,), have two ſides of the one, equal to two 1 1 
ſides of the other, (i. e. AB = DE, & AC = DF), & have likewiſe „ 
the angle contained (a) equal to the angle contained Cd) they will alſo © = 
have the baſe (BC), equal to the baſe (EF); & the two other angles (GU & c) 
equal to the two other angles (e & V each to each, viz. thoſe to which 
the equal ſides are oppoſite ; and the whole Ty (BAC) will be go to 
| the whole triangle (EDF). 
Hypotheſis. Te . Theſis. s. 
I. AB = DE. IL BC SEF. 
IH. AC= DFH. . > 1 N26 Wo & Ve Vf. 
F III. Va = Ve. ! | 5 III. A BAC = = AEDF. | 
15 Preparation. c 
1 Suppoſe the ABAC t to be laid upon the AEDF, in fuch a a man- 0 
3 TE ner that | 13 
1 1. The point A falls u upon the point D. 
2. And the ſide A; falls upon the fide DE. ; 
a DEMONSTRATION. 
Sa. 1 F NCE the ine AB = She line DE (pp. 1. ), & 5 
5 RE A falls upon the point D Af Fi 555 & the line AB 0 the 
| ine DE (Prep. . N 5 
1. The point B will fall See upon 4A Re” . 5 Ax. 9. 
Becauſe the Va = VA (Hp. 3. ), & the point 2 b 7 PO | 
point D ( Prep. 1.), & the fide AB upon the fi ä Prep. a 
2. The fide AC will fall neceſſarily upon the fide DF. 
Moreover, fince this ſide AC is == to the ſide DF. 
3. The point C muſt fall alſo upon the point F. 
4. Wherefore, the extremities B and C of the baſe BC, colncide with 1 FO. 
|  theextremities E and F of the baſe EF. . 


2 on 

ö 

5 5 £3, > = 
5 


+ 
*. 
2 2 


5. And conſequently, the whole baſe BCcoincides with the whole baſe EF; i, x ß½sx ⸗.1 
for if the baſe BC did not coincide with-the baſe EF, though the © e 
extremities B and C of the baſe BC, coincide with the extremities i 1 5 
E and F of the baſe EF; two ſtraight lines would incloſe a ſpace 1 
_ (EXF or EYF) ; which is impoſſible. Ry. Ar. 1. - 
dince u the baſe BC coincides RAT the vals EF ( Arg. 5: ). N = 
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6. This baſe BC will be = to the baſe EF. * 
5 Which was to be demonſtratetl. I. 
Again; the baſe BC coinciding with the baſe EF (Ar 
' Other ſides AB, AC, of A 2 INE with the WO o 
ſides DE, DF, of A ED (?. rep. 2, arg. 2. Sc: 
7. Thoſe two A BAC, EDF, are neceſſaril y equal to one another. A. 9. 
GE Which was to be demonſtrated. . . 

In fine, fince the VB & Ve to which the equal fides AC, DF ate op- 
polite (Hp. 2.); likewiſe, the Ve & f to which the equal fides 

„DE, are oppoſite (Hyp. 1.), coincide both as to wo vertices EN 


and their ſides (Arg. = a $5 3 Ef £374 
8. 1 erde & Ve, as alſo che We & V/, to whith the LE | 
ual ſides are oppoſite, are equal to one another, . 
wh 1 4 = Which was to be demonſtrated. II. oy 
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PROPOSITION V. 7 EE O REM H. 


N every iſoſceles triangle (BAC) : the angles (a & 8) at the baſe (Bc). £7 
are equal, & if the equal ſides (AB, AC,) be 5 the 1 LIE mn 
7 e & d +f) under the baſe (BC) will be alſo equal. | © 
Hypotheſis. | „„ é 


. The ABACis an i/oſceles A. I. Va & Vb are equal. 
II. AB & AC are produced indefinitely, 0 II. Vc e& Vd + f are 745 m. 
Preparation. 4 
1. In the fide AB produced take any point D. LE aa cw fon, 
2. Make AE = AD. | „ 1. 
3. Through the points B & E, as alſo C & D, draw BE, ©. np 1, 0 
| DEMONSTRATION. 


| Brcauss in the ADAC the two fides AD, AG: en to 


the two ſides AE, AB of A EAB, each to each (Prep. 2. Hyp. 1.) ; 

and the VA contained by thoſe equal ſides is common to the two A. 

1. The baſe DC is S to the baſe BE; & the two remaining Vn & b + d 
of A DAC, are equal to the two remaining Vn & a + c of A EAB, 
each to each of thoſe to which the equal ſides are oppoſite. "OW WL 
And becauſe the whole line AD is = to the whole line AE Prep. 2.) - 
and the part AB = = to the part AC (Hp. i.); wane of &c. 


2. The remainder BD will be = to the remainder CE. : Ax. 3. | 


Again, ſince in the A DBC the ſides DB, DC, are equal to 2 4 
ſides CE, EB, of A ECB, each to each (Arg. 2. and 1.), & 
likewiſe W contained m is equal to W contained = ( Arg. 1;). 
3. The tworemaining V of the one, are = to the two toons the Y of. 
the other, each to each, vis, Ve þ e= VdT & Vd P. 3 . 
The whole Va + c & 5 ＋4 being therefore to one another, as 12 | 
alſo their parts Vc & Vd (Arg. 1. & 3:) ; cutting of &ͤ. 7 5 


f 77 
The remaining Va & b are likewiſe = to one another, : 4. 5 ® © «a Sc 
But thoſe W are the two Wat the baſe BC. pe pat | 1 
5. Therefore Va & Vb at the baſe BC are = to one another. 5 5 


Which was to be demonficat6s" J. 

Moreover, ue Ve KS = Wd+f (Arp. z.) are the V under the _ 
6. It is evident that the v BY c & Vd + f under the baſe, are alſo = to 
one another, | Which was to be demonſtrated. I 


. * Hap q ; 1 1 | 4 : | * ay . : | 2% * ; 
8 V 
5 i | 8 & P . 4 543 ny 8 you cent. nj ESE CSAf 125 e l LE + 0433.66 00 0046 bane ay — IP 
I we „ 
5 ' PROPOSITION VI. THEORE TIL. 2% Be 
5 3 Pa triangle (ACB) has two angles 6 K 5 + &) equal to one bs; ; 
EE the, e which are e to thoſe e ee * * alſo equal to one. 
. 1 | Epochen. „ NT 
Er as inthe A ACK, Yo=Vb+e. 1 fu cu. = 1 the fa BA. 
%%% agss bas hy Ae | DewonsTRAmON, Ca ers vo 
Ir not, 95 eee + © 
1. The ſides CA, BA, will be Ane e | 1 . V 
of Conſequently one of them, as BA, will be> the other CA. C. N. 
Pre paration. THR 


1. Cut off dete Bech the > ſide BA, a part tothe ſide CA. 8 
2. Draw from the point C to the point D, the ſtraight line CD. | 2 3.8. | 


. A ACB, DBC, the fide BD = to the fide CA (Prep. 1. 05 
the ſide BC is common to the two G, & V contained a. I" con- 
tained þ + c (Hyp. 1.). | 
15 . the two A ACB, DRC, have two ſides of the one equal | 
; to two fides of the other, each to each, & V ontalned a con- BE 98 
tained þ + c. N 5 


2. Wherefore the A ACB is = to A DBC. 


Pe: Jt 2. bo” 
But the A ACB. being the whole, & the A DBC its nk 5 5 

3. It follows, that the whole would be = to its uf a | 

* Which is impoſſible. a 


RNS £25) 4e. 8. 15 

| Therefore as the ſides CA, BA, which are oppoſite to 8 equal 5 
VAN IV NTe, cannot be unequal. 

# 5.7 Thoſe _ are h to one another, or CA = BA, 


9 a * 
. Which was to be demonſtrated. 
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2 PROPOSITION VII. THEO REM 775 . 
| Pao? the extremities. (A & B) of a ſtraight line (AB), from which 


v n to the ſame oint (C), two ſtraight lines BC,): there | 
ve 242 8 to any ober Pot (Dj fituated on the ſam A of this line, 


two other ſtraight. lines (BOY BD,), equal to the two firſt each to each. 


| —_— | Theſis, - 
1. Ac, BC, al/o AD, BD, are Araight lines ; 1.1 is impoſſible that AC= = = AD, 
2. Drawn from the fame points AB; 5 - BC = = BD. | 
. To tavo different points D C. fuared we 
the Same fide of the tine AB. 
| | | DEMONSTRATION, 
Iz not, 


There is Gn Geng file: of the line AB « point D fo ſitu- 
_. ated, that 5 & BC BD. — Conſequently this 
point will be x 
3 Eibe inthe fade AC, or BC. Fig. 105 
Cas E 2. Or within the A ACB. Fig. 2. 
Cas E 3. Or laſtly without the & ACB. Fig. 3. 


CASE I. If the point ol by een to be in one . as 
in AC. Fig. „„ 


55 Becausk the point 5 is lappoſe 1 be «pointin ACifferent 
from the point C. 


1. The line AD is either > or < bor line AC. 0 *. 
2. Conſequently it is impoſlible t AD AC. i | 0 
„ Which was to be Sa" * 55 Ns 1 
| CASE II. If the paint D be ſuppoſed tobe fred RN: Fig. 2. 


Preparation. 


1. From the point D to the point ©, draw the ftraight line DC Pf. 1, 
2. Produce at will BD to E & BC to F. Poſ. 8. 


N "© A Ai ee 
| ; 2. Conſequently the Y at the baſe a + be will ke oqualtoonenothr, 
And becauſe BC is 
e 3. The A CBD will be ende ar an . . 
by Hence the V under the baſeb & c +&, will be eee 
Wherefore, if from Ve + d be taken its part Va. 
. Yb vill be > Vc. 
And if to the ſame. Wb be afterwards added Va. 
a 6. Much more then will the whole Va + & be > Ye. 
7. Conſequently Va + 6 84 are ee e bw " 
But ĩt has been demonſtrated that in co pence 1108 
| thiscaſe, va ＋ & Ve ſhould be eq Arg. An 
8. From whence' it follows that this >. — tion © cond bak. unleſs 
_ - thoſe angles at the fame time be equal 4. unequal,” 
9. Which is impoſſible. . N. 
10. Therefore the ſuppoſition which makes AC = AD & bc BD, i. 2 


KITE n 
| | | Which was to be demopſtrated. 
CASE m If the 8 D de fuppoſed. to be without the A ACB. Fig. 3 


Preparation. 


From the int D to the int C et there be wp the firalght 8 
line DC. 9 | s | 10 Fxſ. 1. 


ECAUSE AC is fu ppoſed = AI 


1. The A CAD will be an | Hoſceles * 1. 
4. e VIV & 77 ＋e at the baſe are ä to one equother. 2 7 : 2 | 
Again, becauſe BC is likewiſe ſuppoſed = = "BD; | 1% Bron Dog e 
3. The A CBD will be an ifoſceles G. 5 en. 
- 4. Hence Ve & V 25 a Ow baſe will be gl Leg apotker. ” 5 5 1. 
2 "I 3 from Wþ Fe ep Ve oi Ct 
5. The Vc 8.5 the remaining v C. V. 
And if to this fame Ve be added * | OS 
6. Much more then will the whole Ve ＋ 4 be v8. OOO NE OS.. 
7. Wherefore Ve 14 4 & Aan are not equal to one another, : * 6 12 N. 
But yy . t fitio rr 


in onſequency the nuon.or this 

caſe, N V are 5 $5 L another. r 

, From whence it follows that this ſüppoſition canndt ft, cot . 

Fi angles be at „„ r . 
9. Which js impaſſihle. Fg, 9. N. 


10. Therefore, ie fu} on y AC=AD #80 = 
A poſe FW Waere wo 0 „ 
79 * . ; or Fr op 2; 2 ve) eee 
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1. The point G muſt coincide with the point 3. 45 | 9 1 
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PROPOSITION vil. THEOREM. 


F two triangles (FHG, ACB,), have the three ſides (FH, HG, GF,) 
ot the one equal to the three ſides (AC, CB, BA,) of the other, each to | 
each, they are equal to one another, & the Ange contained bo the __ ices „ 
are likewiſe equal, each to each, | 1 1 | 

_ Hypotheſis. _ | 'Theſi . 1 
VF VF 

r ah Ich, and) VG 

NI. GF = BA. V 
1 Preparation. | 
Let the A FHG be applied to the G ACB, ſo that, 


1. The point F may coincide with the point A. 1 75 7 
2. And the baſe FG with the baſe AB. | = 


P | DEMONSTRATION. 


ECAUSE the point. F coincides with the point A ar 1 0, K the. 
FG with the line AB C Prep. 2.), & thoſe lines, are equal (hp. 3.) 


The extreme points F & G of the fide FG, Sohn therefore with 
the extreme points A & B of the ſide AB (Prep, 1. Arg. 1:); & the 
| ſtraight lines FH, GH, being Weual to the ſtraight line AC, BC, each 
to each. | 
2. The ſtraight lines FH, GH, will neceſſarily coincide with the fraight 
lines AC, BC, each with each. 5 
If not; then from the « extremities A & B of aline AB, there may 8 
drawn to two different points C & D, on the ſame fide of AB, wo 
ſtraight lines AC, BC, equal to . ocker N Lines AD, BD, | 
each to each. Which is impoſſible. 1 P. 7. 3. x. 
3. Thoſe fides therefore coincide, ' © | 
4- But the baſe FG coinciding with the ba Ab Dice. 1 the fide FH 
with the ſide Ac, & the fide GH with the fide BC, (Arg. 2.). 


5. It follows, that the A ACB, FGH, are equal to one another; as fe 5 
wiſe their contained by the equal ſides, each to each. Ax. 9. 
Which was to be demonſtrated. 0 
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' PROPOSITION IX. PROBLEM I. 


1 0 divide a given reQilineal angle (ECF), into two equal an | 
| (ECD, FCD 1 : les 


f | Given J | | | Sought: | 
„ tir {US PO Y ECF. | It ECD = = VF CD. 
77 1 Reſolution. | 
1. Take cA of any length. . 5 
CFF Make CB = CA. | . z. B. 1. 
| 3. From the point A to the point B, Sub Na autzde l line AB. RP 


4. Upon the ſtraight line AB, conſtruct the equilateral A ADB. F. 1. B. 1, 
5. From the 7 c to the point D, draw the e line CD. „ 


DEMONSTRATION, Nt 
"EE AC=BC (Ref. 2.), DA = DB (Ref 4), and the | 
4 fide DC common to the two A CAD, CBD an 


1. Thoſe two A have the three ſides of the one equal to the thies ſides of 
the other, each to each. 
. Conſequently the W FCD, ECD, contained by the equal fides _ 
a CA, CD; ; & CB, CD, are n to one another. . 
Which was to de done. 
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PROPOSITION X. PROBLEM 7. 
i ©; divide 2 given finite ſtraight line da into two equal pars 


- C, BC,). e e 
. „ Fae 
A finite firaight line AB, AC = BC: 
5 5 B Refolution., 
1. pon the ſtraight line AB conftruQ the equilateral A ADB. P. 1. B. i. 
Divide into two _ parts V ADB by the 1 line DC. r 


 DzMoNsTRATION, | 


| | HG oy = BD (Ref. 1. ), & the fide DC is common to | 8 5 7 
en ne ADC; BDC, & V contained ADC = V contained Bo i 8 
Ref. 2.). 2 | 
1 Thoſe tws A ADC, ok, have two ſides in the one equal to two 
ſides in the other, each to each, & V contained ADC = * con- 
r 0... PAS 
2. Conſeque FF = to the „ 1 
NS hw” e Which was vo be done, y | 
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PROPOSITION XI. 'PROBL EM p_ 
ROM a 2 point ( OC) „ in an indefinite © iraight line (AB), to ag - 


perpendicular (CF this line. 
Given | en | 
The indefinite flraight line AB, "i „ fraight line CF raiſed eg 
the 5 by in this ede line. wy ** TO 9 C L upon AB. 

* - Reſolution. 5 e 
1. On both ſides of Wü pen take CD, CE, equal to one ano : 

ther. 2. 3. - l 

. | 


2. Upom the ſtraight line DE, conſtruct the equilateral A DFE. F. 
3. From the . F. to the point C, draw the Wire ine FC. 755 15 


DEMONSTRATION. 


| 1 CD is = te CE {Ref 1.), F FD=FE (Ref. 2. J. & 

the fide CF is common to the two ADFC, EFC. 

1. It is evident that thoſe two A have the rage ſides of the one, equal | 
to the three ſides of the other, each to each. 

2. Conſequently, the adjacent WV FCD, FCE, „ by the equal 
ſi des F C, CD, and FC, CE,) are equal to one another. P. . 
But it is the ſtraight line FC, which e 0 AD, Joon: thoſe | 
8 V = to one another. 


3: Wherefore, the get line FC is bs * AB. | D. i0. J. 1. 
; 5 Which was TT done, 2 
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"PROPOSITION XII. PROBLEM 227 


to let fall a e (CF) to this line. 


Given 21 
The indefinite Rraight line AB, & The bs fend line . Fall from 
the 22 6 C without ehis line. | the point Cc - upon AB. 
. Reſolution. _ 
. Take _ point G, upon the other ſide of the ſtraight 88 


with re wa to the point C. | 
2. From the center C, at the diſtance CG, deſcribe an arc 


of © DGE cutting the indefinite line AB in two points. D & E. F/. 3. 


3. Divide the line DE into ws ual parts in the point F. „ 


4. From the point C to the draw the ſtraight line CF. Po. 1. 
reparation 


From the point C to: the points D & E, gre the fraight 1 
lines 2298 & * | | . I, 
15 DEMONSTRATION. | | "by 


| ECAUSE the lines CD, ck, are drawn from the center C to 
the O DGE (Reſ. 2. and Prep.). e "ns wha 
1. Thoſe lines are rays of the ſame O. ee e e e ee ls . 16. F. 1. 
2. Conſequently, the line CD is = to the line CE. D. 15. B. 1. 
Since therefore CD is to CE (Ang. 2.) 5 =FE (Roſe 3. > „ 
the ſide CF is common to the two & DC, | 
3. Thoſe two A have the three ſides of the one equal to the three ſides 
| of the other, each to each, 5 
4. Wherefore the V CFD, CFE, contained by the equal ſides FC, FD, 
and FC, FE, are = td 'one another. | 
But thoſe two V CFD, CFE, = to one: another (Arg. 4 ), are the 
adjacent angles formed by the ling CF which falls upon the line AB. 
5. Therefore, each of thoſe two Y CFD, CFE, is a I., and the 


line CF is L upon the line AB, 1 10. 5 
Be | Which was to be demonſtrated, 
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; PROPOSITION XIII. THEOREM VL. 


Lu E angles which one ſtraight line EC makes with another AB "mo 
ole fide of it, are fiber te right 1 915 or are Or equal 
right 12255 3 575 4 


. * 


EC is a * line meeting ; J. Either phos f 9 ACE, 54 fs 7 TR 
AP in the Point 5 | II. Or their ſum i 15 — 10 #400 = | 


SUP. 1 IF V ACE is S to VECB. 
DEMONSTRATION, 


B. E Cc A us E the adjacent angles ACE, ECB, farmed by the fight 
| lines CE & AB, are equal to one another Leu, an hands | 
. It follows, that * of them is a 1. ; 9. 10. B. 1. 
| "Which was to be VOPR 


SUP. II. ene | 
Preparatid nu. 04. e 


From th met conn C (apo een wo 


4 4 


1 De r 113/258 B24 op 
1. The two DCA & DCB menos 26 dog mon > 1 re 2 Rs, 
But ab VDC; is ==110the e Vogl the eder be 
| added to each. ; JIKQ} 257 IV & 5 Slogfw' of green 4 4 o Kult ii 
2. The tue V DCA + DCB, are =3:10.the thing V e code A, 
Again, becauſe PROS AS to the two Vers? the W ECB vr 
Vo be added to each. 8 
3. The two W ECA, ECB, re om 9. _ 2, 
4. Conſequently, Meere Vie A& Ec; are S to the two VDCA& PC;. 4 
But the two V DCA & DCB, being two I Arg. i.). 
5. It is evident that the ſum of the two V ECA. ECB, is alſo = to 
two. 7 Ax, 1 
lt oy 8 N 
9 2 | 
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PROPOSITION XIV. THEOREM VII 
F two ſtraight ] lines (AC, BC), meet at the oppoſite ſides of a ſtraight 


| ue (EC), in a point C, making with this ſtraight line (EC) the ſum of 


the two adjacent angles (ACE, ECB, ) equal to two right angles; thoſe 


two ſtraight lines (AC, BC, will be in one and the ſame ſtraight line. 


Go. Hypotheſis. : „„ 
= IX The two lines AC, BC, meet in the point C. . 2 be Heel AC, BC, are in one & the 
II. The — 5 WVACE + ECB are r te Same flraight line AB, 
two | TIES bo : 
Deroxs vn ATION. 


"OF not, 183 ff 
AC may be es fond Co D, fo that DC & AC NT hte © 


but one and the ſame ſtraight. line ACD. 
» RF... Paration. 


Produce then AC from C to B. Ea, ES. 1 "fx 


Poſ. 


Brcavss ACD is à ſtraight line Eben sich falls the line EC. EE ins 
1. It follows, that the ſum of he adjacent he gh FX. B. I. 


But the W ACE ＋ ECB being alſo = to two L. 

2. The two V ACE + ECB are therefore == to the 2 * er r 297 Ax. * | 
Taking away therefore from each the common w ACE. | 
The remaining V ECB, ECP, will be equal to one another. a Ar. 3: 


But V ECB bei wt nar les eee 2 ho 2 
4. It follows, that t whole is equal to its p 1 2 q at 1. 
- 5, Which is impoltible? MAY ty 47 04-75 21 N 4 4 5 
. Ar the lines AC & BC, are in one & the fame Araight . | | 
| o 6 Which was to be demonſtrated. : 
WP SY 4 55 9 8 SE tt HS e 00S, 9 
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PROPOSITION XV. THEOREM ., 


LF two firaight lines (AB, DE,) t cine" iber in C); the vertical 1 
5 bppoſiteangits (ECA, DCB, & ACD, Wan are equal. f 

; 88 Hypotheſis. _ e 1 bez 

AB, DE, are Araigbt lines which © I V ECA V DCB.. 
cut one another in the point C. J. v ACD = V BCE. | 


| DaMonsTRA ATION. s 
| B ECAUSE the ſtraight line Ac falls up n the ſtralght line DE (Hp. 7 


1. 2 ſum of the two adjacent V ECA Ae = = wo iws i... 'p 13. 3 3 


Again, fince the ſtraight line DC falls upon the ſtraight line AB (Hyg. J. 


2. The ſum of the adjacent V ACD + DCB is alfo = to two . . 13. . 
3. Conſequently, the V ECA + ACD are = to VAC + DCB. ws 2: 
Taking away therefore from thoſe: qual ſums (Ang. 3. ) the x e 
mon V ACD. 41 A 
5 The remainjng V ECA, Dez. which are vertically oppoſite, are equacd . % 
| Which was to be demonſtrated. Pi, took .r 
In the ſame manner it will be covet Feud” rio roght FF 


5. Thar V ACD = to V BCE, which nee pense ARGS Y DEL - 
| . Which was e 'be menen II. 4 
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PROPOSITION/XVI. THEOREM FX. 


F one ſide as (AB) of a triangle CB) be produced, the exterior angle 
(BF) is dep" ch either of the interior oppoſite e CAB, ). 
uns. 5 elis 
1 ACB: is a G. F | | The exterior \CBF > the inte- 
' CBF is an extetier V & formed by ehe | rior oppofite  ACB or CAB. 
| * AB produced. 9 ” Fs 
III. VACBY CAB are the maren erg. teones. 


5 Preparation. | | 3 
1. Divide CB̃ into two equal parts at the point D. (F ab, 4 7 1 10. B. 5 
23. From the int A to e point P, draw the line A 1 
duce it indefinitely to E. | "Py; A 


3. Make DE = DA. 
7 From * point B to the point E, draw the bath tine BE, 2 
DEMONSTRATION. . 
HE firaight lines AE, BC, ( Fig. 1 ) interſet each Scher at the 
point D. (Prep. a.). 
. Conſequently, theappoſite yertical y CDA;BDE, are=to ADDS P. Ng B. x, 
Wherefore fince in the A ACD, DEB, the fide CD is== to. the fide - 
PB Prep. 1.), AD DE (Prep. 3. ) & V contained CDA is = o 
J contained BDE (Arg. 10. 
2. It follows, that the remaining v of che one are equal to the remaining 
V/ of the other, each to each of thoſe ta which Fut en ſides are oppoſite. P. 4. B. I. 
But the V ACD, DBE, are oppoſite to! bovis! ides ND, DE, 7 ey. 3: 6 3 


Phetefbre 2 is = tO V DBE. een den 64 . 
* Bat l bein the Whole, br ke par wht bs +, 
4. Ir follows, that V CBF NV DBE. 7 * 
125 Wherefore — exterior V CBE is alſa & the interior v ACB. E. 


In the ſame D dividing the fide AB ino two Ware parts in the 
4 Hg. 2.) it will be prohd ls n 0 Nan © 
hat the exterior V AB f — AB. er wärt wo 8 8 
But this V AB f is vertically oppoſite to w CBF. . 
7. Wherefore V ABF V CBF. PI. B. 1. 
b Confquenty, 0 the exterior V CBF is > the interior V CAB. E. 
2 Wich was to be demonſtrated, 
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PRO POSITION XVII. 7 HE OR EN N. 


NV two angles As aries ACB,) of a triangle (BAC), are. les 
than two right angles. 


Hypotheſis. „ | Theſis. . 
ABC is a A. . the V ABC-+ AGB. are . 
Preparation. 
Pros the fide BC (upon which the two v ABC, ACB, are 
placed) to bp. | N. 2, 
3 5 DzMONSTRATION. 148 | 


1 V Ach is an exterior W of the A BAC. 

1. It is > its interior. oppoſite one ABC. 

Since therefore V ACD is > V ABC; if the V ACB be addedtocach. P. 16. 3. x: 

2. The V ACD + ACB will be > the V ABC ACB. A. 4. 
But the V ACD + ACB are the adjacent V, formed by. the —_— a 
ne AC, which falls upon BD (Prep.). | 

3. Conſequently, thoſe V ACD + ACB are = to two l.. P.1 3. B. "7H, 
But the V ACD + ACB being = to two IL (Arg. 3 Y & e 

V V being > the V ABC + ACB (Arg. 2.) 

4. an: th that the Y ABC + AGB are <ivo Lu r Cc. *. 

| Which was to de demonſtrated. 


* 


3. It follows, that it is > the i — oppoſite * A P. 16. B. i, 
But V is to Vn (Arg. 2. | | 
4. Therefore Vn is alſo > Y ”DBC. 7 8 | 0. N. 
And if to Vn be added W p. 


"PROPOSITION XVII THEOREM. XI. 
N every triangle (ACB); the * ſide is oppoſite to the greater 


angle. | 

Hypotheſis, - | IT̃ befis. 

ACB 120. whoſe fide AB # is > AC. | *'V ACB, oppoſite to > fide AB, is greater 
than V ABC oppoſite to theleſſer de AC. 
Preparation. 

Becauſe the ide AB is > AC (b.. SE | 

1. Make AD = AC. P. B. 1. 
2. From the point C to the point D, draw the ſtraight line CD. Bf I, 
| DEMONSTRATION. 5 


ECA USE te far AD is = to the fide AC (Prep 1.0. 


1. The A ACDis an iſoſceles A. D. 25. B. . 
2. Conſequently, the VN & Nn at the baſe CD are = to one another. 1. 


But Vn being an exterior V of A DCP. - 


Much more will Vn + p or ACB, o oppoſe to the greater fide AB, 
be > V DBC, or ABC, NT to the leſſer ſide AC. . 
Which was to be demonſtrated. 
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PROPOSITION XIX. THEOREM XIL 4 
IN every triangle (BAC), the greater angle, has the greater ſide appobie to it. 


| Hypotheſis. - Theſis. 
In the A BAC, VC is > VA. The Ade AB oppoſite to V Ci is > he 
"ir A | fide CB oppoſite to W A. 


: DzMONSTR ATION, 
"The fide AB is either equal, or leſs than the ſide CB. TC N; 


CASE I. Suppoſe AB to be = to CB. 


83 the ſide AB is = to the fide CB (Sup. I.). | 
1. The A BAC is an iſoſceles A. D. 25. 
2. Conſequently, the VC & A at the baſe, are = to one another. F 
But thoſe Y C & A are not S to one another { Hyp.). 
3. Therefore neither are the ſides AB, CB = to one another. 


CASE II. Suppoſe AB to be < CB. 


Heede the fide AB is C the fide CB (Sup. 2.). ? 

1, It follows, that VC oppoſite to the leſſer fide is T VA ese 2 
to the greater ſide CB. | F637. 
But VC is not < V A (Hp. O. Rs 

2. Conſequently, the ſide AB cannot be < the ſide CB. 

I be fide AB being therefore neither = to the ſide CB ( Caſe I * ; 
nor < the ſide CB (Caſe 2.). 

3. It follows, that this fide ABi is > the ſide CB. * N. 


Which » was to G8 demonſtrated 
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B ECAUSE inthe A BDC he de BDi5=tothe de BO (Prep. 2.). 


1 Conſequently, the V at the baſe u & P are = to one another. 
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PROPOSITION XX. THEOREM XIIL . 


N Y two ſides (AB, SP of a triangle (ABC) are together greater 
than the third fide (AC). | 


— Hypotheſis, 8 70 Tbeſt 8. 5 
ABC ia G. Ang t 2 a AB + BC, 
15 are the third _ 


Pre paration 


1. Produce one of the two fides, as AB, towards D ;ndefinitely, Poſ. 2. 
2. Make BD = to BC. . 
3. From the point C to the point D, draw the fraight line cb. A 


DEMONSTRATION, 


This A is an iſoſceles G. - 


But Vn being the whole, & Wu its pert. | 

3. It follows, that Vn nis > Vn. Ax. 8. 
But V „ Vn (Arg. 3. * & this w n being = to V2, 
(Arg. 2 

4. It is evident that Vn + n is > V/. . 

Since therefore in the A ADC, V 0 n is > V þ (Arg. 4.). 1 

5. The ſide AD oppoſite to the uw Vn I is alſo > he fide AC | 
oppoſite to the leſſer Vp. | P. 19. B. 1. 
But becauſe the ſtraight line BD is = to the ſtraight line BC (Prep. 2. z.), EN 
if the ſide AB be added to both. | 


6. It follows, that AB + BD or AD is = to the ſum of . two 


ſides AB ＋ BC. | | Ax. 2. i 
But AD is > the fide AC (Arg. 5.). 
7, Wherefore, the ſum of the two Lies AB 85 BC is alſo > the third 


ſide AC. C. N, 
Which was to be demonſtrated, 


i 5• Which was to be demonſtrated. I. 
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PROPOSITION XXI. THEOREM XIV. 


[ F from the ends (A & B) of the ſide (AB) of any triangle (ACB) there 
drawn to a point (D) within the triangle, two ſtraight lines (DA, DB,); 
theſe ſtraight lines will be leſs than the other two ſides (CA, CB.) of the 
triangle; but will contain a greater angle (ADB). 


Hypotheſis Ilheſis. 
Da, DB, are two ſtraight lines drawn I. DA+ DB<CA+ CB. 
from the points A & * to the point D., I. V ADB > wk C. 
quithin the A ACB, | | 
| Preparation. 
Produce the ſtrajght line DA, until it meets the ſide CB in E. Pof. 2. : 
DEMONSTRATION, fo 
Brcausr the figure ACE is 3 A (D. 21. B. 1.). | m7 
The two ſides CA + CE are > the third AE. Ni 


If the line EB be added to each of theſe. | 
2. TheſfidesCA+ CB(that isCA + CE +EB) are > the lines AE+EB, Ax. 4. 
Again, the figure DEB being alſo a A (D. 21. B. 1,), 
3. The two ſides EB - ED are > the third DB. | P. 20. B. 1. 
I ve add to each of theſe the line DA. 
The lines AE + EB. (that isDA+ED +EB) are > the "IM 
DA * DB. Ax. 4. 
But it has been proved that the ſides CA + CB are > the lines 
> AE+EB (Arg. 2.). 
| Moch n more then will che ſides CA + CB be > the lines DA + DB. 0 N. 


A, GAIN, becauſe V ADB i is an exterior of A DEB ( Prep. ), & 
the V DEB is its interior oppoſite one. | | 1 5 
1. It follows, that V ADB is > V DEB. | 8 16'S. x, 
| 2. For the ſame reaſon ; V DEBis > VC. | 
| But ſince V ADB > V DEB (Arg. 1. ), & Y DEB > C(4rg. 2.). 
” 3. It is evident, that v ADB1 is much NC C. N, 
e * was to be demonſirated, II. 
2 


ſtraight lines to be greater than the third. 


The ftraight lines A, B, C, ſuch that The confirulithefal\ FHE ſuch, that 
AFB>CAS+C>B, C+B>A, EHmaybe=A,FE=B, lac. 


"PROPOSITION XXII PROBLEM VII. 
O make a triangle (FHE) of which the ſides ſhall be equal to three 
given ſtraight lines (A, B, C,) ; ſuppoſing any two whatever of theſe given 


Given 1 Sought 


Reſolution. 


8 bur the indefinite ſtraight line PM. 50 I, 
2. Make ED = to the given A, FE = to the given B, & FG 
= to the given C. 3. 8, x. 
3. From the center E at the diſtance ED, deſcribe the © DH. ; Poſ. 3. 
4. From the center F at the diſtance FG, deſcribe the © GH. 5 * 9: 3. 
5. From the points E & F, to the point of interſection H, dra? 
bie ſtraight lines EH, FH, By. 2. 
DEMONSTRATION, | 
1 1 E ſtrai 2. - ED, EH, being drawn from the center E to 
1 O DH (Re/. .). 
1ꝙ. Thoſe two Fo fass ED, EH, are rays of the ſame © DH, D. 16. B. 1, 
2. Conſequently, the ſtraight line ED is = to the ſtraight line EH. . . 1. 


Since therefore ED is = to EH (Arg. 2.), & the given ſtraight 

line A is alſo = to the ſame line ED (Ref. 2.). 
3. It follows, that EH is = to the given KA. 5 4 

After the ſame manner it will be proved, that : 1 
4. The line FH is == to the given C. | | 

But the fide EH being = to the given A ( tbe. 12 the fide FH = to 

the given C (Arg. 4.), & in fine the ide FE = to the given B. 

(Ref. 2.). 


| 5, Itis evident, that the three ſides EH, FE, F H, of A FHE, are to 


the three given ſtraight lines A, B, C. | CE.” 
: 1 | Which was to be done. 


T | >». . | 
HE condition added, that any two of the given lines foould be greater than the 
third, is eſſential, in conſequence of the XX 72 of the I. Book; without this 


reſtrictʒion the circles deſcribed from the centers E F would not cut one another 


a * which would render the confirudion impoſſible, 


m_— of EUCLID, 
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PROPOSITION XXIII. PROBLEM LTL. 


T a given point (A) in a given ſtraight line (AM) to make a reQili- 
neal angle (BAC) equal to another given Pen angle (HDG). 


„ nel. Sought - 
J. An indefinite frraight line AM. | An angle BAC . on AM, 
IT. The point A in the firaight line AM, = af the point A S to Y Ou 


Il. The reckilintal angle me, 
Reſolution, 


I. In the fides DG, DH, of the given Y HDG, al any two | 
ints E & F. 
2. From the point E to the point F, draw che ſtraight line EF. P, of. I, 
3. Upon the indefinite ſtraight line AM & at the e point A, con- 
ſtrut a A ABC whoſe three ſides ſhall be = to. the three | 
ſides of A DFE, | P. 22. B. . 


| DEMONSTRATION, 


Braus the three ſides AB, AC, BC, of A ABC are =to 

the three ſides DF, DE, FE, of A DFE, each toeach (Ref. z.). 

1. It follows, that the V BAC & HDG, oppoſite to the equal ſides | 
BC, FE, are = to one another. | £4 B I, 
But v BAC being = to the given 7 HDG ; as alſo made on the | 
the given ſtraight line AM, at the given point A (Ref. 3. r 

2. It follows, that at the given point A, in the given ſtraight line AM, the 

| . BAC is made = to the given rectilineal N HDG. 

| Which was to be done. 
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PRO POSITION XXIV THEOREM. XV. 

F two triangles (ABC, DEF,) have two fides (BA, BC,) of the one 
equal to two ſides (ED, EF,) of the other, each to each; but the angle 
contained (B) greater than the angle contained (DEF); the baſe (AC) op- 
poſite to the greater angle, will 1 alſo greater than . baſe (DF ) oppoſite 
to the leſſer angle. | | 


_ Uypotheſls, _ | \. +4 4, Theſis 2 
6 BA = ED, £ Es The "ut AC is > the baſe DF, 
IL BOaEF.- 
II. RB > V DEF, „„ 
N UD ͤ 
1. At the point E, in the line DE, make P DEG = | 
the given VB, 5 23. B. 1. 
2. Make EG = to BC or to EF. 5 5 
4. From the points D & F to the point G, draw the ſtraight 5 
lien . By. 1. 
DEMONSTRATION. | 


B+. ECAUSE in the A ABC the ſides BA, BC, are = to the ſides 
ED, EG, of A DEG (Hp. 1, Prep. 2. ); & contained B = = to MY con- 


tained DEG (Prep. 1.). 


I. It follews, that the baſe ACis = to the 1 U „ 
Again, becauſe EG is = to the ſide EF ( Te LD Fhp. 2.). 7255 
2. The A FEG is an iſoſceles GW. . 22. 1. 
3. Conſequently, V m = vr + g. A. . 4: 
Since therefore V = V 17170 "m 3. J; if from the at be taken | 
its part 7. | | 
4. The Y vil be > V. ; „ 'f 
And if to Vn be added W n. 1 
* Mech moe wll be vieh y U b VH 3 „ 
6. Conſequently, the ſide DG oppoſite to the greater V m + , is > the 
fide DF oppoſite to the leſſer Wr. PT 1, 
haut the ſtraight line DG being > DF (Ar 6.), & this ſame ae | 
line DG being = to the baſe AC (Arg. 1 
1. is evident that the baſe AC is al S Ws baſe DE „ 
Which was to be demonſtrated, 


1 


- PROPOSITION XXV. THEOREM ML 
4 F two triangles (BAC, EDF,) have two ſides of the one equal to two 
| ſides of the other, each to each, but the baſe (BC) of the one greater than 


the. baſe (EF) of the other; the angle (BAC) oppoſite to the greater baſe 
(BC), will bealſo greater than the ou (D) oppoſite to ry, "oo baſe (EF). 


| Hypotheſis, 

. AB== DE, The angle A Lt ts the greater 
E Baſe BC, is > deck. © 6-t 4 Mer 

l. BC > EF. OO baſeBF. 
1 | DEMONSTRATION. 
1 not, 5 
The angle A is . equal or leſs than the ! D. . 
CASE I. | Suppoſe Y A to be = to VD. 
. V Ais=to VD (Sup. 1.), & the ſides AB, AC, & 
DE, DF, which contain thoſe V, are equal each to each, (Hb. 1& 2 . 
hs The baſe BC is = to the baſe E. © 4&1. 


e e ee dns 10 = 
2 Therefore WA cannot be = to VD N 


CASE I. N VA to be CVD. 


11 VA is < V D (Sup. 2.), & the fides AB, AC, & 
DE, DF, which contain thoſe Y are equal, each to each, F the. 1&2). 


. The baſe BC is < the baſe EF. | P24 3. 1 
But the baſe BC is not C the baſe EF (Hp. 3 e 

2. Therefore VA is not CVD. 

hurt it has been ſhewn that neither is it equal to t ( Caſe EY TORT 

3. Conſequently, A, which is oppolite to, the greater baſe BC, 


is N D, which is oppoſi te to the leſſer baſe EF. oY 
i, Mayo Was to be demonftared nh 
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PROPOSITION XXVI. THEOREM XVI. 


F two triangles (ACB, DFE,) have two angles (A & B) of one, equal to 
two angles D & FED) of the other, each to each, & one fide equal to one 
ſide, viz. either the ſides, as (AB & DE) adjacent to the equal angles; or 


the ſides, as (AC & DF) oppoſite to equal angles in each: then ſhall 
the two other ſides (AC, BC, or AB, BC,) be equal to the two other ſides 


(DF, EF, or DE, EF,) . to each, & the third angle (C) equal: to 
the third angle (F). | 


Hypotheſis. | CAS 1 | Theſis 8. 
I. NA=ZVD. When the equal ſides AB, DE, are CAC = DF. 
II. VBS V FED. adjacent to the equal angles A&D, II. BC = EF. 
III B = DE. B&FED (Fig. I er. 
DEMONSTRATION, | 
Ir not, 
The ſides are * & one, as DF will be > the other AC. 
Preparation. 
1. Cut off from the greater ſide DF a part DG to Ac. 2. B. * 
2. From the point G to the point E, draw the ſtraight line GE. FIT 


ECAUSEinthe A ACB, DGE, the fide AC is S to the ſide DG; 


_ CPrep. 1.) AB= DEC EB z.), & MA is S to VD. (Hyp. I.). 


1. The VB & GED oppoſite to the equal ſides AC & DG are equal. P. 4. B. 1. 
But VB being = to V GED Saif t,), & this fame * OM alſo es aſs 


= to V FED (pp. 2.). 


2. It follows, that V GED i is = to v FED. | F | 4s. 1 


But V FED being the whole & V GE its part: 
The whole would be = to its part. 


4 Which is impoſſibe. LT 1 | N 8. 
5. The ſides AC, DF, are therefore not unequal. | „ 
6. Gauen they are equal, or AC = DF. „ 5 QA, 


Which was to £77 demonſtrated. L - 
Since then in the A ACB, DFE, the fide AC is = to the ſide DF, 
(Arg. 6.), AB = DE (Hp. 3 „, & VA is = to VD (Hyd. 13. 


. The third fide BC is alſo = to 115 third fide EF, & the VC & F, op- 


polite to the equal ſides AB, DE, are alſo = to one another. . 
Which was to be demonſtrated, II & i 8 


V_— ww 
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L VAS VD. Wies d el fides AC, Dy, 1 AB DE 
IL VBS VE. are oppoſite to the equal angles | TE'BC EF. 
Om a+ 8E E. (Fg. 1. & 3.)- 4 Vee *. 

| | DeMoNsTRATION. 

2 Rl 

| The fides AB, DE, are unequal ; and one, asDE, will be > the | | 

other AB. 
Preparœtion. 


1. Cut off from the greater fide DE, a part DG = to AB. 2. k, 
2. From the point G to the point F, draw the firaight line GF, *. 


+ 0 then in the A ACB, DFG, the fide AC is = to 
the fide DF (Hyp. 3.) AB = = DG (Prep. 105 & VA is to Y'D, 


(Hyp: 10). 
1. The other V B & DGF, to which the equal ſdes AC, DF, are oppo- 


ſite, are = to one another. . 4. 

The angle B being therefore = V DGF (Arg. I 3 & this ame Y B 5 

being aſſo to VE (Hp. 2.). 4 LT 
2. It follows, that V E is = to V DGF. ; 45 


he DGF i is an exterior V of A ore, * v i. is its interior | br 


ſite one. 
3. The refore the exterior V will be equal to its interior oppolie one. 
4. Which is impoſſible. N 6 B. J 


5. Conſequently, the fides AB, DE, are not « unequal. 


6. They are therefote equal, or AB = DE. C: N. 
Which was to be deiwonifirnes I. 
_ Sinee then in the A ACB, DFE, the fide AC is = to the fide DF, 
(Hyp. 3.), AB=DE (A976), * VA to Y D (Hp. 1.) 
7. It is evident, that the t Fade BC i * = ws third Gde EF, & the 
Y C&F,. to which the U es A + DE, are N are equal | 
to one another, 7 . 4. N 
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PRO POSITION XXVII. THEOREM XVIII. 


Fa ſtraight line (EF), falling upon two other ſtraight lines (AB, CD,) 
ſituated in the fame plane, makes the alternate angles (m & p, or n & 6} 
equal to one another: theſe two firught _ wo CD, ) ſhall be parallel. 


Hypotheſis, © 8 e Theſis. 
J. AB, CD, are eu raipht lines in the ſane . 7 he lines AB, CD, 
Il. The line EP cuts them ſo that VgV p, er N n Ve. are ple. 


DEMONSTRATION, 
Ir not, 
The firaight lines AB, cp. produced will meet either tend 
or towards Ac. | CET ny 9.35. B. . 
E Prepurotim ; 007-19 een eee 48 
| Let them be produced & meet towards BD i in the point . Pe on A 
Bane the Vu is an exterior r angle of A GMH, 6 v.. b | 
interior oppoſite one. 4: Ant | 
1. The Vn is Y Vo. e voy F.16.8.1 
a e Ae, e 


2. This W is therefore not VO. „en 
et . Conſequently, it is impoſſible that the Qraigh * AB, ob. Gould 


| meet in a point as M. ot Totals 145 
4. 10 rom whence i it follows that they are e ple frraight lines. cn 'D. 3 35. 2. I, 
| Kr was to o be ee 
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PROPOSITION XXVII. 7 HE ORE M XIX.. 


F a ſtraight line (EF) falling upon two ** ſtraight lines (AB, D = | 


ſituated in the ſame plane, makes the exterior angle (ni equal to the interior 


& oppoſite (n) upon the ſame ſide, or makes the interior angles (o + 2) upon 


the ſame ſide equal to two right angles ; thols two ſtraight lines Ars CD, 
ſhall be parallel to one 1 


CASEL | - 
Hypotheſis, 4 27 0 Theſis, 
Vn Vn. | £212 AB, CD, are plle lines, 
DEMONSTRATION, | 
Bucavse the Y m& far vertical or opplt v | Fs 
1. They are = to one another. | "4 15. B. L, 
The V being therefore to Vn (Arg. 1 ), & Y = being = to the Ca 
ſame VN ( Hyp.).. | «A 3A 
2. It is evident that W is is alſo to Wn. | a : 
But the equal Vp &n (Arg. 2.), are alſo chilies v. e Yr 
3. Contoquentlyy, the ſtraight , Sv AB, CD, are plle, F., 
| e AO 5 
Hypotheſis 8. | OT 
eV are =t0 21, 5 * * plle. lines, 
| DEMONSTRATION. | | 


B ECAUSE the Araight line EF filing . un fraight line OW 
forms with it the adjacent Wo & p. > 


1, Thoſe Vo +p are to two l. P.:144:;F7. 
The Y +-4-6 being ee. (Arr. 0 ®the V. 1 
being alſo to two I. (Hyp.), . 

2. It follows, that the Vo y are = to Wob n. Av. * 

And if the common angle o be taken away from both ſides. | 
3. The remaining V & u will be equal to one another. Ax. 3. 


But thoſe equal p & n (Arg. 3.), are at the ſanie time alternate V. 
— was to be demonſtrated. 


| 4 2 0 the . lines AB, CD, are plle. P. 27. B. 1. 
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LEMMA. e 
Ts. a ſtraight ine (EF), mee a” two ſtraight lines (LN, cp.) e in 


tze ſame plane, makes the alternate angles /þ + » & 0) unequal; thoſe two 


Dog lines. (LN & CP, ) being ccntinually produced, will at length meet 
in (M), upon that fide on which is the leſſer of the e K ( 0 * 72 


Preparation, 


For ace v7 + n ia fupoſed Yve. | | 
1. There may be made in the greater V þ + #, on the e kalt 0 


ne EP, at the point G, an angle a = Vo, ⁊ | * Fl . 1, 
2. And AG may be n at will to B. | 10 2. 
PDruonsrxAvIOx. 
Br ECAUSE the t two *. AB, CD, are cut hy a ien EF, fo that 
the alternate VN & o are = to one another 0 Prep. = 9 | . 
1. Thoſe two lines AB, CD, are plle. | 7 27. B. 5 


Blut the line LN cuts one of che two plles, vis. Az in G. | 

2. Therefore, if produced ſufficiently, 1t will cut alſo the other CD fome- | 

where in M, ay that fide on which is the leſſer of the alternate Vo. C. N. 
| Which was to be demonſtrated, | | 


COROLLARY. 


| W HEN v. CV A, the two ar #6 m are de. 
ceſſarily C two L; ſince the two 3 & n are equal to two I.. P. 13. B. 1. 
Conſequently, when the two interior V, are C two L.; the lines LN, CO, 
which form thoſe angles with EF, will meet ſomewhere on the f de of 
the line EF, where thoſe angles are n . wet are Py 


ſufficiently. 


© Euclid n as a a flf vides nas that; a \ fraight line (EF); which 
cuts one of two parallels as (AB) will neceſſarily cut the other (CD), pro- 1 
vded this cutting line (EF) be fufficiently produced. See the prep: 7. f.. ² 
| Poftticns XXX 5 id is and of om others. yg 7 FF 
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"PROPOSITION. XXIX. THEOREM TI. 


* a ſtraight line (EF), falls upon two parallel ftraight lines (AB, CD); it 
makes the alternate angles (n & m) equal to one another; and the exterior 
angle (r) equal to the interior & oppoſite upon the ſame fide (m); and 


| Ikewife the two interior angles upon the ſame ſides {p + 1m) equal to two | 


| right angles, 
i Hypotheſis | | 3 Theſi is. 
| AB, CD, are two plle lines, 25 | E407 LVS = NV 

15 ſame firaight line EF. ppt ey Il. Nez Wm... 

| Hl. V 7 + 5 = - to . 

Dx MON'STRATION, =» ; 
Ir not, FD p b 
The V = i are unequal; CN. 


| - Andone of them 3s V m will be C the other V OD 
ECAUSE the Y mis < Vn; if the V 2 be added to both, 


1. The Y m +p vill be < the VA E. As. 4 
But ſince the VA & Vp are adjacent V, formed by the firgight 
line EF which falls upon AB, ie 
. 2. Theſe V n + p are to two I. N 251 We 
3. Conſequently, the V m+ (leſs than the V n+p )arealfo < tevo L.. C. | 
4. rr e * Cer. of lem. 
But the ſtraight lines AB, CD, are plle. (b. 9. 


5. Conſequently, the V m & N ate not 


6. They are therefore equal, or = = V. | CN. 
Which was to be demonſtrated. I. 


Moreover, Vr & Y n being vertically oppoſite. 


| 7. Theſe angles are = to one another. | | — 15. B. 1, 
oo vg Vn (Arg. 6), vr deing=toth Gun Vn, 5 
(Arg. 7 

8. Ii follows, that Vr is r 0 | Ax. 1. 


e II. 
| Likewiſe, Vn being = to Ve CR 6); 1 be added to both, 
8 The Vn + þ will be= to VN +p Ax. 2. 
„„ Bur the Ve ee. 3). 
„F 10. nenn it n that the V = are ba = to two "IF Ax. 1. 
ä Which was to be demonſtrated. III. , 
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"PROPOSITION XXX. THEOREM III 


= T HE ſtraight lines (AB, EF), which are parallel to che . dh 
Pr (CD), are parallel to one another, 


Hypotheſis. 5 c Theſis, LIT 
AB, EF, are e firaight lines, plle 10 cb. 2 pe firaight lines AB, EF are 


1 to one another. 


Preparation. 
Draw the an line GH, cutting the three lnes AB, cb. EP. 


DEMONSTRATION. 


B ECAUSE the ftrai bt lines AB, CD, are two e 7 Hp. cut 
by the ſame ſtraight line GH. (Prep). 
1. The alternate V M & N are = to one another, | 5 20. B. 1. 
Likewiſe fince the ſtraight lines CD, Ef are two ples ( the.) cut 
by the ſame oy line GH, ( Prep), 


2, The exterior angle n i = to itz interior pple onthe fame ide p. 72 29. 7 1 


6 But Y being = to Vn (4g. 1 ) & the ſame VIX being all 
to V (Arg. 2). | | 
3. The VN & p will be = to one another, wat 1. 
But theſe V & 5 (Arg. 3.) are alternate V, nel by the two 
| ht lines AB, EF, which are cut by the ſtraight line Gl. 
4- Crate, theſe 22 K lines AB, EF are plle. | F. 25, B. 1. 
Which was to ws demonſt rated | 0 
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; _PROPOSITION XXXI ' PROBLEM. X. 1655 


IO dn a traight line e thro” a given point (E), n oa given 
ſtraight line (CD). 


| - Givn _ <a Sought © | | 
The fraigh line CD and the hein E. Alſo line AB, ple «CD, ; 
| 18 & paſſing, thro * "Ru E. 


Reſolution. . 


1. In the given ſtraight line CD take any point F. 

2. From the point F to the point E, draw the ſtraight line FE. By. f. 
3. At the point E in the ſtraight line FE, make Vn = to ok w;. F 23. B. i. 
4 TO POO Ne EY 1 „ 


. 
75 * 


Druoxs rx A TION, 


| ECAUS E the alternate Y m& n, formed by 10 fright * 
EF, which cuts the two lines AB, CD, are i= to one another (RY. WI temas, 


1. The ſtraight lines AB, are ple. l P 10 1 l, 
Which was to be be demi 5 


A 05 


2 
* 
* 
A 

- 

- 
- 
F1 


= 
* * 
— * ” 9, 
— p x N - * 
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PROPOSITION RANT THEOREM. III. 


F a ſide as (AC) of any triangle (ABC) be produced, the exterior angle 
(e +p) is equal to the ſum of the two interior and oppoſite angles (= + m); 
and the three interior angles ( + m + r) are equal to two right angles. 


| . e Theſis. 
ABC rs a , one of whoſe fides _ 1 Vcbkpise=ro Wmbn, _ 
AC, Nan indefinitely to D. II. the Vn 1175 m r are to 2. 
5 Preparation. 1 5 
Thro' the * C, draw the ſtraight line CE, ple to the ſtraf „ 5 
line AB. * us P.31,B. t. 
DEMONSTR ATION. | 
B ECAUS E the fraight lines AB, CE, are two plles (Prep. ) cut 
by the ſame ſtraight line BC. | 
-S; The alternate Vn & c are S to one another. | 2.29. B, 1 L. | 
Likewiſe becauſe the ſtraight line AB, CE, are two plles ( Prep. / cut | 
by the ſame ſtraight line AD. 
2. The exterior angle p is = to its interior oppoſite one n, on the 
ſame ſide. 1 
The V « being therefore = = 10 y n (arg. I J, & V = V n, 
(Arg. 2.). 1 
4. The Y T / is = to the M & m then Werther. + Ax. 2. 


Which was to be demonſtrated. I. 
Since then the V c +4 to n+ n 301 if the Vr be 
added to both ſides. 
4. The Ver will be=to the chew VAI. „ + rof the A ABC. Ax. 2. 
But theſe V c +p + r are the A At the + line BC, 
which meets AD at the ſame þ 2 | 


* * 


. Conſequenly, the Vc re L,. P. 3. B. 
, Wherefore, the three Vn Dd, 1 = to V. + +7, | 
(Arg. 4- ) are alſo = ='to two | Ax, 1. 


Which v: to 'be demonſtrated, II. 


} . . 


4 
T 3 


ms 


Bur thoſe equal W ACH, DEC, (eg. 3.) are altetimte Y y fred by „ d 
the ſtraight lines AC, BD, cut by the ſtraight line BC. 1 
4. Conſe . en AG BD, are plle. 2.3 27 3. 1 
„ 1 * was to bee . | 


PROPOSITION XXXIIL THEOREM XXII. 


HE ſtraight lines (AC; BD,) which join the extremities (A, C, & , oy 


of two equal and parallel ftrarght n Wm wy lane 77 are ba N 


ow equal and parallel, 


TIT: Hypotheſis. 51 beg OY 
| AC, BD, are two ſtraight lines, which j foin I. The Shea ight lines AC, BD, bade 


towards the ſame parts, the extremities Il. And thoſe ftraigbt lines AC, BD, 


; Wit two = & * of ra lines AB, ED. are plle. 
„ Preparation. | 
F rom the point Br to the point C, draw the ben line BC. ON | +. c ＋ 
Druons rn ATION. i wg 8777 


„ "Om the ſtraight Bis AB, ED, are eo ples (he beer, 


the ſame ſtraight line BC ( Prep. ). 
1. The alternate Vn & m are = to one anether, 1 'P.2 29 2. 15 


Since therefore in the two A CAB, BDC, the ſide b off =" 1 ola 
* fide AB (Fyp.), the fide BC is common to the two A, & the ne 
i do the V (dep, .). | 


2. * follows, that the baſe AC is = to the baſe BD. 
Which was to be niet 1 


3. Likewif that the v ACB, DBC, to which the equal ſides AB, CP, (© 
are oppoſite, are alfo = to one another. 


af "7 


, PB, ; ; ; 
* * 4 B. 1 * 5 
F TS” 4 


* 
„ 3 FX 1 
” as 

* 


PRO POSITION XXXIV. THEOREM AI. 


H E oppoſite ſides (AC, BD, & CD, AB,) and the oppoſite angles 
(A, D, & r, n 5, ) of a parallelogram (AD) are equal to one MIT & 
| the diagonal (BC) divides it into two equal parts. | 


Hypotheſis, - 9 > Thelln 
J. AD is aP J. The fides AC, BD, £& CD, AB, 
L. BC z is tbe ingonal of this Pr : are = toone angther, SVA D. 


II. Vn TY = NA. 


III. The A CAB, BDC, * be 


Aiagonal, are = to one another, 
DEMONSTRATION,” | 


B. ECAUSE the abe lines AB, CD, are two ples ( the. 1,) cut 


by the ſame ſtraight line CB ( Hyp. 2.). | 
>T; ” The alternate W & n are = to one another.. F. 29. B. 1. 
Again, becauſe the ſtraight lines AC, BD, are two plles Hyp. 1 J cut 
by the ſame ſtraight line CB (Hpyp. 2.). 
2. The alternate V r & s are = to one another. 1 F. 29. B. 1. 
But the A BDC, CAB, have two Vn & . to two V n& x, 
(Arg. 1 & 2.), & the ſide BC adjacent to thoſe equal is common to 
the two HG. : 
3. Conſequently, the ſides AC & BD, elke to the equal Vn & n, 
alſo the ſides CD, AB, oppoſite to the equal VS & r, are = to one p. 26. B. 1. 
another, & the third . Al is = to the third. VD. js 
Which was to be LEN Ne J. 
| „r 1.), & r= Vs (Arg. 2.). OR 
4. The whole e to the whole Vn +5. a Ax, 2. 
_— Which was to 1 II. 5 
i Ge; becauſe in the G CAB, BDC, the fide CD is = to the ſide AB, ind oa YE 
8 (os. 3.), the ſide BC 1 is common to pe two A, and V „ „ to © 1 
| n (Arg. 1.). h 
3. Thoſe two A CAB, BDC, formed by. the dingonal BC, are = = to one 


e * 3) * 4 tr, 8 x f 
* . EE no Ie yy ” 
1. ; : £83 COS 5 
* 57 7 1 _—_ 
* : 4 
1 „4 
ano er. „ .... "4 
0 * * @7-» 
4 * 4 $ Ls 2 
" * o 
3 4 4 
a - o 


Which was to be demonſtrated. III. 


— 


79 


*PROPOSITION XXXV. THEOREM XAT. 


Pert o RAMs (AD; ED,) upon the ſame baſe (BD) & be | 
tween the ſame parallels (AF, D. 6 0 equal to one another. 
Hypotheſis. . 5 ; n 
3 AD & ED are two Pgrs, The Pgr AD is = to the n 
"6 And thoſe two Pgrs, are upon the ſame baſe S 
BD, & between the Same plles AF, BD. * 


DEMONSTRATION. 


FN ECAUSE the 3 ADi is a Pgr (Hp. 13, „ | 
I. The op woe fides AC, BD, & AB, CD, are == to one another. F. 34. B.1, 
Likewiſe, becauſe the figure ED is a Pgr (Hyp. 1.). | 


2. The oppoſite ſides EF, BD, & BE, DF, are = to one another, # Þ 3. } oY 


hut the ſtraight line AC being = to the ſtraight line BD (Arg. l.), & 
the ſtraight line EF being alſo = to the fame ſtraight line BD (Arg. 2.). 


| 3. It follows, that the ſtraight line AC, is = to the ſtraight line EF. 2 I, 


Since therefore AC is = to EF (Arg. 3.) ; if CE be added to both. 


4. The ftraight line AE is neceſſarily = to the ſtraight line CF. Ar. 2. 


Therefore in the A ABE, CDF, the ſide AB is = to the fide CD, 
(Arg. 1.), the ſide BE is = to the ſide DF (Arg. 2. 9. & the bus AE 
is = to the baſe CF (Arg. 4.). 


5. Conſequently, the A ABE is = to the A Si + RN M,' 2. r, 


Taking away therefore from thoſe equal A ABE, CDF „ 1 5 ” 
their common part CME. 


35 | 6. The remaining trapeziums ABMC, MDFE, are = to one another. 4 4 5 


Adding in fine to thoſe * trapeziums ABMC, MDEE> (ars 6. he 1 
common part MBD. i 5 


| 1 2 r beende one ggg . 4e. > 185 


15 . was to be demonſtrated, * 
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PROPOSITION XXXVI THEOREM Forza 


en RAM S (Ac, GB,) upon equal baſes (BC, Dry * 8 


between the ſame parallels (AH, n are e to one another. 


Hypotheſis. 


2 AC, GE, are two Pgrs. * 
II. And thoſe two pgrs are upon equal baſes 


BC, DE, & between the ſame plles AH, BE. 


4 the fig re GE is a Pgr (He. 155 


1. The oppoſite ſides DE, 


But the ſtraight line BC i is = to DE (Hyp. 2. ), & GH is = 
fame ſtraight line DE ¶ Arg. I.). 
2. Therefore BC is = to GH. 


- Theſis, 
The Fer AC 14 f. 40 the Per GE, 
74S 

| Preparation, a 
1. From the point B to the point G, draw FR Araight line BG. 5} P : 

2. 1 rom the pos C C to the point H, draw the ſtraight line CH. "7 1. 

| DEMONSTRATION. $I 
GH, are = to one another. P 34. Z. I, Fa 
to the I 
Ax. 5 FL 


But fince BC is = 


extremities are joined by the ftraight lines GB, 

3. It is evident that thoſe ſtraight lines GB, HC, are = & plle. 

4. Conſequently, the figure GC is a Pgr. 
Moreover, the Pgrs AC, GC, being u 
tween the ſame plles AH, BE, (Hyp.-2. 


. Thoſe Pgrs AC, GC, are S to one another. 


It will 4 


royed after the ſame manner. 


8. That the is = to the Pgr GE. Toe: 1 


Since therefore the pgr 


Pgr GE is = to the ſamePgr GC (Arg. 


34 It r that the Pgr 


AC is = to the, 


AC, is = to«the Per Gk. 


ge was to Fhe demonſtrated. 


3 
L223 


1 5 x 
as. 46 FS 
a0 8 


to GH (Arg. MON aces lles e whok 
C, (Prep. 1 & 2). 


4 the fame baſe BC, & be. 


eur my & he” 


5 0 That the figure AE is a Pgr. 


& 3 the halF of the per AE. e 


th It bs nt that the: G ACB, ADB, are alſo = to one another, 


. 1 „ 
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PRO POSITION XXXVII. THEOREM 2 . 
. (ACB, ADB, upon the ſame: baſe (AB) & between | 


| the ſame parallels (AB, CD,) are TOY to one another. 


eee, | Theſis. 
. ACB, ABD, are two A. 7 De A. ACB i is = tothe A ADB, 
. IL. And thoſe two A are upon the {avis AB, 27 * : 
: hunt the ſame plles , 7 


Preparation. 


: jp 17 I. "Produc: W. Watch tins CD both 0h 9 ERF. 1 Fu. * . 


2. Thro' the points A & B, draw the ſtraight lines AF, BE, 


plle to the ſides BC, AD; which will meet the en EO #3 * B. E 
 Ranewbare.1 in F & in E. 


DEMONSTRATION. | 110 
0 the fore BF the oppo ſides AB, FC, & AF, BC, 1 
"are lle (Hp. 2 & Prep. 2.). Ry $1.39 
15 he figure BF is a Pgr. . 1 . 35. 2 k. 
It wil be proved after the ſame manner. i 


But the Pgrs BF, AE, are upon the ſame baſe AB and between the | 
ſame plles AB, F E, (Hyp. 2 & Prep. l.). 


Conſequently, the Pgr BF is = to the Pgr AE. 

But the ſtraight lines AC, BD, are the diagonals of the Pere BP, AE, 
| (Prep. & a.) . „ 
4. Wherefore thoſe. 4 onal, A0, BD, divide the Pers r. AE, in 5 
te equal parts. e 
Oonſequently, the A Ach ivthe half of the . BP, & the A ADB 


ince then the whole Pgrs BF, AE, are eee thy, 3. ), & 
e A ACB, ADB, are the halves of thoſe Pgrs (Arg. 5.). 


Which was to be demonſtrated, 
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OP OSITION XXXVIIL THEOREM XXII. 
RIANG LES (ADB, EGF,) upon equal baſes (AB, EF & be. N 
tween the ſame parallels (AF, DG 0 are 8 to one another. „ 
If | Hypotheſis. | | Theſis, 
47 | ADB, EGF, are two A. Es The A ADB is = to ale A EGF. 


. And thoſe two A ure upon = baſes AB, EF, 
& W N the ſame pies AF, DG. 


Preparation. 


hs Pioduce the ſtraight line DG both ways to the points H, c By. „ 
2. Thro' the points A & F, draw the ſtraight lines AC, FH, „ 
| plle to the fd des BD, EG ; which will meet the e line P. 2 DP 5 


"obs 


, ſomewhere in C & in H. : 
\DeMoNsTR ATION. 


E CAU 8 E in the . BC, t the ren ſides AB, D, & AC, BD, 
are plle (Hyp. 2 & Prep. 2. . Tn 5 
1. The figure BC is a Pgr. 3j) wv . 35. B. I, Fs, 
| It may be proved after the fame manner. _ 1 23 Bk | 75 
Z | '2. That the figure EH is a Pgr. 
3 hut the pgrs BC, EH, (Arg. 1 & * are upon : baſes AB, EF, * 1 5 
be between the ſame plles AF, HM, FF 4). 5 15 
4 *: ' Conſequently, the Pgr BC, is = to the Pgr EH. F. 36. 3.1 L, 
oft: But the ſtraight lines AD, FG, being the diagonals of the Pers 0 5 
"x W 2 EH, (Prep. 1 & 2.). 2 
7 . 5 Thoſe ſtraight lines AD, FG, di vide the Pers BC, EH, into t two 
„„ PG P. 34. 2 
5 5. Wherefore, the A ADB, is half of the 1 BC, & the & EGF i is he. | 5 e 5 
half of the Pgr EH. * Z . * Tye Gs 2 8 
Since then the whole Pers BC, FH, are = to one another As, 3. 9. 1 
and the & ADB, EGF, are the halves of thoſe Pgrs (Arg. "fag 
7.0 _ that thoſe a ADB, EGF, are alſo == to one another. . A 
a 8 was to 0 be pan. 
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"PROPOSITION XXXIX. THEOREM XXIX. 
au AL triangles (ACB, ABB,) upon the ſame * (AB) & r. 


5 
6 n O 


on 1 the ſame ſide of it, are between the ſame parallels (AB, CD,). 


, Hypotheſis. 
"i The G ACB, ADB, are equal, 
7. And theſe A are upon the Jame baſe AB 


DEMONSTRATION. 


1 not, 


I Theſis: 
The A ACB, ADB, are betweep | 
the fame plles AB, CD. 


The ſtraight "0 AB, CD, are not plle, & Saws may be drawn 
 thro' the point C, ſome other ſtraight line CO, ple to AB. 


Preparation. 


I. Draw chen thro the point C, the ſtraight line CO plle to AB ; f. Ih B. L 
which will cut the ſtraight line AD, ſomewhere in E. 
2. From the point B, to, the pount of interſection E, draw the 


ſtraight line E. 


Mc 2/4 


2/7 "Wa E the two A Ach, AEB, are upon the ſame baſe AB, 


& between the ſame plles AB, CO, ( Prep. 1. ). 


1. be A Ach is = to the A AEB. 


17 


But the A ADB being = to the A ACB. (Hb. I, 15 & the A AEB 


being S to the ſame A ACB (Arg. 1,). 
2. The A ADB is = to the A AEB, 


But the A ADB being the whole, & the A a Bf its pn 


. It follows, that the whole | is equal to its part. 
Which is impoſſible, 


5 donſequently, the firaight line CO is not plle to AB.” 
It may be proved after the lame manner that no allies « fright line 


"but , can be plle to AB. 


6. Conſequently, the ſtraight line cb. Wen thro? the vertices of the 


a 1 92 Ka is y os to. the RT AB. 


: 8 
* . , 
IP 

& 9 


ne was to be demonſtrared 
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I * n 
r — 3 — 
> 8 A 5 E - 
. - + 4 


e the A EDP fr OM Ales: RR OTE. Av. 1. 


PROPOSITION XL. THEOREM XXX. | 
4QU AL triangles (BAC, EDF,) upon equal baſes (BC, EF 0 & up- ng 
on the ſame ſide, are between 4 ſame . (BF, 205 | 


Hypotheſis. | Thesis. 
J. The A BAC, EDF, are Ps oy | | The A BAC, EDF, are between | 
JI. And oof A are upon = baſes BC, EF. 74 the ſame ow BF S AF 
DEMONSTRATION. ; | 


te. not, 

The ſtraight lines BF, AD, are not plle, & there may be dw 

es the point A fome other ſtraight line AO plle to BF. 
Preparation. a 


1. Dove then thro” the point A the ſtraight ins: AO plle to BP, Þ: Me * 6 


Which will cut the ſtraight line ED ſomewhere in G. <0 
2. From the point F to the t of . 22 dran the e 2 
ſtraight line FG, _ ; „ Fl „ 


Bre AUSE the A BAC, EGF, are upon the equal baſes BC, EP, 

(Hyp. 2.), & between the ſame 75 BF, AO, (Prep. 1.). | 
1. The A BAC is = to the A EGF, 18 27 135 
Bu the A EDP i= to the A BAC (thp. 10 bea 

to the fame A BAC Arg. 


But the A EDF being the whole & the A EGF its part. 


3. It follows, that the whole is to ite HII. 
4. Which is impoſſible. Oo To ( 

5. Conſequently, AO is not ple to BF. 5 r 

It will be proved aſter the ſame manner 0e no ether fraight Une „ 
„ bur AD can he pre to „ e . 1 
6. Conſequently, the ſtraight line AD, 4 thro? the Gienets of the 1 


Ho BAC, 98 is  plle. to the ſtraight line BF. 
Which was to be demonſtrated. 


' PROPOSITION XLI. THEOREM XXXI 


Ir a parallelogram (BD) and a triangle (BEC) be upon the ſame WY 
(BC), and between the ſame parallels. * AE,); the parallelogram ſhall 
be double of the triangle. 


Te rinks TE 1 x | | | | - + Ty ba bc 41 | 5 
1 BD is a Pe BECaA. ThePgr BD is double ef the A BEC. 
It. Thoſe fee are upon the ſame baſe | | . 771 | 

BC, & etwween the Ar plles BC, AE. 
| Preparation. | OR 
From the point A to- the-point C, drew. the flraight line AC. Poſe 1. 
| DEMONSTRATION. 

Biesen the O BAC, BEC, are upon the ſame baſe BC, & be- 
tween the ſame plles BC, AE ( Hyp. 2. h | 
I, The A BAC is = to the A BEC. P. 37 B. 


Blut the ſtraight line AC being the diagonal of the Par | BD (Prep.). | 
2. This diagonal divides the Pgr into two equal parts. . 34. B. 1. 
. Conſequently, the Pgr BD is double of the A BAC. 5 

" «But this A BAC being = to the A BEC ( Arg, 1 s 1 


| 4. The Per BD.is alſo double of the & BEC. 
| Which was to be demonſtrated, 


1. 


PROPOSITION XIII. PROBLEM XL 


8 O deſcribe a parallelogra am (ED), that ſhall be cyuat to a given unge . 
(A), & have one of its angles (DCE) equal to a given rectilineal angle ). 


Given Sought 
I. The A BAD. De conſtruction of a Pgr = to the A BAD, 
II. A reilineal 4 M. baving an W DCE = to the e * *. 
3 Reſolution, _. - 
1. Divide the baſe BD into two equal parts, at the —_— SE 10. 3. 15 
2. Upon the ſtraight line BD at the point C, make an VDCE = | 
to the given VM. £244; B. 1. 
3. Thro' the point A, draw the ſtraight line AF plle to BD. P 31. K i; 
4. Produce the fide CE of the V DCE, until it meets the ſtraight P/. 2. 
line AF in a point Kk, | 
5. Thro' the point D, draw DF plle to CE, & produce it until it 
meets AF in a e 15 | Poſ. 2. 
5 Preparation. : 
From the point A to the point C, draw the traight line AC. e 1. 
. DEMONSTRATION. 
ECAUSE the A BAC, CAD, are upon equal" baſes BC, CD, 
i.), & between the ſame plles BD, A. ( Ref. 3.). 1 5 
1... The A BAC is = to the A CAD. „ P 38. B. 1. 
Wo 2. Conſequently, the A BAD is double of the ACAD. N 


But in the figure ED the ſides CD, EF, & CE, DF, are plle ( Ref 3 5. ). 


3. Conſequently, ED is a Pgr. D. 35. B. f. 


But this Pgr ED & the A CAD, are upon the ſame baſe CD, & be- 
_ tween the ſame plles BD, AF, ( Re / 1. 3. & Prep OF: 


4- From whence it follows, that the Pgr ED is double of the A CAD. P. 41. B. i. 


Since then the Pgr ED is double of the A CAD Arg. W & the 
A BAD is alſo double of the fame A CAD (Arg. 2.). 


It is evident, that the Pgr ED is = to the A BAD. | Ax. 1 


And as its V DCE is alſo = to the given V M (Reſ. 2. ) 
6. This Pgr ED is = to the given A BAD, & has an V DCE = to the 
given YM 0 Which was to be demonſtrated, 
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PROPOSITION XL THEOREM XXXIL 


7 E complements (AF, FD,) of the parallelograms (HG, EI,) 4 
the diagonal (BC) of any n (AD), are equal to one another. 


Hypotbeſis. Theſis. 
J. AD is a Pgr, whoſe diagonal is BC. Tze Pgrs AF, FD, which are the 
II. HG, El, are the Pgrs about the compli of the Pers HG, El, 
| | diagonal, | ag re = lo one anather, 
| eee ATION. 


ECAUSE AD isa Pgr, whoſe diagonal is BC (Hp. i.). 


1. This diagonal divides the Pgr into two equal parts. 2. B. . 


2. Conſequently, the A CAB is = to the A BDC. 
* Likewiſe, El being a Pgr, whoſe diagonal is BF ( tp. 2. L | | 
It divides alſo the Pgr into two equal parts, | P. 34. B. 1. 
. Wherefore the A FEB is = to the & BIF. | SEED 
In fine, HG is a Pgr, whoſe diagonal i is FC (Hyp. 2.). | | 
s. Which conſequently divides it into two equal parts. 3 . 
6. Conſequently, the A CHF is = to the A FGC..- .- | 3 
Since then the A FEB is = to the A BIF (Arg. 4. ), & the A CHP 
= to the A FGC (Arg. 6.). 


7. The A FEB, together with the A CHF is = to the A Blr , together 


with the A FGC. Ax. 2, 
But the whole A CAB, BDC, belagi = = to one another (Arg. 2.); if 
there be taken away from both, = = F ED + CHF, & the A BIF 
＋ FGC, which are equal Arg. 7.) 
8. The remaining Pgrs AF, FD, which are the complements of the Pgrs 


; N will be alſo to one another. Ax. 3. 
Which was to by demonſtrated. 5 
SS 


' PROPOSITION XLIV. PROBLEM XII 


p O Na given frraight line (AB), to make a parallelogram (BC) which 
ai be equal to a given triangle (T), and have one of Its angles as e 


equal to a given redilinea angle (M). 


Given . | Soug ht | 
J. The firaight line AB. A Per og upon a Harb. line AB . 
„ = lo the AT, having one of its 
III. The refilineal V M. 7 BAC = to the "tis V 15 
| Reſolution. 
. Produce the e firaight line AB indefinitely. | = , # Joop 
Jake AL = to one of the ſides of the given A T. . 
Make the A AKL = to the given AT. R 23. J. 1. 
. Deſcribe the Pgr EH= te the A AKL, having an V HAE = 8 
to the given V M. . t. 
Thro' the point B, draw a ſtraight line BF plle to EA or GH. P. 31. B. i. 


Thro' the points F & A, draw the ſtraight line FA, which Po/. 1. 
when produced will meet GH produced, ſomewhere in I. 


8. Thro' the point I, draw the freight line ID plle to HB or GF. 11. B. . 


J 
2 
3 
4 
5 
6. Produce GH indefinitely, as alſo GE, until it meets BF in F. Poſ. 2. 
7 
8 
9 


. Produce . until they meet ID in the 1 D& C. Poſ. 2. 
| DaMoNs7R A TION. 


| . the fi bo the oppoſe ks GLFD,& ID, 
75 be (Ref. 5.6.8. i ig 


The figure DG is a Pgr. | 5 1 Fw | D. 35. B. 1, 


r 


= — 
— - 
— c 
« 


| 1 Conſequently, the Pgrs BC, 'EH, whit 


——- 


Again, he oats hes EA, FB, & EF, AB; a alſo: HI, L AC, & 
HA, IC, of the figures EB, HC, being plle ( Ref. 5. 6. 8. & g.). 
3 Thoſe figures EB, HC, are Pgrs. 
But the ſtraight line Fl is the e of the Pgr DG Re/. 7.), & 
Eg, HC, are Pgrs about this diagonal o rg. 2, & Ref. 7.). 
C 


are the compliments, are = 
to one another. 


But the Pgr EH is = to the A AKL (Re 4.), & the given A T is = 
; to the fame QA AKL (Ref. 3 + 1 


8. Therefore, upon the given ſtraight line AB, there has been made a per 


BC = to the 5 50% & which has an V BAC=to 
| thegiven VM (eg 7). 


B. B. 
D. 3 0 9 bd 
; 12 
. 
i 


P. 43. T 


7 4- From whence it follows, * the Pgr EH is = to the egirn QT... 5 wal * 1 
The Pgr EH being therefore to the given A'T (Arg. 4.), & 
ſame Pgr EH being == to the Pgr BC (Arg. z.). 
5. The Pgr BC is = to the given AT. Ax. I. 
Moreover, becauſe the V HAE, BAC, are vertically oppoſite. | | 
| 6. Thoſe Ware == to one another. P. 15. J 1. 
Wherefore, X HAE being = to the given v B . Ref. 4) | | 
7. The V BAC is alſo = to this given V. M. Ax. 1, 


Wick was 16 he dog” | 
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PROPOSITION XLV. PROBLEM XII. 


1 O deſcribe a parallelogram (AF), equal to a rectilineal 68 ab; | 


and "_ an angle (u) equal to a Nen rectilineal angle (N). 


- Given Sought 
3 4 rectilineal figure IH. | The conflrudion of a Pgr = to the relilineal 
Il. Arectilineal wN. Frfeure IH, having « an Yi N= * V N. 


Keſolution. 


1 4 the diagonal Gk. | 8 
2. Upon an indefinite ſtraight line Ab, make the Per AE = = to 5 
the A GHK, having an Vn = to the given VN. eee 
3. Upon the ſide BE of the Per AE, make the Pgr DF = to 
th A GIK ; having an Vr = to the given VN. a Ap 


DEMONSTRATION, 


ECAUSE VN is = to each of the n&r (Rea 3.) 
1. The Wnis=totheWr.- Ax. 1. 
If the V be added to both.  _ | Tons | | 
2. The Vn + m . Ax. 2. 
But becauſe the ſides AD, BE, are pies ( Ref. 2) cut by the fame 
ſtraight line AB. 


3. The two interior V 7: TY m, are =totwol.. P. 29. B. 1, 
4. Conſequently, the adjacent Vr + m, which are = to them 
(Arg. 2. ), are alſo = to two 1. x: 1. 


The ſtraight lines AB, BC, which meet on the oppoſite fides of the 

line BE at the point B, making with this Rate BE the ſum of | 

the adjacent V ro to two |. (Arg. 4.). of 
5. Thoſe ſtraight lines AB, BC, form but one & the ſame ſtraight line AC. P. 14. B. 1. 
Moreover, the ſtraight lines DE, AC, being two plles ( 2 4, 9 cut 5 

the ſame ſtraight line BE. 


” —_ ' 0 J * 8 * ny * [4 


6. The alternate-V-r &-s, are-== to oe anot . 
And if the Vu be added to both. HE = 


7. The Yr T , will be = to Vs +u. Mx. 2. 
Baut becauſe the ſides EF, Ws are two pls ( 580 3. cut by the Cane 
* ſtraight line BE. | 
8. The interior V r + u, are = to two l.. + Fa 1 
. From whence it follows, that the 5 V s + u, which are = = to 
them (Arg. 7.), arealſo= to two L. . 1. 


The ſtraight lines DE, EF, which meet on the oppoſite ſides of the 
line BE at the point E, makiag with this ſtraight line BE, the 
ſum of the adjacent  s + #= to two L. (Arg. .). 5 
10. Thoſe ſtraight lines DE, EF, form but one and the fame ſtraight _ : 
line DF. P. 14. B. 
But fince the ftraight lines AD, BE, & BE, CF, are the oppoſite J 
ſides of the Pgrs AE, BF, ( Reſ. 2 & z.). P. 34. B. 
11. The ſtraight line AD is & plle to BE, " 5 BE i is = = & plle to CP. * 2 
12. Conſequently, AD is = & plle to to C Xa 
Moreover, thoſe = and plle ſtraight lines AD, CF, -are ld by | 
the ſtraight lines AC, DF, (Arg. 5 & to.) _ - 10 5. 33. 
5. 


13. Conſequently, the figure AF is a gr.. : * i 
And becauſe the Per BF is = to the A GIK (Ref. 3 05 the Pap ho 

AE is = to the A GHK, VI e 
* : 14. The whole Pgr AF is = to the reftilineal figure IH; & bas an T 1 | EA 2 
' FRE Seto the given VN. „ 9 
1 a Which was to be demonſtrated. * 


PROPOSITION. XLVI. PROBLEM AW. 


| | P 0 Na given ſtraight line (aB) to deſeribe a ſquare (AD). 
Given * Sought | | 
The ftraight line AB, A ſquare made upon the 8 5 rei line AB. 
Reſolution © | 
I. At the 2 A, erect 1 05 the ſtraight line AB the perpendi- Hes } © 
cular AK. | „ B56 - _ \} 
2. From the ſtraight line AK cut off a part AC = to AB. . 1 
3. Thro? the point C, draw the ſtraight line CO plle to AB. J P B. | 4 
4. And thro? the point B, draw the fraight line BD plle to AC, 537 
which will cut CO ſomewhere i in D. ; | 
DEMONSTRATION. . | 


ECAUSE in the figure AD the oppoſite ſides AB, CD, & AC, BD, 


are plle (Reſ. 3 & 4.). | B 
1. The figure AD is a Pgr. D. 35. B. 1. 
2. Conſequently, the oppoſite gdes AB, CD, & AC, BD, are = to one - 


another. . * 3 4. B. x. 
| But AC is = to AB /Reſ. 2.). T 
3. .Conſequently, the four ſides AB, CD, AC, BD, are = to one ano- 


ther 

Again, becauſe the it lines AB, CD, are plle Fe Ref. 3. *. 3 
The interior 3 AA . are = to two Ke”. P. 29. B. 1, 
But the V A being a l- (Ref: r. | . | 
. It is evident, that VAC is alfa a Soph Z „ 

Moreover, becauſe AD is a Pgr (Arg. 1 * vg es, | 
The oppoſite V are = to one another. + 
Eo . Wherefore, the V BDC & B oppolite to the right v A & ACD, ; 
3 are alſo I. 
5 The figure AD being therefore an equilateral Pgr ( Arg. 3. ), & rec- 


tangular (Arg. 7.). 
8. It follows, that this figure AD deſcribed _ the ſtraight line AB, 


is a ſquare. 
| Which was to be done. 


1 


D. zo. B. 1. 


1 0 1 . ; 'F 
1 ER 1 Watte ram, that has two equal fides AB, AC, 1 a ri, * 


Ee is a ſquare ; for drawing thro the points C B the ff 2 lines CD, BD; 
1 allo to the two fide AB, AC, the ſquare AD vill be deſcribed (D. 30. B. i.). 


COROLLARY. 1 


EVER Y nnn that has one right angle, has all its 07 1 br is an- 
ghes, For fince the oppoſite angles A & BDC, are equal (P. 34. B. I.), & the” 
angle Aa right angle, the ang el BDC vill be alfo a right angle : moreover, the 
nes AB, CD, AC, BD; , ; the interior angles A & AC, likes 
viſe A B, are equal. to two rigbt angles CP. 29. B. 1.); but the angle A being 
4 N N 1 & . A that the ang les ACD B, are alſo "el Rs F- 


Mende D224 LAB ME ray no nn, 
Tus, 1 4 on zer raight lines, are 2 to one anot! > & re 


"PIO, WR * are 4 on equal n lines. 
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PROPOSITION XIVII. THEOREM III. 


II any right angled triangle (ABC); the ſquare which is deferibed anon. 
the fide (AC) ſubtending the right angle, is equal to the , 7 8 FO 
the ſides (AB, BC,) including the right * 1 5 


Hypotheſis. 3% 3: ot. 
The A ABC #s e or 9 ABC is a 3 | 7 5 Le the fide AC is to 3707 
AB, 3 with the _ a BC. 


"Phenix, 


I. Ont three ſides AC, AB, BC, deſcribe 0 Hg. I 10 the 0 
AG, AM, CD. | | 8 0 I, 
„ Thro' the point B, draw: the ſtraight line BH plle to CG. 7 31. whe . 
3. From the point B to the point F, draw the ſtraight line BF. } P f. 1 5 
4- From the pes Ci to the point N, draw the 13 5 line * bbs 


| DEMONSTRATION. | ©; 
ECAUSE the ner Ae DJ Pp 1, 0 1 5 „ 
1. The V ABM is a . | TS „ D. zo. B. 1. 
But V ABC being alſo a ks (tp). * : „ 5 
2. The two adjacent V ABM, ABC, are to two 3 4 . 


The ſtraight lines MB, BC, which meet on the — 3 te ſides of the 
line AB at the point B, making with this ſtraight line AB the ſum of 
the adjacent V ABM. ABC, = to two L. (Arg. 2.).' | 
3. Thefe ſtraight lines MB, BC, are in one and the fame ſtraight line MC, p. 14. B. 1. 
which is plle to NA. | F. 28. B. 1. 
In like manner it may be demonſtrated. 8 


4. That AB, BD, are in one & the ſame raight line AD, which i is, of 
1 plle to CE, 775 


Moreover, becauſe AG, AM, are U . Prep. Fg 9 ee 1 
5. The V FAC, NAB, are = to one another, (being. right — & the | he IS. 7 £5 


75 : 
28 : 
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. ; 5 5 ** a 
75 8 
+ wed 3% . 
* 44 


ſides AF, AC, & AB, AN, are alſo = to one another. D. Os. 4. 5 


Therefore, if to thoſe equal W FAC, NAB, V CAB be added. 
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6. The ee F FAB will 2 ='"t0 + the RO Y Nac. | en 6 ou OE 
Since then in the A AFB, ACN, the ſides AF, AB, & AC, AN, are 
% * 57 ag bo each (Arg. 5.), & the Y FAB is = to the: Y NAG Sas, 
de A AFB will be = to the A ACN. 9 | . .. 
the A AFB. & the Pgr AH, are upon the fame baſe ar & be- = 
tween the fame plies AF, BH, (Prep. 2.). s 
8. From whence it follows, that the Pgr AH is double of the A APB. 1 47. B. 1. 
Likewiſe, the A ACN & the U AM being upon the ſame baſe ene „ 
and between the ſame plles AN, MC, (Arg. 3.). _ e 
he The] AM is double of the A ACN. 4% 'P. 41. B. 1. 
The A AFB, ACN, being therefore = to one another Arg. 7.). 
and the Per AH & the [] AM their doubles (Arg. 8 & 9.). 
0 10. by ney, that the Pgr AH j is = to che — AM. | Ax. 6 


#3, the fi g 1 by drawing (Fig. 2. by the lines BG, AE, it is 
demonſtrated, that the Pgr CH is = to the CD). 
4 1. But the Pgr AH, together with the Pgr CH, form the DAG. 


I 


5 12 Wherefore, this U AG is = to the ſum of the CAM & CD. = T, 
But fince the [JAG is the ¶ made upon the fide AC, & the D AM 
and CD the [1 upon the ſides which include the L. ABC. + 8 


. The O made upon the ſide LC is == to the Q made upon AB Ar! BC 
"taken OY 17 . bo 
e Which v was to be demonfraed, 
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PROPOSITION ? XVIII. "THEOREM Ln. 


I. the ſquare deſcribed upon one of the ſides - (CA) of a triangle ( CBA) 
be equal to the ſquares deſcribed upon the other two ſides of it (AB, BC,); 


the angle 1 _—_ by theſe two "kades (AB, BC,), is a 2 angle. 


The [1] of CA is = to #0 of AB, The Y ABC included by't * 
ee with the le of 7  fides AB, BC, is — . 
Preparation. 
1. At the point B, in the feraight ins ge erect the perpendi- 77 un 
cular BH. . 1, 
2. Make BH = BC. Pia B. 1 
3. From the point H to the point A, 5 0 the fraight bins HA. 1 1 1. 
DEMONSTRATION. 


Bicoacs BH is = to BC (Prep. 2.). 


| 3. The of BHwill be = tothe of BGW. 3 £2.45.3. 1 r. 


If the QD of AB be added to both. - „ Cor. 3. 


2. The Hof AB & BH, will be = to the DJof AB& BO. 25 „ 


But the A HBA being Rgle in B { Prep. 1,). 


©. It follows, that the LU of HA is == to the DU of AB & BH. | 'P 47. B. . 


' Since then the Jof CA is = to the O of AB & BC (Hp. 1.), the 
D of HA S to the U of AB & BH (Arg. z.), & the [] of AB & BH, 
are = to the [7 of AB & BC, (Arg. 2.). GT 
The Qof CA muſt neceſſarily be = to the U of HA. 74 i 
. Conſequently, CA is . to HA.... 8 46. . I. 
But in the & CBA, HBA, the fide CA is = to the fide HA, L Cx. 3. 
(Arg. 5.), A; is common to the two A, & the baſe BC i is 0 a” 
Vaſe BH, (Prep. 2). e 


6. Wherefore, the V ABC, ABH, Inchided: by the equals An, BC, 1 
. 


and AB, BH, are to one another, ? 125 
But the W ABH is a L. ( Prep l.). * : 
75 W the V ABC will be. alſo a 4 


Which was to 0 demonſtrated. 
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DEFINITIONS. 


Hur RY right angled parallelogram (DF), 18 141 to be conteitied by | 


any two of the ſtraight lines (AD, DE,) which include one of the right 


angles (ADE). 
| 1. 4 right angled parallelogram may be thus denoted, becauſe 4 right angle & 


| the two ſides which include it, are what determine this figure. When the 
length of the fides AD, DE, including the right angle is fixed, the mag- 
nitude of the rectangle is determined, its conſtruction being compleated by 
drawing thro the extremities A & Ee, thoſe fades, the lines (AD, DE,) 

parallel to them, according to D. 35 FP. 31. B. 1. . 


ber ah} eee 


three letters about the right angle, in this manner; the Rgle Pgr ADE. 
It is alſo repreſented thus: The Rgle Pgr AD, DE, that is, the Rgle Pgr 
reſulting from the two fides AD & DE, which form a right angle; & 
is expreſſed thus: The Rgle Pgr under AD & DE, or tbe Rgle Pgr 


1 


| 2 1 
{ . 
| bs * 
4 F . 3 & 
j q 8 
! a d, "Wo 
{ ( * 
5 < 1 es | 
{ e 4 4 & A . 1 * 7 8 
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Peas (as DEFINITIONS © = „ 


3˙ 8 2 M ETIMES the parts of a ſtraight line ge to denote a right 
angled Parallelog gram, ” example. (Fig. 1.), the ſtrai gbi line AB be. 


common to the two lines, being put between the other tao letters; in 

like manner, by the Rele Per ABC, is to be under flood the par albu. 
gram deſcribed 8 pn to the _ rules, one of DN” 1 "des is AB & 
Ebe otber BD. | : 


4. When the Ravi AD & DB, h the right a are ; equal ( Fix. D, 
' the parallelogram DC is a Square (D. 30. B. 1.). As in this c fe one 
6 127 the fides DB with the. right. angle, determine the ſquare, whic may 

deſcribed from thoſe data by P. a; 8 * T his Lk: * bo ex- 


| preſſed 5 The | 24 DB, ar: the U 1 AD. 


ing divided in Q, there may be deſcribed [P. 31. B. 1 ),. with thoſe + . 
two lines Ac, CB, a right angled parallelogram, by joining them at right 4 i | 
angles, & this parallelogram is expreſſed thus: The R glePgr COR f 
er ſimply the Rgle Pgr ACB, the letter that marks the point which is ? 


. 


— — 


1 E „ ins (ac D AAnpoled ot a lorry DB) "tour , + 
the diagonal * togethar: with the two. complements (AD, DC) > 
called a Gnomon. JJ T9 3 x A TT a: + 


„ 
. 


The Com eh e by 11 arc of a ere abe), which ' paſſes thro? the. *.#. 4 36 
two complements (AD, DC,) & the Pgr about the diagonal. here. may be | 


2 or med in every pardllelogram "two different gnomons ; one, by taking away ˖ . 
e rom the. "whole Pgr, the greater Pgr ED about the diagonal; Me | 
Re: Es others: 89-8 7 bing away 8 Fig. 2. 9. the” fer Pgr ED about the diagonal. 
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H E whole 1 is n to all its parts taken together. 


' The while Per PQ. 7 Fi "ig. 2. ) is equal to all its PR the Pr PR, TS, 50. 
taken together. 


n. 


R: I G 4 T angled parallclograms . by equal 6 .4 are e equal. | 


' The Rele Pgr DF (Fig. 1.) 15 ie by the Wen 4 AD, DE ; 
' conſequently, if the ſtrigbi line N is equal to AD, & the ftiraight line M is 
equal to DE, the Rgle formed by the urs lines N My will be . 
Tg e to "the wet DF. 


E OT CPN ee I AA oo» 


. Ax. I. B. 
n Wee. ay; „ 3 os . . 
7 3 f 2 — 

\ * 1 4 g 8 


PROPOSITION I THEOREM JI. 


| PO F there be two ſtraight lines (AD & N), one of which (AD) is divided | 
into any number of parts (AB, BC, CD, ); the rectangle contained by theſe 
ſtraight lines (AD & N) is equal to the rectangles contained by the undivided 

| line (N), and the ſeveral parts (AB, BC, CD,) of the divided line (AD). 
| Hypotheſis, Theſis. 
ADE N are twoftraight lines, one of which The Rgle AD. N is = to the Ryles 
Abd is divided into ſeveral parts AB, BC, CD... AB. N + BC.N + CD. N. 


© Preparation. | 
I. At the point A in the ſtraiaght line AD, ere the L AK. Gt it. B. 1. 
22. From AK, cut off a part EA N. 3 Ni. 
3. Thro' the points D & E, draw the ſtraight lines DH, EH, plle } 
to AE, AD. P.31.B., 


* And Thro' the points of diviſion B & C, draw the e! lines 
BF, CG, ꝑlle to AE or DH. | 


| DEMONSTRATION. 


PT HE Rele AH js == to the Rgles AF, BG, CH, taken together. [9 1. J. 2. 
But becauſe the Rgle AH is contained by the ftraight lines EA, AD, 
FO fu; 3.), & AE is = to N (Prep. 2.). 3 
2. This Rgle AH is contained by the ſtraight lines AD & N. Ax. 2. B. 2. 
I Likewiſe, becaufe the Rgle AF is contained by the ſtraight lines | 
EA, AB, (Prep. 4.), & EA is = to N (Prep. PL | | 
3. This Rgle AF is contained by the ſtraight lines AB & N. 42. . 
4. Inlike manner, the Rgle BG is contained by the ſtraight lines BC & N, 
becauſe it is contained by the ſtraight lines FB & BC, & that F B = N. F. 34. B.1 I, 
And fo of all the others. 
5. Conſequently, the Rgle contained by the ſtraight lines AD & N is = 
do the Rgles contained by the ſtraight lines AB & N, BC & N, CD&N, 


taken together. 
That is the Rgle AD. * is = to the dee, AB. .N+ BC.N + 


Which was to be demonſtrated. 
* 


* 


74 The ELEMENTS 


API. 


—— IHE, 
3 Sd | * 
| 


| Z | | YE „ 5 1 
PROPOSITION IL "THEOREMUL 


I. a ſtraight line (AC) be divided into any two parts (AB, BC,); the 
rectangle contained by the whole line (CA), and each of the parts ae BC)), 
are together equal to the ſquare of the whole line (AC). 


Hypotheſis. | | - Theſis. 
AC is a flraight line divided into  TheRgle CAB + Rgle ACB, 
two parts AB, BC. 8 | „ che (1 DAG 
ps | Preparation. 
123 the Qraight line AC, deſcribe the 2 AF; : -: +: Pig: B. x. 


2. Thro' the point of ſection B, draw the ſtraight line BE plle 


to AD or CF. 8 N ber. T7 


Dinons TA ATION. 
Ci HE whole Rg le AF is S to the Rgles AE, BF, taken together. Ax. 1. B. 3 2. 
| But this Rgle AF 1 i the Jof the line AC (Prep. 1 5 | 
3; Conſequently, the Ryles AE, BF, taken together, are == to „„ 
the line AC. Aæ. 1. B. 1. 
3. But the Rgle AE is contained by the fraight lines CA, AB, becauſe it 85 
is contained by the firaight lines DA, AB, of which DA = ks 
(Prep. 1.). Ax. 2. B. 2. 
4. Likewiſe, BF is a Rele contained by the ſtraight lines AC, CB, be- a | 
cauſe it is contained by the ſtraight lines EB, BC, of which EB = 8 
Prep. i & 2.) . . 
5. Wherefore, the Rgle contained by the ſtraight "We CA, AB, toge- © 
ther with the Rgle contained by the ſtraight lines AC, CB, is = to 
the Dj of the ſtraight line AC; or the Rgle CAB + the Rgle ACB, 
are = to the UI of AC. | 1. . 
| Which was to be demonſtrated. 1 


8 EI" 8 
NN 
Pn” 8 s 


PROPOSITION UI. THEOREM III. 


Fa raight line (AC) be divided into two parts in (B); the e con- 
tained by the whole line (AC) & of one of the parts (AB), is equal to the 
rectangle contained by the two paris (ABSBC,) togetiex with the NP 


of the aforeſaid part (AB), 


Hypotheſis. e | Theſis. 
AC is a , fraight line divided | be Rgle CAB. is == to the 
into Kees two 9102 AB, BC. ; Nye ABC+ theo AB. 
5 Rd Preparation, h 
4; Cott bid ght line AB, deſeribe the Cl AE. P. 46. B. 1, 
2. Produce the line DE indefinitely to F. Pe... 2. 
3. Thro' the point C, draw the ſtraight line CF plle to AD or 
BE and produce i it, until it meets DF in F. Fof. 2. * 
DEMONSTRATION. GT 


HB Rgle AF fa == to the Rahe uE & br taken üb Ie v. 5.3. 


2. Bat the Rete AP is contained by the ftraight lines CA, AB ; becauſe 


it is contained by CA & AD, of which AD = AB (Prep. I). 2 2. B. 2. 


i 3. And the Rgle BÞ is contained by AB, 4205 becauſe i it is contained 
by EB, BC, of which EB = AB (Prep. 


| Moreover, the Rgle AE being the ſa] of the ſtraight line AB, 


(Prep. LL} 


4. The Rgle of CA. AB, is = to the Rgle of AB. BC together with 


the U of AB; or the Rgle CAB is = to the Rgle ABC F the C of Yd h 
AB. Ax. 1. B. i. 
„„ Which was to be demonſtrated, 
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PROPOSITION : W. THEOREMW. 
Fa ſtraight line (AC) be divided into any two parts (AB, BC,); 3 


| ſquare of the whole line (AC). is equal to the ſquares of the two 19 75 i 
(AB, BC,) together with twice the rectangle contained by the parts (AB, BC, „ 


Hypotheſis. Theſis. 
The of AC 1 = to the An . 
- the U of BC + 2 Rgles ABC. 
| Preparation. | | 
553 {Upon AC, deſcribe the IAI. | 2 46. B x. 
2. Thro? the point of diviſion B, draw BH lle to CI or AD. PF. 31. B. 1. 
3. Draw the diagonal CD, which will cut BH ſomewhere in E. Po}. 1 133 
4 Thro? the point E, draw GF plle to the oppoſite ſides DI or AC. P. 31. B. 1. 


| DEMONSTRATION. 
ECAUS E the . AD, BH, cl; likewiſe AC, GF, DI, are 


AC is a firaight lins divided 
into any two parts AB, BC, 


* (Prep. 1. 2. & 4.). 


1. The four figures AE, EI, BF, GH, are a D. 35. B. 1. 
And ſince each of thoſe bgures include ong of the right angles VFH 
2. Thoſe Pers are alſo Rgles. | | . 


Moreover, becauſe the ſides DA, AC, of the e Al, are equal, 
(D.40:Þ:; 1:), Wt 9 
3. The Vet is = to the Ye. „„ 
And becauſe the ſtraight lines AD, BH, are plles ( Prep. 2. \-« cut by | , 
the ſtraight line DC (Prep. 3.). 


4. The interior Yr is = to its exterior oppoſite Wp. 1 +. 2808-6 
5. Conſequently, Vc VP. Ax. 1. B. 1. 
6. Wherefore, the ſide BE is = to the fide BC. | F.:6.8; 1, 
7. And the Rgle BF is a UO, vis. the DJ of BC, + D. 30. B. i. 
8. It may be proved in the ſame manner, that the the GH is a * vis. N 
the D of AB, becauſe GE = ABZ. of 34. B. 1, 


Moreover, BE being = to BC (Arg. 6. 3 
9. The Rgle AE, or the Rgle of 5. BE, wil be = to the Ryle of, 
But the Rgle AE is to the Rgle EI (R 43. B. 1 11 | RE 1 


10. From whence it follows, that the eas Ef ts alſo = to the Rele 


of AR.HC. . Ax.1.B.1. 


1 eee the two Reles Ab, Eh, taken Peg. . 10 


| 75 F 1 line AC be divided into tavo eual parts in B, the complements. AE, El, 
are ſquares, & thoſe complements equal to one another, are alſo equal to the 
- ſquares about the diagonal, & the the Mar of the whole line AC is fon times 
the Jquare of one of the parts AB or BC. 


ther, becauſe BC = AB = DE. Moreover, AE being = to BF, & ET being = 


vey . * 


twice the Rgle of the parts AB, BC. 

Since then the two D GH & BF are the ſquares of the two parts | 
AB & BC . Arg. 7. & B.), & the Rgles AE, El, taken together, gþ 
are = to twice the Rgle of the parts AB, BC. 


1 It follows, that the IJ of the whole line AC is = to the DoſAB+ | | 
Which was to be demonſtrated, 8 | | 


the Do of BC + 2 Fo amd ABC, 


COROLLARY. J. 


WwW HEN two Rraight lines HB, DF, plle 20 the Kalke of a n — cach. 
other in à point E of the 0 the en . DH, e about the diagonal, | 


= are Cadet 


COROLLARY 11. 


. 


For BF, DH, are ſquares ( by the n Corollary), 85 are 3 to one ano- 


-to BF P. 36. B. 1.), the complements AE, EL, are alſo ſquares ; - & Ane nce they 


are e t2 one As the U of AC = — + 2 of AB= — TI U BC. 


1 4 
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PROPOSITION V. THEOREM V. 
F a ſtraight line (AB) bedivided equally in (C) & unequally in (D); the rec- 


| tangle contained by the unequal parts (AD, DB,) together with the ſquare 
of the part (CD), between the points of ſection (C & D), is _ to Tl 
the ſquare of the half (AC or CB) of the whole ſtraight line (AB). hs: 


Hypotheſis. , _ Theſis, 
AB is a ſtraigbt line divided. 


equally in C, & unegually i in D. are to the f CB. 


Preparation. 

1. Upon the ſtraight line CB, deſcribe the [] CF, _ 46. Bon. 

2. Thro' the point of ſection D, draw DG plle to BF or CH. 5 31. B. 1. 

3. Draw the diagonal BH. . 1. 

4 Thro' the point of ſection E, draw IL plle to BC or FH, & 2 

thro? the point A, the ſtraight line AK pl] to CL. P. 31. B. Ls 
DEMONSTRATION. CT hs 200 

ECAUSE the figure CF is a ſquare (Prep. 1.) e Or oo * 
The Rgles LG, Dl, about the diagonal are [I. . 
Namely Dl the LJ of DB, & LG the Hof CD ; becauſe LE = cd. P. 34. B. 1. 
Moreover, the complement CE is S to the Ne TE: EF. 5 43. 1. 
Let the ſquare Dl be added to both. _ + ON 
The Rgle CI will be = to the 5 DF... 15 | . Ax. A. . 
Tue Nee l b n de Rede EA 3 | 
The Rgle AL is = to the Rgle „ A. . B. a. 
Conſequently, the Rgle Al. is = to che Rgle DF. : Ax.1.B.1. 
Therefore, if the Rgle CE be added to both. 
The Rgle AE will be = to the Rgles DF, CE, i. e. to the G abc. Ax. 2. B. 1. 
But the Rgle AE is contained by AD, DB 5 8 it is contained _ 
by AD, DE, of which DE = DB {Arg 1.) . 
Conſequentiy, the Rgle of AD. DB, is 8 1 = to the Gnomon abc, Ax. 1. B. 1. 


Adding to both the [] LG, which is the (J of CD (Arg. 2.). 
The Rgle AD. DB, together with the oO of CD, Al be = to the 


. 
4 


But this Gnomon abc together with the 2 LG, is = to the [] CF, 
which is the [7 of the half CB, of the whole line AB / Prep. 1.) 


11. Wherefore, the Rele 18 70 DJof CD, are'= to the O of CB. Ax. I, B. 1 | 


5 : Which was to be demonſtrated. 


" 2 * 
ECE ²˙ ˙— '. ˙ . oy eo WO — — — 


The Rgle ADB + the D cb. 5 


Gnomon abc, together with the U LG. | As. 2. .B. I. 8 . 
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PROPOSITION VI. 


; F A fraight line (AC) be biſected in (B), & produced to any point E; the 
An contained by the whole line thus produced (AE), & the part of i it pro- 


— . —§i—]—¼,rñ 7 ＋ẽ:ů. ̃ ͤ¹'i ˙ i —ↄ . W 


— — — —— — qwT— —:.„ͤ„47 


THEOREM II. 


duced (EC), together with the ſquare of the half (BC), is equal to the ſquare 
of the ſtraight line (BE) made up of the half (BC) & the part produced (CE). 


I. ACisa frraight line hiſected in B. 
. And ms is produced to the point E. 


8 


28A X vw 


— 


e 


Hypotheſis. Tpheſis. 

The Role AEC 

is = to the Do 
Preparation. . 

. Upon the kraight line BE, deſcribe the [] BN. 


. Thro' the point C, draw CL plle to EN or BK. 
. Draw the diagonal ER. 


. Thro? the point G, draw FH plle to EB or NK. 


DEMONSTRATION. 


| Breuer the figure BN is a ſquare C Prep. I.). 


. The Rgles CF, HL, about the diagonal are ſquares, - - - F 
And becauſe HG is = to BC (P. 34. B. 1 4. 


The [HL is= to the U of cot 


Moreover, AB being = to BC CHyp. 1.). 
The Rgle AH is = to the Rgle BG. 
But the Rgle BG is = to the Rgle GN (P. 43. B. 1 th 


. Therefore, the Rgle AH is alſo = to the Rgle GN. 


And if the Rgle BF be added to both. 


added to both. 


. The Rgle AE. EC, together wh che L of BC, will be = to the 

Gnomon abc, together with the | 
hut the Gnomon abc & the [J HL form the UH of BE, (Prep. 1.). 
| 9. ares the ele * . the [] of BC is = 


. 


Which was to be demonſtrated. 


18 07 of BC, 


P. 46. B. 1. 
A l. . 1. 
Po 1. 


And thro the point A, draw the ſtraight line AI plle to BK. 5 £ 31. 8. 85 


„ 


Cor. 1. 


P. 46. B. I. 


Cor. 3. 


Ax. 2. B. 2. 
A, 1. B.. 


Ax. 1 1 


The Rgle AF will be = to the Rgles GN, BF, i. e. to the Gnomon abc: Ax. 2. B. 1. 
But this Rgle AF is contained by AE, EC; becauſe EC=EF (rg. 1.). 
. Conſequently, the Rgle AE. EC, is alſo = = to the Gnomon abc. 

Therefore, if the DE HL, which is the [ of BC - Arg. 2.), be 


Ax. . A. 1. 


10 d £5 of BE. Ax. 1. B. . 


PROPOSITION VII. "THEOREMPIL A 


1 ; 3 F. a ſtraight line (BE) be divided into any two parts (BC; CE,); ; * 
. ſquares of the whole line (BE) & of one of the parts as (CE), are 1 
to twice the rectangle contained by the whole OY: & that part e to- 


* with ea ſquare « of the other part (BC). 
theſis, Theſis. 

BE is a 4 t line divided Fe H/ BE the J CE, are = 

We ans . N 390 2 Rgles BEC ＋ 2he N 
. | Preparation. 5 

55 Upon BE, deſcribe the [7 BN. | e , 

2. Thro' the point C, draw the ſtraight line CL plet to o or BK. P. 31. F. r. 

3. Draw the diagonal EK. Pof. 1. 

4. Thro' the point G, draw the ſtraight line FH pile to EB or NK. P38: . 1. 

DEMONSTRATION. 


l ECAUSE the figure BN is a ſquare (Prep, 1. ). Pp 12 2 
= The Rgles about the diagonal CF, HL, are L. ; Got, $f" 
= 2. © hve CF the [7 of CE; & HL the LI of BC; becauſe HG BC. P. 34- B. 1 T1: 
= But the Rgle BG being == to the Rgle NG (P. 43. B 1. 1) if the 
1 7 [7] CF be added to both. es | 
==, 3. The Rgle BF will be = to the Rgle => VF B.1 1. 
1 4. Conſequently, twice the Rgle BF is = to the Roles BP & NC. | | 
And becauſe the Rgiez BF, NC, are = to the Gnamon abc together 
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with the U CF. 
_ 5. This Gnomon ab to zether with the [= CF, will be alſo double of the . 
| ; $6 Rgle BF. | Ax. 1. B. 1. | 
=_— But the Rgle BF is = to the Rgle contained by BE, EC, becauſe | 1505 
; "Wo | EF = EC Arg. I. . | 0 
= 6. Wherefore, the Gnomon obs together with the OU CF is = - to twice 
the Rgle contained by BE. EC. Ax. 1. B. 1. 


If the UHL which'is = to the U of BC / Arg. 2.) be added to both. 
- The Gnomon abc + the U CF + the U EL will be = to twice the 


Role BE. EC + the U of BC. ar. 2 8 x, 
Since then the Gnomon abc + the [N HL are = to the Oo of BE, | | 


and the (F is the[Jof CE (Arg. 2). PET 
8. It is manifeſt that the U of BE ＋ . Qof ch. are to 2 Rgles 8 


- PEC+ the of BC. 


| Fx. k: B. 1. 
Which was to be demodftined 
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PROPOSITION \ VIII. THEOREM: VIII. 


— * 
— —„— — — — — ie 


7 5 7 a ſtraight line (AB) be divided into any two parts (Ac, CB,): (OY OE 5 


times the rectangle contained by the whole line (AB) & one of the parts 
| CC), together with the ſquare of the other part (AC), is equal to the 
| © © ſquare of the ſtraight line (AD), which is made up of the whole (AB), & 

; tlie 88 produced (BD) equal to the "IP (BC). | 

| _. Hypotheſis. | Theſ 8. 
Ag 10 2 : firaig t line divided in C, 8 
25 AO 20D. Jo that BD = BC. of AC are = to the [7 of AD. 
211 

2. Thro the points B & C, draw BR & co plle to DN or AP., P. _ B. 1. 

. Draw the diagonal DP. 1 
4. Thro' the points L. & K, draw GE & HF plle to DA or NP, P. 31. B. 1. 


DEMONSTRATION. . 


ECAUSE the figure AN is a ſquare (Prep. I). be * (Pi Ks 


1. The Rgles about the diagonal CH, ER, FO, are ſquares. 23 Cor. 1. 


And becauſe in the [] CH, the fide CD is piſected in B (Hyp.). 


Wherefore, the _ Al, EK, ER, HTS are = 10 one another, Ax. 1. B. 1. 


Four times the Rele ABC + the o 


Upon AD, deſcribe the DAN. 1 $2: 


2. The Rgles BG, CL, LH, IM, are four equal ſquares ZE Pp. * 
3. And the U CH is to four times the 8 wy pu W 2 
Moreover, becauſe ER is a ſquare (Ar, #- 40. | WY 
4. The Rgle EK is = to the Rgle KR. . 
But ſince IK =IC (Arg. 2.), & CO plle to AP (bus. 23 5 | 
5. The Rgle Al is = to the Rgle EK. 2 £46 8:5; 
6. Conſequently, the Rgle Al is alſo = to the Rgle KR. | Ar. 1. . 
Likewiſe, becauſe KM = MH Arg. 2.), & HF * to NP (Prep. 4.). 
| ; The Rgle KR fs = to the Rgle MN. P. 36. B. 1. 


” - ; _— 


* 


- Conſequently, their ſum | is to Goes times the Rgle Al. 
If the [.] CH which is = to four times the [7 CL ( arg. 3) be added | 
to both. Go . . 

10. The Gnomon abc which reſults on one fi Ae is = to four times the | 
Rgle AI & to four times the [|] CL, i. e. to four times the Rgle AL, 
the Rgle Al- the U CL being S to the Rgle AL. Ax. 2. B. 1. 
Adding to both wy [] of AC, which is = to the [9 F O, becauſe 
ACS FREE. 34-S. 1.) 

11. Four times the Nele AL & the U of AC will be = to the DAN. A. 2. B. 1. 
But the Rgle AL is = to the Rgle contained by AB, BC, becauſe | 
BC = BL (Arg. 2.), & the DU AN is = to the LY of AD (rep. „ 

12. Wherefore, four times the TR ABC + the [] of AC, == 

the O of AD. Ax.1.B. 1. 
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PROPOSITION IX. THEOREM IX. 


I. a firaight line (AB) be divided into two equal parts (AC, CB,), & Ie 
to two unequal parts (AD, DB,); the ſquares of the two unequal part 

(AD, DB,) are together double of the the ſquare of the half (AC) ot on 
whole line (AB) & of the n of the part (CD) between the points of 


ſection (C & D). | 
Hypotheſis, Theſi is. . 
Ag is a frraight line divided | The — i AD + the [7 of DB, are 
6 452-4 in C& unequatly inD, double of the D of AC +the Def CD. 
Preparation. _ 
I. At the point Ci in the line AB, ere& the L CE. | © by 2.1. ; 
2. Make CE = to AC or BC. . 3 
3. From the points A & B to the point E, draw AE, BE. ry? 1. | : 
4. Thro' the points D & G, draw the ſtraight lines DG & GF 
pie to 8 0 of 375 B. 3 : 
B DEMONSTRATION. 5 - 
h ECAUSE CE is = mote vgs bajar 2). | | 1 
1. The V CAE is == to the Vn nt . . 


5 But the V ECA is a L. (Prep. EL” ca 
2. Wherefore, the two other CAE & m together, make alſo a I. P. 32. B. 1. 
3. Conſequently, each of them i is half a ; e they are = to one 
another (Arg. 1.), | 
It may be proved after the fame manner that ; 
4. Each of the V CBE & » is balf a Lu. #. „ = 
5. Conſequently, the ry 2 Vn n is to 4 1. Ar. 2. J. 1. 
e Again, Vn being half a L. (Arp. 4), & Y EFG A k; being | 1 
= to its interior oppoſite one ECB . 2 B. 1. 1), which is a I., 


(Prep. 1.). | 
6. The V EGF is alſo half 4 U. THEE 7 K 2. 
7. Confequently, EF is = to FG. L 805 . Z. 5. B. 1 


It is proved in the ſame manner Aa | 
8. The BGD is = to half a I., & DG = - DB. | 
Since then the U of AE is = to the O of AC Dy with the q 
"of CE(P. 47. B. 1.), & AC==CE (Prep. 20. 
; 9. Digit AK ves WHEN Ac | 
4 2 


For the ſame reaſon : . | 5 
10. The ◻ of EG is double of che [] of FG, i. e. of the oa of CD, 1 
becauf FG = CD. F. 34. B. 1. 


11. Conſequently, the [7 of AE & the [] of EG taken together, are 
double of the U of AC & of the U of CD. „ ol 'S, B. i. 


And becauſe the U of AE & the U of EG taken together, are = 
to the [of AG (P. 47. B. 1. & Arg. 5,). | | 
12. The Olof A is alſo double of the 3 of AC & of the O; of CD. 4s. I. B. I, 
OT. hs (Prep. j.), & V GDC S to V ECA, 
SE WR 
13. The Hef AG is = to the 7) of AD & to the UI of DG. P47. Bi 
14. Or the of AG is = to the [] of AD & to the U of DB taken 
together, becaufe DB is = to DG (Arg. 8.). 
15 Wherefore, the UI of AD & tue UH of DB taken together, are dou- 
| ble of the [J of AC & of the UCD; or the UU of AD + the U | 
of DB, are double of the [) of AC + the UU of CD. 4+ Ax. I. B. 1. 
| Which was to be demonſtrated, 


"PROPOSITION X. THEOREM T 


8 I a ſtraight line (AB) be biſected in (C) & produced to any point (D), 
the ſquare of the whole line thus produced (AD) & the ſquare of the part 


of it-produced (BD), are together double of the ſquare of the half (AC) of 


the whole line (AB), & of the ſquare of the line (CD) made. up of the 
half (CB) & the part produced (BD), 

Hy potheſis. : f Theſis, 
Ag is a ftrai 164 line biſected in C The Def AD + the ef BD, are dou 
and ee to the ”u D. ble of the UO 7 AC + the U of CD, 


Preparation. 


1. Atthe point C in the line AB, ereQ the L CE. | P. 11. B. 1. 


2. Make CE = AC or BC. | P. 3. B. 1. 
3. From the points A & H to the point E. draw AE & BE. Fe,. 1. 


4. Thro' the points E & D, draw EG, DG, plle to AD & CE, P. 31. B. 1. 


and produce DG until it meets EB produced, in F. „ . 
. DEMONSTRATION, 
ECAUSE in the O ACE the fide AC is S to CE (Prep. 2.). . 
1. The Y CAE is = to Vu. -* e 


But Y ACE is a L. (Prep. I.). 


| 2. Hence each of the V CAE & mis half ak. 35 P. 32. B. 1. 


It is proved in the ſame manner that: 


7 3. Each of the Vy & n is half a . 


4. Conſequently, Vn + n will be = to LL 1 Ar. 2. B. 1. 


| Moreover, V5 being half a L. (Arg. z. 3 | W 
5. The Vi will be alſo half a L. - £18. n 


But the v BDF being a L (F. 29. B. 1. ), becauſe it is the alter- 
nate of V ECD which is a — ( Prep.” 1.). 


6. The V/ is alſo half al. TOS: P. 34.8. . 
7. Conſequently, the fide BD is = to the ſide DF. | „ 
Likewiſe, V7 being half a I. (Arg. 6.), = 1 G a —. as being di- 4 
gagonally oppoſite io V ECD (P. 34. * 
8. The Vo is half a U. | e E22 #:1 
e - Thetefore EG = . | | | © 6. $1 
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Alſo AC 8 to CE { Prep. 2). 1 . IF. B. 1. 
10. The [J of AC is = to the U of CE. | Cor. 3. 


11. Conſequently, the [7] of AC & of CE are FTP of the [7 of AC. 
And thoſe O of AC & CE being = to the O of AE (P. 47. B. "SK | 
12. The [7 of AE will be alſo double of the U of AC. Ax. 6. B. 1. 
It is proved after the ſame manner that: | 
13. The E of EF is double of the [ of EG ; 1. e. of the Dof cb, 7 
becauſe EG = CD. . 1. 
14. Conſequently, the [7 of AE together with the [of Er, are dou- 
ble of the 215 AC & of the UL of CD ö 
But the [7 0 AE & the LI of EF being = to the [7 of AP, 
(FP. 4.4.8. 1 | | 
15. The Hor AF is double of the of AC & of the L of CD. 
And this ſame nx of AF being alſo = to the [7] of AD & to the Q 
of DF (P. 47. B. 1.), or of BD, ſince DF BD (Arg. 7.). 
16. It follows, — the [7] of AD Om the L of BD, are double of the 


DQ of AC A the U of C. 
Which was to be demonſtrated. 
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PRO POSITION XI. PROBLEM IL 


1 0 divide a given ſtraight line (AB) into two parts, ſo that the rectan- 
gle contained by the the whole (BA) & one of the parts (AC) ſhall 'be 


equal to the ſquare of the other part (CB). 


Given Sought _ 
The : fraight line AB. 0 The point of inter ſection 0 ſuch that the 
| Rele BAC ſhall be = to the U CB. 
Re ſolution. 
I. . Up on the ſtraight line AB, deſcribe the L AE. 6. B. 1 
Th BiſeQ the fide BE in D, & draw thro” the point D to hs Þ * B. 1 
point A the ſtraight line DA. | P/ 1. 
3. Upon EB produced, take DH DPA. „„ 
4. Upon the ſtraight line BH, deſcribe the LE CH. | 2 . 46. B. 1 
5. And produce the ſide KC to F. RP, © 
| - DEMONSTRATION. 
B ECAUSE the ſtraight line BE is biſected in D & produced to the 
m_ H. | PEB 
The Rgle EH. HB + the U of BD is = to the DO of DH. 7. 46. B. 1 


mg And this{J] of DH is to the U] of DA, becauſe DH =DA Rep. 3.). Cir 
3. Conſequently, the Rgle EH . HB + the ] of BD is = to the U 3. 


of DA. | 
But this ſame [7] of DA is = to the a of AB+ the LI of BD 


CE.-47. 8B. 1); 


4 Wherefore, the Rgle EH. HB + the of BD is = to che L of 

AB T the Hef BD. 4 1. B. . 
I berefore if the [7] of BD be taken away from both ſides. 
5. The Rgle EH. HB will be = to the UU of AB. Ax. 3. B. 1. 


And if from the Rgle EH. HB which is = to the Rgle PH . Ref 4.5.) 
and from the [7 of AB which is = to the AE (Ref. 1 4 the Rgle 
. FB be taken away. | 
6. There will remain the U CH = to the Rgle GC. Ax. 3. B. 1. 
This U CH being therefore = to the U of BC (Ref. 4.), & the : 
Rgle GC = to the Rgle BA. AC; becaue AG = AB (Re/. 1.). 
7. It follows, that the ſtraight line ABi is divided in C, ſo that the Rgle 


; BACis=to the CL) of CB. Ax. I. B. i. 
TY Which was to be done, SLED 
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PROPOSITION XII. THEOREM XL 


| Ix: any obtuſe angled triangle (CBA) ; if a perpendicular be drawn from 
one of the acute angles (B) to the oppoſite ſide (CA) produced ; the ſquare 
of the ſide (BC) ſubtending the obtuſe angle (A), is greater than the 
_ ſquares of the ſides (AB, CA,) containing the obtuſe angle, by twice the 
rectangle contained by the fide (CA), upon which when produced the per- 
pendicular falls, & the ſtraight line . intercepted n the . 
dieular & the obtuſe angle (A). | 


HFypotheſis. by 'T heſis. 5 
IJ. CBA * an obtuſe angled \ The UI BC is to the [7 of AB 
II. BD the L drawn from the vertex of the —+ the[]of AC + 2 885 CAD. 
VPB to the oppoſite fide CA produced. 


DEMONSTRATION. 


B EC jy USE the ſtraight line CD is divided into two parts CA, AD, 

. 

5 The L] of CD is = to double the Rele CA. AD together with the 2 Fe 
of CA & of AD. © | „ 
Therefore if the [7] of BD be added to both fides. 

2. The U] of CD + the [7 of BD, will be = to double the Rele | 

CA. AD + the U of CA++ the Jof AD -+ the U of BD. Ax. 2. B. 1. 
But the U of CD together with the U of BD is = to the [_] of BC, 
and the O] of * together with the [J of BD is = to the U oi AB, 

TCL: . B. 1 

3. Conſequently, the [] of BC is i to double the Rgle CAD + the V 3 

of CA A the U of AB. 771 „ 

5 Which was to be demonſtrated. | 
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The ELEMENTS 
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PROPOSITION XIl, THEOREM XII 


5 Is every acute angled triangle (CBA); the ſquare of the ſide (BA) ſub- 
tending one of the acute angles (C), is leſs than the ſquares of the 
ſides (CB, CA, ) containing that angle, by twice the reQangle contained by 
one of thoſe ſides (AC) & the ſtraight line (CD) intercepted between the 
perpendicular (BD) let fall upon it from the oppoſite angle (B), & the acute 


angle (C). | OED 
e i Hypotheſis. 6; | Theſis: ; *% 
I. CBA is an acute angled GW. De [of BA -þ twice the Rgle ACD 
II. BD the L let fall upon A is = tothe Uf CA + the L ef CB, 
From the oppoſite angle B. 1 
; . 2 DEMONSTRATION. | OT 
; B EC , Us E the ſtraight line CA is divided into two parts CD, DA, 
( Hyp. 2.). | | | 19 1 25 | 
1. The QU] of CA together with the [] of CD is = to twice the Rgle | 
AC. CD together with the [UI of AD. MI BP is 


Therefore if the UI of DB be added to both ſides : 
2. The U of CA + the O of CD + the UU of DB will be = to twice | 
the Rgle AC. CD + the {] of AD + the [Jof DB. We” As. 2. B. 1. 
But the [of CD -+ the U of DB is = to the of CB, & the Uf | 
. AD + the Hof DBis = to the U of BA F Bi) 
3. Wherefore the [7] of BA -+ twice the Rgle ACD is = to the [7 of 70 
CA the U of CB. Ax. 1. B. 1. 
ERS 8 Which was to be demonſtrated. | 
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PROPOSITION XIV. PROBLEM I 


[ O deſcribe a ſquare that ſhall be equal to a given rectilineal figure (A). 
| Given ; Sought / 55 
The rectilineal figure A. The conflrudion of a ſquare = 
| : to @ given redilineal figure A. 


JS 


Oh © . deen | TE 

1. Deſcribe the Rgle Pgr CE = to the figure A. „„ . 

2. Produce the ſide BE, & make EF = to ED. 2 .. 
3. Biſect the ſtraight line BF in H. #40, 8:4; 
4. From the center H at the diſtance HB, deſcribe the © BGF. As 

5. Produce the fide DE, until it cuts the O BGF in G. 1 
| Preparation. 1 

From the Point H to the point G, draw the ſtraight line HG. 89. 17” 

DEMONSTRATION. 


| B ECAUSEBF is divided equally in H & unequally in E ( Ref 3 &2. E: 
1. The Rgle BE. EF together with the [J] of HE is = to the Uof HF. P. 5. B. 2. 
2. And becauſe HF=HG (D. 15. B. 1.), the Uof HF = the U of HG, 5 46. B 
the Rgle BE. EF + the [] HE is = to the "ht HG, -- ph Pty 
But the (Jof HG being = to the N. HE the Hof EG (P. 47. B. 1.). (C. 3: 
3. The Rgle BE. EF + the (of HE is alſo = to the QOoft HE + 


the [JN of EG. | Ax. I. B. 15 
Therefore, if the [J of HE be hs away from both ſides : 8 . | 
4. The Rgle BE. EF will be = to the O of EG. Ax. 3. B. 1. 


And this Rgle BE EF being moreover == to the Rgle BE . ED; be- 


cauſe EF = ED (Ref. 2.). : . 
5. The Rgle BE. ED will be alſo = to the U of EG. e . . 1. 
But the Rgle BE. ED is = to the given figure A ( Ref. 1.). | 
6. Conſequently, * [] of EG will be alſo = to this given figure A. Ax. 1. B. 1. 


Which was to be done. 
R E MH A R K. 
1 F the point I falls upon the point E, the raight lines BE, EP, ED, will be 


"2 each equal to EG, && the Rgle Pgr CE 2 well be the fare fel, (« "Cor. I, = 
By = 5. 1 . 46.8.1.) | 
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A Straight line (ADB) is ſaid to touch a circle when it meets the circle & 


being produced does not cut it. Fig. 1. 


8 Circles are ſaid to fouch one another when their circumferences (ABC, CEF, 


\ 


or ABC, GBH) meet but do not cut one another. Fig. 2. 
Iwo circles touch each other externally, when one (CEF) falls without the 


_ other (ABC): but two circles touch each other internally, when ong (GBH) 
_ falls within the other (ABC). Fig. 2. 5 20 


I Jo 


DEFINITIONS. 
—— | | | IV. ee: | 
1E E diſtance of a ſtraight line (FB) from the center of a circle, is the per-: 
pendicular (CM) let fall from the center of the circle (C) upon this ſtraigbi line 
(FB); for which reaſon two ſtraight lines (FB, DE,) are ſaid to be equally 
| diſtant from the center of a circle, when the perpendiculars (CM, CN,) 
let tall upon thoſe lines (FB, DE,) from the center (C), are equal. Fig. 1. . 


„„ 5 
And a ſtraight line (AG) is ſaid to be farther from the center of the circle 
_ . than (BF or ED), when the perpendicular (CH) drawn to this line from the 
center (O), is greater than (CM or CN). Fig. 1. oY 
| .. ps 


T he angle of a ſegment, is the angle (CAB or DAB) formed by the areh 
[A or DA) of the ſegment (ACB or ADB) & by its chord (AB). Fig. 2. 


eo EUCLID” 
55 


22A ˙ ES 
DEFINITIONS. 

bf OH | 
A N angle in a ſegment, is the angle (BAC) contained by two ſtraight lines 
(AB, AC,) drawn from any point (A) of the arch of the ſegment, to the 
extremities (B & C) of the chord (BC) which is the baſe of the 
ſegment. Fig. 2. When the ſtraigbi lines (AB, AD, ) are drawn from a 
point (A) in the circumference of the circle, the angle (BAD) is an angle at 
the circumference : but when the ſtraigbt lines (CB, CD,) are drawn from 
the center, the angle (BCD) 7s an angle at the center. F. ig. 1 


VIII. 


. 4 anole is ſaid to jnſiſt or ſtand upon the arch of a circle, when the ſtraight 
lines (AB, AD, or CB, CD,) which form this angle (BAD, or BCD,), are 
drawn; either from the ſame point (A) in the circumference; or from its 


center (C), to the extremities (B & D) of the arch (BED). Fig. 1. 
i „„ 5 


A 22 of a circle, is the figure contained by two rays (CA, CB,) & the 
arch (ADB) between thoſe two rays. Fig. 3. 0 T 5 
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The ELEMENTS 
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aA AL circles (ABD, EGH,), are thoſe of which the damen, 
(AD, EB) or the rays (CB, FG,) are equal. Fig. 1. 


5 | If the circles be applied to one anather, fo that their centers coi eee when | 
their rays are equal, the Saler _ likewiſe mit. 


II. 
5 Similar ſegments of 4 (ABC, DEF,), - are thoſe in which the angles 
LABC: DEF), are equal. Fig. 2. 


Circles are ſimilar figures. If then the two a gments (ABC, DEF,) be ta- 
ken away by Jubſituting the au ae! (AB DEF F thoſe Segments are 


iy. 


* 


S 


"PROPOSITION j PROBLEM. 
O find the center (F) of a given cincls (ACBE): 


„„ Sought : 
- The © ACBE. 33 2 The 1 of this © 

1. Draw the chord AB. Foſ. 1. 

2. Biſect it in the point D. hs | tt t. 

3. At the point Din AB, erect the L DE & produce it to E. F. 11.8. 1. 

4. Biſect CE in F. F. 10. B. 1. 

The point F will be the center ſought of the given — 

DEMONSTRATION. 


Tr not, 
Some other paint as H or G taken in the line, or without ths 


| Une EC, will be the center fought, of the © ACBE. 
| Jed. "RP 
8 the center to be in EC at a point H different from F. 


EC AUS E the center of the O is in the line EC, at a point H dif- 
ferent from F (Sup. 1.). 
1, The rays HE & HC are = to one another. D. 15. B. 1. 
. But FE being = to FC (Ref. 4.) & HC < FC (4x, 8: B. LIN | 
2. HC will be alſo C FE, & a fortiori < HE. 
3. Therefore HE is not ='to HC. 
4. Conſe ny the point H taken in the ſie EC different from the 


Por cannot be the center of the © ACBE. : 
Caſe II. : 
| Suppoſe the center to be without the line ECi in the point G. 
5 Preparation. | 
Draw from the center G, the ſtraight lines GA, GD, GB. Toſ. 1. 
EC AUS E in the A AGD, DGB, the fide GA is = to fide GB 
(Prep. & D. 15, B. 1.), the tide GD common to the two A, & 
the baſe AD = to the baſe DB ( we 2. 1. 


8 . 406166600. 


- 
un 
* 
— 


hy bene Wa +6b& c to which the equal ſides GA, GB, are 


ſite, are = to one another, | P. 8. B. i. 
Therefore Va +bial. | LT D. 10. B. i. 
op — W a being alſo a l- ¶Reſ. 3.). Ks 1 
It follows, that V a+bis=to Va, which is impodible. . 


. 1. Therefore the point G taken without the line EC, cannot be the cen= 


ter of the © ACBE. 
\ Conſequently, ſince the center is not in the line EC, at a point H diffe- 


rent from F (Caſe 1.) nor without the line EC in a point & (Caſe, 11.) a 


3. The center ſought of the © uns will be neceſſarily in F. 
Which was to be done. 


COROLLARY. 


f F in a circle ACBE, a che EC Biſecks another chord AB at right angles; thi 
chard CE is "Wy & feet paſſes thro the center of the circle, 
CD. 17. B. 1 N 
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FROPOSITION IL "THEOREM 7 


F any two points (A & B) be taken in the circumference of a circle 
(AEB); the ſtraight line (AB) Ps 23 them, ſhall fall within the circle, 


„pode, | Theſis. 
' The two points A& B are taken | The firaight line AB falls 
in the ' OATP, | 1 within the © AEB. 
Preparation. 
k Find the center C of © AEB. AY | SR P. 1. bay 3. 
2. - Draw the . lines CA, D, 8. 1. 
DEMONSTRATION. ; 3 


EC AUS E in the 4 ACB, the fide CA is = to the fide CB; 


(Prep. 2. & D. 15. B. 1.). 


5 


2. 


2 2 


The V CAD, CBD, are = to one another. . 5. 3. I, 
But V CDA being an exterior V of A CDB. 


It is > than its interior CD. / Fl 16. B. $ 


And becauſe the W CBD is = to the v cab t 1.). 


This VCD A will be alſo > than CAD. 


Conſequently, the fide CA oppoſite to the greater VDA, is > the, 
ſide CD oppoſite to the leſſer V CAD. 9.4 19. B. 1. 


From whence it follows, that the extremity D of this ſide CD falls 


within the © AEB. 


| And as the fame may be. demonftrated with reſpect to any other point 


6; 


. 
* 7 


in the line AB. 
It is * that the whole line AB falls xethin the © AEB. 


19.0; | Which was to be demonſtrated, 


? =” 6 : 
RE 
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' PROPOSITION III. THEOREM II. 


F a 3 (CD) b biſedts a chord (AB) in (F); it ſhall cut it, fe 5 
2H angles, & reciprocally if a diameter n cuts a Faw en at e Z 
angles, it ſhall biſect it, 
I. 


Hypotheſis. 5 Theſis, > 
CD is a diameter of the © ACBD, METS The diameter CD #s 4 upon 
which biſeds AB in F. the chord 3 
= 185 Preparation. VF 
4; of Draw the rays EA, EB. 8 | . Po „ 
| DEMONSTRATION. 5 
N the A AEF, BEP, the fide EA is == to the ſide EB [Pris * 
1 D. 15. B. 1.), the ſide EF is common to the two Os & the baſe A 

th is = to the baſe BF (Hp. ). 

| 1, Conſequently, the adjacent V m & #, to which the equal ſides 


EA, EB, are oppoſite, are = to one another. P. 8. B 1. 
2. Wherefore, the ſtraight line CD, which ſtands upon AB making the 
adjacent V & n = to one another, is L. upon AB. N. ic. B. 1. 
5 Which v was to be n ene, . 
: H oaks 1 6 The . 
CD Fg Teen: the © ACBD, L. 2 AF i = 1 FB. 
CE the cherd AB ; or which makes Vm N n. | TOOK eee a6 
1 DM ONSTRATION. 
—_ [ HE ſides EA, EB, of the A AEB being = = to one another . 
_ 2 9 . The V EAF, EBF, will be alſo S to one l . . . | 


= Since then in the AEF, BEF, the WEA, EBF, are = (Arg. 1.), 

4 as alſo the V & n ( Hyp.), & the fide EP common to the two A. | 
=. - 2, The baſe AF will be = to the halo FB. PF. 26. B. 1. 
= Pall > Which was to be demonſtrated, | 


PROPOSITION IV. THEOREM 2 


| Ir. F in a circle (ADCB) two chords (AC, DB,) cut one another, they are. 
coed divided into two unequal parts, 


7 Hypotheſis. | | | Theſis. 
The 4 bond AC, DB, of the © ADCB | 7 Joſe chords are divided in- 
cut one another in the point E. Joo two unequal parts 
Daibarns ATION, 
Ix not, 
The chords AC, DB, biſect one another. 
Preparation. 
Y | Fa dem tapes * age the run. of the dia- 
5 ou FE. 8 ; 7 Ke 


| Be. EC 'A Us E the . or its part FE, biſects ech of the chord 


AC, DB, of the © AD CB (Cup.). 


1. This ſtraight line FE is L upon each of the chords AC, DB. 8 7 33 . I” 
2. Conſequently, the V FEB, FEA, are to one Manes which 14 10. B. i. 


is impoſſible. 1 5 
Es 3 the two chords AC, DB, are e divided into two pres 


parts. | 
142 a e n, 


- 
| _ EE EN ——— 
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PROPOSITION V. THEOREM I. 

F two circles (ABE, . cut one mother, they ſhall not have * fame ; 

center (C). © 
Hy potheſis. | | Theſis 8 
ABE, ADE, 9 eto © which cut . Thoſe. two '© have 2 Hrent 
one another in the pornts A 2 8 centers. 
N DEMONSTRATION, 
, Ir not, 
The cucles — ADE, have the ſane center C. 
| Preparation. 


I. From the point C to the point of ſection A, 4 the ray CA. 
2. And from the ſame point C, draw the firaight line CB; which oF Poſ . 
cuts the two O in P & B. 3 


ECAUSE the ſtraight lines CA; O, are ne from the center C 
to the O ADE (Prep. 1. & 2.). 3 
1. Theſe ſtraight lines CA, CD, are = to one another. 5 3 6 15. . =: 
It is proved in the ſame manner, that : 74) 
2. The ſtraight lines CA, CB, are = to one another. = : 
3. Conſequently, CB will be = to CD ; which is impoſſible. e 
4. Therefore, the two circles ABE, ADE, have not the ſame center, 9 85 


Which was to be ee 


| 

; 

4 4 
3 
ay þ 
9 
| 
4 
4 
5 

1 
1 

| 


. 
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PROPOSITION VI. THEOREM I. 


F. two circles (BCA, ECD, ) touch one e N * 0 , they 
| zall not have the ſame center ( * 


, eee 1 ENE: E323 retbs\ 5x 
The © ECD touches the © BCA = 7 hoſe tæuo S.; have 4 zen, 
internally in-C. . Wn - centers. 
| DEMONSTRATION, 

Ir not, 

The © BCA, ECD, have the Gris ceriter F. ls 

Preparation, 4 . e Wies r 4 -- 
bos the rays FB, FO, pm "> Fg - 


; B. ECAUSE the point F is 3 of the © BCA (Sup. "yo 
1. The rays FB, FC, are = to one another. 


Again, the point F being alſo the center of © ECD (Sup.) D. 15. B. 1. 
2. The rays FE, FC, are = to one another. 3 BY 

z. Conſequently, FR=FE (Ax. I. B. 1.); which i is umpoſlible, Ar. 8. B. 1. 
| 4 Wherefore, the two © BCA, ECD, have not the ſame center, 


Which was to be demonſtrated 


=; 


8 3 . 5 5 ; "4 ; "FS, 
* ? x K = > * ; g : 
C.O010E UC14FD 10 
7 i * N 1 * 8 ** 5 Pg 

* N f „ . 101 
t - . . Ty . * POO = - 3 * 
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I * 4 me enen 1 . 
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PROPOSITION VII. THEOREM VI. 


1. any point (F) be taken in a circle (And) which is not the center (E), 
of all the ftraight lines (FA, FB, FC, FH,) which can be drawn from it 
to the circumference, the greateſt i is (FA) in which the center is, & the 
part (FD) of that diameter is the leaſt, & of any others, that (FB or FC} 
which is nearer to the line (FA) which paſſes thro? the center is always greater 
than one (FC or FH) more remote, & from the ſame point (F) there can be 


drawn only two ſtraight lines (FH, FG, ), that are __ to one nn one 
upon each ſide of the ſhorteſt line (FD): | 


Hypotheſis. 5 Theſt . 
J. The point F taken in the © AHG is 1 FA . the. hrs of all the © 
not the center E. ſtraight lines which can be drawn 


| from the point F to the © AHG. Ih 
TI. 7 he Praight line FA, drawn from II. FD is the leaft. 
the point F, paſſes thro the center E II. And of 'any others FB or FC which 


of the © AHG. 22! = 13:ooff nearer to FA is >FCor FH more. EE. 
| remote. EE I 
2 And ibe Araigbt lines FB, FC, P H, 17 From'the pointF there 8 ; 
are ee r the point 1 to the only two =ftraight lines FH, FG, 
O AVG. bodbne upon each l 


of the ſhorteſt FD, 
at Pre eration. | „ 
"Sas the rays ; EB, EC, EH, &c. Fig. 1. 


But EB is = to EA (D. 15. B. 1.). [ 
2. Therefore, FE + EA, or FA is FB. 
It is proved in the ſame manner that: 


3. The ſtraight line FA; is the greateſt of al the - fight lines drawn 
. che point F to the O 8. 2 
5 Wich was tw be demonſtrated. * 


J. Again, the two fides FE + FH of the A FEH are > the third EH. FP. ab. B. 1. 
n. 15. B. 1. ). | | 


T EMONSTRATION. „„ ard i 
H E two ſides FE + EB of the A FEB are > the third FB. £,20;-Þ8; 1, ” 


The Wade lines FE "Hy FH. are e allo > ED: 
| Therefore, taking away from both ſides the part FE: 


6. The ſtraight line FH will be > FD; or PD CFH. |, | As. 5. 3. 1. 


It is proved in the fame manner that: 
7. The ſtraight line FD, which is the produced part of FA, is FE leaſt 
of al the en lines drawn from the point F to the O AHG. 
65 IFRS. was to be demeoaſirates.. | 
: the fide FE being ce common to Fee two A FEB, FEC, 
the fide EB = the fide EC (D. 15. B. 1070 & the L FEB > N 
V FEC Ax. 8. B. 1.). 


2 The baſe FB will be > the baſe fe. 7.2 5.1 


For the ſame treaſon : 

9. The ſtraight line FC is > FH. 
10. Conſequently, the ſtraight line FB or F c which. i is nearer the line 
TB: A, which SRO one! the center, is > FC or FH more remote. 

Which was to be demonſtrated. III. 


M. Proparirin, Fi 
2. Make e VEG =1 to VF EH & produce EG until i meets | 


the O AHG. 7 23. B. 1. 


2. F rom the point F to the poigt G, draw the ſtraight live FG. Po * I, 


Then, EP being cotnmon to the two A FEH, F KG, the fide BH - 
"Te mph of fu 15. B. 1.), & the FEI S to the V FEG . 
a rep. 1 


11, The baſe FH will be = to the baſe FG. P. % Fx 


But becauſe any other ftraight line, different from FG, is either 
naeearer the line FD, or more remote from it, than FG. 
12. Such a ſtraight line will be alſo < or > FG (Arg. 10.).: | 
13. Wherefore, from the fame point F, there can be drawn only two 
128 lines FH, FG, that are = to one e another, one upon oak 


.' fide of the ſhorteſt Je COS 1 5 
Which was $ to be demonſtrated, Iv. | 
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"PROPOSITION | VIIE "THEOREM. | 
I. a point D) be taken without. & circle (BGCK) , & flraight . 


1 A, DE, DF, DC,) be drawn from it to the circumference, whereof 1 
one (DA) paſſes thro? the center (M) ; of thoſe which fall upon the concave 


circumference, the greateſt is that (DA) which paſſes thro? the center; & of the 
reſt, that (DE or DF) which is nearer to that (DA) thro' the center, is al- 
ways b than (DF or DC) the more remote: but of thoſe (DH, DK, 
DL, DG,) which fall upon the convex circumference, the feaſt is that (DH) 
which produced paſſes thro? the center: & of the reſt, that({PRor DE) which 
is nearer to the leaſt (DH) is always leſs than (DL or DG) the more remote: 


& only two equal ſtraight lines (DK, DB,) can be drawn from the point (D) 
unto the circumference, one _ each ſide of (DH) the leaſt. 


Hypotheſis, _ Theſis. 
J. The point D is taken witheur a : * DA which 5 thro' the center M. * 
O BGC A in the Jane plane. ttb greateſt of all the flraight lines 
| DA, DE, DF, DC. s 
II. The firaight Links DA, DE, II. DE or DF, eabich @ nearer to DA 7" > 
DF, DC, are drawn from this DF or DC; the more remote: 
point to the coneave Part of III. DH ewhich N produced paſſes thro 
- the O BGCA. | | center M is the leaſt of all the Araight 


{ines DH, DK, DL, DG. 


III. And thoſe fraight lines cut the * DK or DL which is nearer to the line 


convex part in the Puna H, DI, i DL or DG the more remote. 
r e . From the point D only two equal flraight 
N | lines DK, DB, can be drawn, one upon 
each fide of DH the . 


„ P; eparation. 7 
Draw the rays ME, MF, MC, MK, ML. 


TH | DEMONSTRATION. | | 
* H E two ſides DM--1 ME of the A DME are > the third DE. P. 20,8. 1. 
Lud becauſe ME M 5. 5. B. 7955 


, 


{ 
2 


| 4 


. 


3 
10. 


12. 


13. 


The remainder DK will be > DH, or DH < DK. 


D- MA or DA will be > DE. | 

It is demonſtrated after the ſame manner that: 

The ſtraight line DA, which paſſes thro? the center r M. is is any 
other ſtraight line drawn from the point D to the concave part of 
the © BGCA. Which was to be demonſtrated J. 


© Moreover, DM being common to the two A DME, DMF, ME = 
MF (D. 15. B. 1.), & V DME > 1 DMF ( Ar. 5. B. 1). : . 
The baſe DE will be alſo > the baſe DF. P. 24. B. i. 
In like manner it may be ſhewn that: 1 
The ſtraight line DF is > DC, & ſo of all the others. | 
ens; the ſtraight lines DE or DF, which is nearer the line 


DA, whach ae thro? the center, is > DF or DC more remote. 
Which was to be demonſtrated. II. 


Aga, the fides DK I KM of the A DKM are > the third DMI. . 20. 1. 1. 
If the equal parts MK, MH, (D. 15. B. 1.) be taken away. 


"I 


It may be proved in the ſame manner, that: 

The ſtraight line DH is < DL, & ſo of all the others. 
Conſequently, the ſtraight line DH, which produced paſſes thro' the 
center M, is the leaſt of all the ſtraight lines drawn from the point 


D to the convex part of the © BGCA: 
Which was to be dernonfirated. It. 


Alſo, DK, MK; bale drawn from the extremities D & M of the ſide 
DM of the A DLM to a point K, taken within this & (Hyp. 3:): 


It follows, that DK +MK < Dl. + ML. P. 21. B. i. 
And taking away the equal parts MK, ML, (D. 15. B. .). Pe 
The ftraight line DK will be < DL. 


In like manner it may be ſhewn, that: | 3 


The ſtraight line DL is < DG, & ſo of all the e 

Conſequently; the ſtraight lines DK or DL, which are nearer the 
line DH, which produced paſſes thro' the center, are < DL or 
DG the more remote. Which was to be demonſtrated. IV. 


M0 Preparation. 


1. Make V DMB= VDM, & produce M till it meets the 0. Þ 23. B. 1. 
2. From the point D to the point B, draw the ſtraight line DB. Po/. 1 


Then, the fide DM being common to the two A DKM, DRM. the ſide 


M the de dt (B. rg. B.1.), & VDMK= Y DMB(IE Prep.1.) 


15, 


16. 
17. 


can be drawn, one * caulk fide of DH. 


The baſe DK will be = to the baſe DB. 1 
But becauſe any other ſtraight line different from DB, is either near- 

er the line DH or more remote from it, than BB. 

Such a ſtraight. line will be alſo < or > BD (Arg. 14 TY 

Wherefore, from the point D, only two = | 


r was whe demonſtrated v 


2 


„ we” 


2 


ROPOSITION IX. THEOREM VII. 


a point (D) be taken within a circle (ABC), from which there fall 
more than two equal ſtraight lines (DA, . DC,) to the circumference = 
that point 1s the center of the circle. 


Hypotheſis. | DD Theſis. + 
From the point D, taken within a © ABC, The point D is the center id | a 
there fall more than two equal flraight lines the © ABC. 
DA, DB, DC, 70 the O AEC. | | 
| DEMONSTRATION, 


Ir not, N . 
Some other point will be the center. | ag 


ECAUSE the point D is not the center (Sup.), & dem * 
point D there fall more than two equal ſtraight lines DA, DB, DC, to 
the O ABC ( Hyp.). 
1. It follows, that from a point D, which is not-the center,” there aan 
be drawn more than two equal ſtraight lines; which is impoſſi ble. fy. . . 
2. Conſequently, the oat D is the center of the © ABC. | 
Which was to be demonſtrated 


MB N 
. 3 


* 


RHE 170 


rROPOSITION X. THEOREM IX. 


5 NE circumference of a circle (ABCEG) cannot cut another (ABFCO) 
- in more than two points (A & B). 


Hypotheſis. | Theſis. | 
The two © ABCEG, ABF CH, cut They cut one another only in eu 
eue another. | points A 8 B. 
DEMONSTRATION. 
They cut 185 other in more than two polats, as A, B, C, &c. 
Preparation, 

1. Find the center D of the © ABCEG, B 1. Z. z. 
2, From the center D to the points of ſeQtiog SG „ 

draw the rays DA, DB, DC. | Pef. 1. 


B. ECAUSE the point D is taken within the © ABFCG, & that 
more than two ſtraight lines DA, DB, DC, drawn from this point 
to the circumference of the © ABF CG, are _ to one another, 
Prep. I. & D. 15. B. 1.). 

1. The point Dis 1 center of this O. "Mp 9 1 3: 
But this point D being alſo the center of the © AEG (Prep. 1. ) A | 
2. It would follow, that two © ABFCG, ABCEG, which cpt is and= 
ther, have a common center D; which is impoſſible. Fs. B. 3. 
3. Conſequently, two O ABCEG, ABF CG, cannot cut one another in 


_— than two Pointe. 
; Which was to be demonſtrated. 
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' PROPOSITION XI. THEOREM X. 


I. two circles touch each other ny in (A); the ſtraight line 1 
joins their centers being PO ſhall paſs thro? the point of cor tact (A). 


Hypotheſis. | | | Theſis. 
The firaight line CA joins the centers of, | This fRraight line CA being pro- 
the two © AGE, ABF, which Moen , duced, paſſes thre the point of 
each other internally in A. contact Aof thiſetwa®, _ 


DEMONSTRATION. 
Ir not, : 
The ſtraight line which j joins the centers, will fall otherwiſe, as 


the ſtraight line CGB. 
Preparation. 


| From the centers C&D to the on” of contact "A; dtaw the 
lines CA, PA . . mY Pof. I, 


B ECAUSE in the A CDA, the two ſides CD & DA . toge- - 
ther, are < the third CA (P. 20. B. 1.), & that CA = CB (D. 15. B. 1 N. 

x. The ſtraight lines CD DA will be alſo > CB. 

Iberefore, if the common part CD be taken away from both ſides. 


2; The ſtraight line DA will be > DB. 935 Ax. 5. B. r. 
But the ftraight line DA being = to DG (Prep. & D. 15. . . .. 
3. DG will be allo > DB, which is impoſſible. + 5 in $- B. 1. 


4. Wherefore, the ſtraight line CA, which joins the centers of the © 
AE, ABF, which touch each other internally, being produced, will 


paſs thro the point of contact A. 
| dx} A i Wien was to be demonſtrated, 


1 . 
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PROPOSITION XII. THEOREM Xl. 


F two 3 (DAM; GAN,) touch 8 other externally; ; the ſtraight 
| line (BC) „which j joins their centers, ſhall PIT thro” the point of contact (A). 


Hypotheſis. | r 
The flraight line BC joins the centers This ftraight line BC paſſes thre? 
of the two O DAM, GAN, which the point of contact F the 
touch each other externally C (u 253 | 
Marrs ' DEMONSTRATION. OO adj 1ST 
Ir not, 
| This ſtraight line, which, joins the centers, will 5 ee 
as Ts 
- Preparetion. EL, | 
Draw from the centers B & C to the r of contact A, the | | A 
. rays BA, CA. 3 Feſ. 1. 


ECAUSE BA is = to BD, & CA=to CG (D. 16 410 | 
1. The ſtraight lines BA + CA are = to the ftraight ſacs BD + CG. oh . B. r, 
And if the part DC be added to the ſtraight lines BD + CG. 
2. BD +DG +CG, or the baſe BC of the BAC is > the two ſides 

BA CA, which is impoſſible. 8 | P. 20. B. 1. 
3: Therefore, the ſtraight line BC, which joins the centers, will paſs | 1 
thro? the point of contact A. * 99 
Which was to be dembnſtraied 5 1 


55 


PROPOSITION XIII ; THEOREM XI. 


+ W O circles (ABCD, AGDF or ABCD, BECH,) which touch each 
other; whether internally; or externally : cannot touch i in more points than one. 
Hypotheſis. - Theſis. 
J. S ABCD touches © AGDF internally. The © ABCD; AGDF, or ABCD, 
. O ABCD touches © BECH externally. BECH, touch only in one point, 
Ir not, DEMONSTRATION. 
I. Either the © ABCD, AGDF, touch each other internally 
in more points than one, as in A&inD. | 
2. Or the © ABCD, BECH, touch each other pets in 
more points than one, as in B & in C. 
; 1: reparation.” | 
1. Find the centers M& Nof the © ABCD, AGDF. P. 1. B 1 
2. Thro' the centers, draw the line MN, & produce it to the O. P/. 1. & 2. 


ECAUSE MN joins the centers M & N of the two © ABCD, 
AGDF, (Prep. 2.) which touch on the inſide (Sup. 1.). 
1. This ſtraight line will paſs thro' the points of contact A&D, P. 11. B. 3. 
But AM is = to MD (I. Prep. 2. & D. 15. B. 1,). 
2. Therefore, the ſtraight line AM is > ND, & AN is much > ND. Ax. 8. B 7 
But fince AN is = jo ND (1 Prep, 2. & D. 15. B. 5 | 
3. The line AN will be> ND & = to ND; which is impoſſible. 
: Conſequently, two © ABCD, AGDF, which touch each other in- 
; ternally, cannot touch each other in more points than one. | 
| Preparation. 
Thro' the points of conta B&Cof the © ABCD, BECH, 
draw the ſtraight line BC. Po F I. 


| FT ECAUSE the line BC joins the two points B & C in the Oof the 
_ © ABCD, BECH, (Il. Prep.). 5 
I. This ſtraight line will fall within the two © ABCD, BECH. P. 2. B. 3. 
—_ . But the © BECH touching externally the © ABCD (Sup. 2.). 
=_ - 2. BC, drawn in the © 2. will fall without the © ABCD. D. 3. B. 3. 
\F | | 3. Conſequently, BC will, at the fame time, fall within the O ABC” 
4-8 (Arg. 1,), & without the ſame © (Arg. 2.) ; which is impoſlibe. 
4. Wherefore, two © ABCD, BCEH, which touch each other exter- 

? nally, cannot touch each other in more points than one. 

Which was to be demonſtrated, | 


. 


[C), are equal to one another. 


PROPOSITION XIV. THEOREM XL. 


N a circle {ABED) the equal chords (AB, DE,) are equally diſtant from 
the center (C) ; & the chords (AB, DE „ equally diſtant from the center 


Hypotheſis. CASE L Theſis. 
The chords AB, E, are equal, Dey areequally di _ from the center C. 
Pireparation. | 
1. Find the renter C of the © ABED. 7 1. B. 3. 
2. Let fall upon the chords AB, DE, the L cp. GS. P 1. 
3. From the center C to the points E & B, draw the rays CE, CB. . t. 
DEMONSTRATION, 


HE chords AB, DE, being == to one another (thp.) & bileQed 
in F & G (Prep.2.&P.3.B. 5 | 


1. Their halves FB, GE, are a equal. | 2. F B. . S 
2. Conſequently, the [7 of FB is = to the O of GE. FA a. 4 0 
But becauſe U of CB = of CE. (Prep. 3. & P. 7 . 40 —p hs. 
3. It follows, that Olof FB ＋ of FC is = 8 of GE＋ of 0G, {47 Br 
Therefore the equal []of FB & of GE ¶ Arg. 2.) being taken away. 5. 9 8 13 
| 4. The Jof FC will be= the of GC As. z. B. 1), or FC GC. 5 nb. 
5. Conſequently, the chords AB, DE, are equally diſtant from the cen- 12785 


* . 4 
— 
# 


'terCof 15 © ABED. Which was to be demonſtrated. D. 4, B. 3. 
25 . CDC o.: -c | 
The chords Frog E, are equally diflant _- Theſe chords are equal. 
From the center C of the © ABED., | „ 1 
B. | eee na 
1 ECAUSE rc GC. (tp. & D. 4. B. 3.), & CB = CE. | 
(Prep. 3. & P. 15, B. 1). P. 46. B. 1. 
= The Hof FC = S the D of CG, & the U of CB = 2 {Hi 3. 
2. Conſequently, Ul of FC. C of FB, Hef CG Hof GE. P: 42; Bu." 
Therefore, the equal [J of FC & of CG (Arg. 1.) being taken away. I Ax. 1. B. 1. 


3. The O of FB will be = the D of GE 3 3. B. 1.) or FR=GE. F P. 46. B. 1. 2 
4. Conſequently, FB, GE, being the ſemichords / Prep. 3. P. 3. B. z.), 0 Cor. 3. 
the whoſe chords AB, DE, are alſo = to one another, Ax,G. B. 1. 


Which was to be demonſtrated. 


PROPOSITION. XV. THEOREM XIV. 


5 | HE diameter (AB) is the greateſt firaight line in a circle (Alk); & of 


all others that (HI), which is nearer the drameter, 1 is always greater chan one 
Th more remote. 3 | 


Hypotheſis, . Theſi is. 
I AB. the diameter of the © Alk. 5 F The diameter AB is > each of 
II. The chord HI is nearer the diame- tte chords HI, FK. | 
55 than — tw. The chord H is Y the chord FK. 
Preparation. 


5 1 3 the coſter © let fall upon HI & FK the L. CG, CN. © 12. B. I. 
2. From CN, the greateſt of thoſe 1, take away a part 9 | | 


. 22 B. 1. 
3. At the point M in CN, erect the L DM & produce i it 0 E. Pn. B. 1. 
4 your the 5: Pr CF, CE, K. 1 

+ > DawonSTrRATION. | . 


EC A USE the "A lines CD, CE, CA, CB, « are = to one 


1 5 (Prep. 4. & D. 1. B. 1.) . 


1. It follows, that CD -- CE is = to CA + CB or AB. 1 As. 2. B. x. 
But CD CE is > DE (P. 20. B. 1.) . 


2. Wherefore, AB is alſo DE or > HI, becauſe 11. = DE 2 4. B. 3. 


(Prep. .). | | CEE 
t may be proved after the ſame manner, that AB is alſo > F K. pe 
Which was to be demonſtrated.” I. 


Moreover, the A CDE, CFR. having two ſides CD, CE, = to the - bo 
two ſides CF, CK, each to each Prep. 4. & D. Is. B. 1. * 1 
v DCE > VFCR (4x. 8. B. I.). A 

4. The baſe DE will be > the baſe TK. pt 8 

5. And 1 HT i = * DE OE: 2.), HI i is alſo © FR. ff 

| : P. 14. 


Wich was wo o be demonſtrated a. 


3 


— 


PROPOSITION XVI. THEOREM V. 


HE ſtraight line (AB) perpendicular to the diameter of a circle (ABD) | 
1 at he extremity of it (A), falls without the circle; & no ſtraight line can be 
drawn between this perpendicular (AB) & the circumference from the extfemi- 
ty, ſoas not to cut the circle; alſo the angle (HAD) formed by a part of the 
circumference (HEA) & the diameter (AD), is greater than any acute recti- 
lineal angle; & the angle (HAB) formed by the perpendicular (AB) & the 
ſame part of the circumference (HEA), is leſs than any acute rectilineal angle. 


Hypotheſis. . 
I. AB is drawn perpendicular tothe I. The 4 AB falls without the © AHD. 
extremity A of the diametr, II. No flraight line can be drawn be- 
II. And makes with the arch HEA . taveen the L AB & the arch HEA. 
the mixtilineal WHAB. III. The mixtilineal v HAD is > any 
III. The diameter AD makes with © acute re#ilineal W. 
the ſame arch HEA the nixtili- IV. The mixtilineal \ HAB is < any 
neal V HAD. acute rectilineal V. 
Dani | 
I. Ir not, f 2 


3 AB will fall within the © AHD, & will cut it ſome- . 
where in E, as AE. 


Preparation. 
From the center 0 to the point of ſection E, draw va ray CE. Pof. 1. 


| Brcauss CA is = to CE CD. 15. B. 1} | 
1. The v CAE will be = to the v CEA. Bee: B. 1. 
2. And becauſe the VCAE is al. (Sup.); VW CEA is "EV Ax. I. B. 1. 
3. Wherefore, the two V CAE + CEA, of the AEC will not be 

<2. ; which is impoſlible. F125. Fx. 


. Ns the .L AB falls without the circle. 


m_ was to be demonſtrated. J. 
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II. Ir -not, 


There may be 8 a ſtraight line, as AG, between the | 
— AB & the circumference of the © AH. 5 

Preparation. 
From the center rC, let fall upon AG, the L 6 P13 . . 


ECAUSE GA is a L. &  CAG LA. 8. B. BE 
as being but a part 6f the L. CAB (Hp. 1). - | 4 = 
I. It follows, that the fide CA is > the fide CG, + N P. 19. B. 1, 
But CA being = to CE (D. 15. B. 1.). 


2. The ſtraight line CE will be ag >, CG ; which 1s impoſſible. „„ e . . 


* 


3. Therefore, no * line can be drawn between the . AB & the O 


of the 95 AHD. ü 
| Which was to be demonſtrated. __—_— 
III. & Iv. 1. not, . 
There may be drawn a ſtraight line, s as AG, which makes 
with the diameter AD & with the L AB, an acute rectilineal 


V GAD > the mixtilineal V HAD, & an acute rectili- „5 
bs neal F GAB Y the mixtilineal EAB. 


ECAUS E then the ſtraight line AG, drawn from the extremi- 


ty A of the diameter AD, makes with the diameter & with the L. AB, 
an acute rectilineal v GAD > the mixtilineal V HAD, & a rectilineal 


GAB < the mixtilineal W EAB CSup. ). 3 
1. This ſtraight line AG will neceſſarily fall on the extremity A of the 
diameter AD, between the I. AB & the circumference of the 
© AHD; which is impoſſible. . Caſe. 
4. Therefore, the mixtilineal V HAD i is FS & the mixtilineal 0 HAB 
C any acute rectilineal . 
Which was to be demonſtrated. II. & IV. 


COROLLARY. 


A Straight line, 5 at rigbt angles to the diameter of a l free the extre- | 


— 


| 0 of it, touches the circle —_— in one prone. e 


' PROPOSITION XVII. PROBLEMIL 


FROM agiven point, (A) without 2 circle (BEF) , to draw a tangent 
| (AE) to this circle, 


| „ Din LP Sought- 
The ferns A without the © BEF. The tangent AE, b. frew the 4 
A A to the © BEF. . 
Reſolution, 
I. Find the center C of the © BEF, of dive CAL „ B. 3. 
2. From the center C at the diſtande CA, deſcrbe the © ADG. Peſ. 3. 
3. At the point B in the line CA, where it cuts the O. BEF, 
erect the L BD. P. 11. B. . 
4. From the center C to the point D, where the L BD cuts the | 
O ADG, draw the ray CD. Pof. 1. 
5 


From the point A to the point E, where CD cuts the O BEF, 
draw the ſtraight line AE, which will be the tangent ſought, 


DEMONSTR ATION. 


1 in the A CBD, CEA, the fide CBi is = to the fide 
CE, the fide CA = to the fide CD (D. 1 #1 9 & the v BCD 
common to the two A. 

1. The V CBD, CEA, oppoſite to the equal ſides CD, CA, are = to 


| one another, - Rp 7 
2. Wherefore, V CBD being a L. (Ref. z.), V CEA will be alſo a l. B. 1 


Ax. 1. B. 1. 
3. Conſequently, the ſtraight line AE, drawn _ the das point a} „ 
A, is a tangent of the N. BEE. : I Cor. D. i. B. 3. 
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PROPOSITION XVIII. THEOREM I. 
F a ſtraight line (DE) touches a circle (AFB) in a point (B); the ray 


(CB), drawn from the center to the point of rt "0 „ ſhall be E 
cular to the tangent ). 


Hypotheſis, | | Theſis = 
I. The flraight line DE touches the 7, be ray CB is L upon the 
O AFBrnthepointB. | * DE. 


II And the ray CB paſſes thro the 
point Lk contad B, 


: DEMONSTRATION. 


Ir not, 
There may be let fall from the center on another 1 line 
CG L _ the tangent DE. 


Preparation. | 
Let fall then Gronl the center C upon the tangent DE, the L CG. P. 12. B. 1 = 


ECAUSE the BGC of the A mT is a . e 


1. The V CBG will be <a L. | P. 17. B. 1. 

2. Conſequently, CB is > CG. ; P. 19.B. 1, 

And CF being = CB (D. 15 8 ö | 

3. The ſtraight line CF is alſo 8 F. . is impoſſible. | Ax. 8. B. 1. 

4. Wherefore, the ray CB is L upon the tangent DE. Ta 
Which was to be demonſtrated, 


5 2 bw 


"PROPOSITION XIX. THEOREM A. 


F a ſtraight line (DE) touches a circle (AGB in B), & from the point a 
— contact (B) a perpendicular (BA) be drawn to the touching line; the cen- 


ter (CP of 2 circle, ſhall be in that line, 
| A | Theſis. 


potheſis. | 
5s mins DE St the © AGB. 7. he flraight line BA paſſes thr? 


J. The raig 
II. And BA is the L erected from the point ” center EY of the © AGB. 
F contact B in this line. | 
DzMONSTRATION. | 


Tr mw. + 
The center will be in a point F without the fright line BA. 


Preparation. 
3 then from the point of contact B to the center F, the . 
ſtraight line BF. : of r. 
B ECAUSE the ſtraight line BF is dawn from the polar of contact 
B to the center F of the © AGB Prep. . | | 
1. The V FBE is a L.. P. 18. B. 3. 
But ABE being alſo a l (Hyp. 2. ) 1 
2. The W ABE is = to the Y FRE; which is impoſlible 1 


. Wherefore, the center C will be neceſſarily i in the ſtraight line BA. 
Which was to be 9 


ne | e rs 


PROPOSITION AA. - THEOREM AV TIL. 


HE angle (BCD) at the center of a circle, is double of the angle (BAD) 
at "the circumference, when both angles ſtand ** the ſame arch (BD). 
_- Hypotheſis. Theſis. N | 

I. Te BCD ts at the center & W BAD at the O. The V BCD at the center 

II. The fides BC, CD, & BA, AD, of thoſe V, is double of the *. BAD at 

Aand upon the ſame arch BD. the * 
Þ DEMONSTRATION. 
I. 
If the center C, is in one of the ſides AB of the Wat 
the O (Fig. 1.). 


ECAUSE in the A CAD 8. ſide CA is = to the fide CD 
ED; us. . 


I. The V mis = to the V n, & Vn En is double of V a 1755 
But We is = to Vn AP. 32. B. 1.) . 2. B. 1: 
42. n Vo 1s l of * 25 N is double of V BAD. Ax. 6. B. . 
#F the center C falls within the Wat the O (Fig. 2. „ .- 
Preparation. | $5 
13 the 4 ACE. 5 . 


I. may be proved as in the firſt caſe. 
1. That the Vo is double of the V m, & Ve 3 of the Vn. 
2. From whence it follows, that Vo Fl is double of the * m ＋ , a 
or V BCD is double of the v BAD. Ax. 8. B. I, 
RR.  _ a mw | 
If the center C falls without the Vat the O 57 Fig. z.). 


T HE diameter ACE being drawn, it is demonſtrated as in the firſt 
Caſe, that : 
; The Wp is double of the Vn, & Vo IT is double of the L. ae. 
Therefore, the Y p being taken away from one ſide, & the Vn from 

the other. | 
3. The * 90 will be dauble of the Vn, or V BCDis double of Y BAD. 4s, 1 3. 1. 
Which was to be demonſtrated, 


* 


of EUCLID. 


PROPOSITION XXI. THEOREM XLX. 


| HE angles (n & n) in the ſame e of a circle (BAED), are 
_ to one another, 


; ' Hypotheſis. Ons IF "+ Theſis. 
The Vn een are in the ſame ſegment Y mis =o Vn. 
nnn 7 hg” ae. 
+ | DEMONSTRATION, 
CASE I. 
If the ſegment BAED i is > the ſemi © (Fig. 1 _ 
Preparetion. 
1. Find the center C of the © BAED. p 1. B. 3 
2 And draw the rays CB, CD. . © 
| B EC AUSE V BCD is double of each of the V 1 20. B. 4 0 | 
I, It follows, that V mis =to Wn. | Ae. 5. B. 1. 
5 _ CAS E I. 1 | | 
if the DSS BAED i is < the ſemi © (Fig. 2. ): 
LV eparation. 
Draw the ftraight line AE. | | Po. 1. 


H E three Vn + g of the A BAG, are = to the three \ P. 32. B. 1. 
| 3 Tr of the A GED. Pie 
But V9 is = to Vr ( Caſe 1.), & Vo = to Vy CP. 15. B. 1.). | 
Therefore, the V q + being taken away from one ſide, & their 
equals v p 3 r from the other. 


2, The remaining Vn & n will be = to one another, gd Ax. 3. B. 1. 
41 Which was to be demonſtrated. : 
: Fr 1 | N : 2 = ? 4 


PROPOSITION XXII. THEOREM XY . 
H E oppoſite angles ( BAD, BCD, or ABC, ADC,) of any quadrila- 


teral figure (DABC) inſcribed in a — are together, equal to two o right 
angles. | 


Hypotheſis, ; Tee 


The figure DABC is a quadrilateral or; 8 te V BAD + BCD, or ABC 


figure inſcribed in a ©. | + ADC, are = to 2 . 


. * 
Preparation, ” 


Draw the diagonals. AC, +. Poſe. 1. 


DEMONSTRATION. 


| 3 . che Va are che at the Os | in the ame ſeg 


ment DABC. 


= A 
3. 


The V u +p + (r + 9) are S to the V BAD + BCD. Ax. 2. B. 1. 


Theſe Vu & u are S to one another. | P. #1, B73. 
It is proved in the fame manner, that : | 
The V5 & n are = to one another. 
Wherefore, the VA + þ are = to the Vn + mz or to the V BAD. Ax. 2. B. 1. 
Therefore, if the VY＋ q or BCD be added to both ſides. 


* 


But the three Wu? +F(r +9) of the A DBC being S to 21. 


). 
; The 7 two oppoſite v BAD + BCD of the e * DAB C, 


are alſo = to 2 L. | | Ar. i. B i. 


It may be demonſtrated after the ſame manner, that : 


The V ABC + ADC are to 2 L. 
Which was to be . 
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5 PROPOSITION XXIII THEOREM XXL 


JP. O N: the ſame ſtraight line (AB) & upon the ſame ſide of i it, 
there cannot be two ſimilar ſegments of eircles (ADB, A not coincid- 
ing with one another. 


| Hy theſis. | Theſis. 
The F ADB, ACB, of circles, are ay Theſe "— are di nn | 
the ſame n line & upon the ſame fide of "RT | | 
DEMONSTRATION. 


Ir not, 
| The ſegments ADB, ACB, upon the ſame chord AB, & upon 


the 1 0 ſide of My. are ſimilar. 
Preparation, 


1. Draw any ftaig ht lle AC, which cuts the ſegment ADB, | 
Ac, inthe points D & C, | 1 Ee 2 55 
2, Draw the ſtraight lines BD, BC. 1 5 


B. ECA U 8 E the W BDA, BCA, are mw in the fimilar ſeg: 
ments ADB, ACB, (Hp. & Prep. 1. & 2.0. N | 
1. Theſe Y are = to one another. Ax. 2. B. 1. 
2. Therefore, the exterior V ADB of He 'A BDC, wil be = to its in- _ f 
terior oppoſite one BCD; which is impoſſible. % 16, 857. 
3. Conlequenty, there cannot be two ſimilar ſegmentsof. © ADB, ACB, 
upon the ſame ide of the ſame ſtraight line ay which do not 


coincide. 


F 


1 Which was to be demonſtrated. 


i: 0 
„0400409 


PROPOSITION XXIV. THEOREM #75. -. 


855 IL AR ſegments of circles (AEB, CFD, ſubtended . equal 
chords (AB, CD,), are equal to one another. 


J. The ſogneyts of © AEB, CFD, . * AEB, CFD, are = to 
are ſimilar. 8. er N TIE; | 


IL. Theſe ſegments are „ . an as 4 8 EEG. we 
| equal _ AB, CD. 1 ae on 
\ DanonsvR ATION. „„ 
I not, 5 l 


The . AEB, CFD, are unequal. 


B ECAUSE the ſegment AEB. is not = to pas ſegment cr 

(up.), & the chord AB 1s = to the chord CD ( Hyp. 2.). 

1. Upon the ſame ſtraight line AB or its. equal CD, there could hs two . 
' ſimilar ſegments of ©, AEB, CFD; which is impoſſible, a 

2. Therefore, theſe ſegments are = to one another. | 


: | | e was to de demonſtrated, 


The 5 egment of © ADB. 


4. At the point Ain DA, make V DAC = to W ADE. . 
5. Produce DE to C (Fig. 1.), & draw BC (Fig. 1. & 45 Poſ. 2. . 
EMONSTRATION. 5 
Brcaustinneaanc e V DAC is =o. ADC (Ref ). = 
1. The fide AC is to the ſide DMG. P 5. Bl. 


ä ———— —— — —— ] ]§—⁰«§1ð— , — 


PROPOSITION: XXV. PROBLEM 71 


Given fy 7 Soug St. 


Reſolution. 


Divide the chord AB into two equal parts in the point 8 P. 10. B. 1. 


„ „ ETT 


751 | 
2. At the poinnt E in AB, erect the I ED. 3 P. I. B. . 
3. Draw the ſtraight line AD; M ES... 


And V ADE will be >, or <<. or = V DAE. if # ak 2 $A. 
CASE #1 | 
If V ADE be either > or & DAE (Fig. 1. & 2,). 


But in the A AEC, BEC, the fide AE is = to the ſide EB, the fide 
EC common to the two Q, & the V AEC = to the V BEC 
(Ref. 2. & Ax. 10. B. 1.). 


The baſe AC will be = to the baſe BC. 15 a B. 1 


f EU CLI D. > 1 123 


A. Ly of a circle ( wenn een, to enn the Als of 
Which, it is the ſegment. FR 


' The center C if the ©, of which ADB 15 | the 3 


* 


* e the three ſtraight lines AC, DC, BC, drawn from the 
point C to the O ADB, are = to one another. „ Mx: J. B 1. 
4. Wherefore, the aries center of the ©, of which ADB i is. the F. * B. + 
; ſegment. | 
| c ASE I. - 
If V ADE be = to V DAE (Fig. 3.) | 
HEN the fide AE is = to the fide ED. 5 B. 15 
2. r Conſequently AE being = EB (Re ſ. 1.), the three ſtraight lines AE, | 


Eb, EB, drawn from a point E to the O ADB, are = to one another. Ax. 1. B. 1. 
. From whence it follows, that the noun E is the center of the © of 


which ADb is the ſegment. P. 9g, 8. 1 


Which was to be demonſtrated, 
Eb 


-- 
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PROPOSITION XXVI. THEOREM AIAIII. 


Book III. 


the equal circles (BADM, EFGN , equal angles, whether they * at 


the centers as (C & ) or at the circumferences as * & F), ſtand oo 
equal arches (BMD, ENG,). 4”; 


Hypotheſis. Theſis, 8. 
| i 25e VC, H, are Wat the centers, & equal. Pe arches. BMD, ENG, 
II. The A, F, are Wat the O, & equal. upon which theſe \ V fland, 
II. Theſe Ware contained in tbe equal © ꝰ are = to one another. | 
BADM, EFGN. 2 | 


Preparation, 


Draw the chords BD, EG. 


TE 


DEMONSTRATION, 


| T HE two ſides CB, CD, of che ABCD be bo the two ſides 
HE, HG, of the A EHG (Hyp. 3. & Ax. 1. B. eee 
to the V H (Hyp. 2.). 


1. The baſe BD will be = to the baſe EG. Fes ww” WY Rf on 
And becauſe VA is = to VF (Hyp. 1.). | | {1 5 
2. The ſegment BAD is ſimilar to the ſegment EFG. | Ax. 2. B. 3. 
Wherefore, the baſe BD being = to the baſe EG ( arg. 1 LJ, — 


5 ſegments will be = to one another. P24. 3; 3: 

Therefore, if the equal ſegments BAD, EFG, (Ar 3.) be =_ 5-5 

away from the equal © BADM, EF GN, (Hp. 15 | 

4. The remaining arches BMD, ENG, will be alſo = to one another. hs 3. B. L. 
e was to hy In | 


0 
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PROPOSITION XXVII. "THEOREM XXIV. 


IN equal circles (BAG, DEF,) the angles, whether at the centers as 
(BCG & H) or at the circumferences as (A & E), which ſtand. upon equal 
| arches (BG, DF) ; are _ to one another. | 


__ Hypotheſis. . - a Theſts. 2 
0 * The © BAG, DEF, are } —# as ; alfe theis | "K The Y BCG & H at the centers, 

* © arches BG, BF. are = 10 one another, 

II. The BCG & H at the centers, as alſo 41. The VAE at tbe ©, are al- 
the WA & E at the O, ove "wy — Jo to one another. 
arches, 5 1 ns; 

DuMoNSTRATION. 
Ir not, 


The V BCG & H at the centers will be unequal, & one, as 
BCG, will be > the other H. | 2 


| "Preparation, 155 
At the point Cin the line BC, make the v BOK = to V H. P24: 82; 


N 


2 1 HERE FORE che arch BK is S to the arch BFF. P. 26. B. 3. 
But the arch DF being = to the arch BG (Hp. 2). Er” 4. 1 B 
2. The arch BK will be alſo = to the arch BG; which is impoſi ble 1 8. B 4 
3. Conſequently, the V BCG & H at the centers, are = to one another. — 

Which was to be 3 I. 
And theſe W being double of the V A & Fat the O (P. 20. B. 3.). 
4. Theſe V A & Eat the ©, are alſo = to one another. Ax. 7. B. 1. 
| 1 Wan 0 be demonſtrated U. 5 
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"PROPOSITION XXVIII. THEOREM XXV. 
| | oh equal Cireles (ABDE; FHMN, ); the equal chords Wr PM) 3 


ui ů— Y A 


ſubtend equal arches (ABD, FHM « or "AED, e 


| Hypotheſis, - Theſis, 
J. The ©. ABDE, FHMN, are equal, The chords AD, FM, ſubtend egual 
II. The chords, AD, 1288. are £5 cond 9 5 arches ABD, PHM or AED, FNM. 


>> . 2 5 a % A N 1 — 1 \ 
\ , *D N ae a nt” . EY . 5 
4 a 


8 Preparation. 


I, Find eas the two O ABD, EI. | : p. . „ 
2. Draw the rays CA, CD, alſo GF, GM. OS Peſ. 1 . 


DEMONSTRATION, | 


A 
1 8 # 


ECAUSE the © ABDE, FHMN, „ 10. . | 
1. The ſides CA, CD, & GF, GM, of the A ACD, F GM, are equal. Ax. 1. B. 3. 
And the chords AD, FM, being equal ( Hyp. 2.). 


2, The V ACD, FGM, are = to one another. 4 P; 8. B "i 
3 Confequently, the arches AED, FNM, ſubtended by © chords EY | 
AD, FM, will be alſo = to,one another. 3 P. 26. B. 3. N 
4. And moreover, the whole Q Nt 1 [4 "the. 1 I, the arches 44 | 
1 ABD, * 48 are alſo . | As, 4: B. t. 
440-8! 5 1 : 
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PROPOSITION XXIX. THEOREM XX. 


N equal: circles (BADM, EFHN,)-; edu! arches (BMD; E 
Ins % equal Jan (BD, EH 2 " 4 NHL) re 
\theſis. bs AT 


mg Theſis, | 
* e 9. 2955 M. EFHN, are . The cher BD, EH, *obich 4 
| Il. The arches BMD, ENH, are equal. tend theſe arches, are equal. . 


115 710 


1 4A + Preparation,. «Wo ds mens 1 


A. 8 Find the centers Fa & 0 of the two © ach. EF HN. of 1 Eo B. 3 
. Draw the rays CB, CD, GE, GH. k "Ms 


v5 it. SE £5492 7% 0¹ 1 "AFL Poſ. L. 


DemoxsTRATION." (42000 363 3% #24 


ee, the © BADM, EFHN, are” od { Hyp, 1 ). : 
1. The ſides CB, CD, & GE, GH, of No are to one 2 (t 
another. 17 NTT 
nut the arches MD ENH; being alo equal CBA D 52 J A 3-9 is 1 
. The Y C& G, contained by thofe equal: e will be * one 0 
another. WA 3.1 5 47 B. 3. 
| 3: Confequently, the chord BDi is = to the chotd ETI. =o; "oi 5 B. 12 
| Th WARN was to be demontrtd, 9 = 
i EINE S064 n / EIS yy 
„ | 5 : 1 410 22 769 Ip 0) 000 : bobs 
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PROPOSITION XXX. PROBLEM W. 
O hide an arch (ABD) into two equal parts (AB, B.). 1 


Given 1 | | Sought : 
The arch ABD: . _ .. © 1 he diviſion of the arch ABD 
VI TID FEE ek SA NDS... two bo equal parts AB, BD. 
Reſolution. | 


1. From the point A to the point D, draw the chov AD. „ 

2. Divide this chord into two equal parts at the point C. F. 10. B. 1. 

25 At the point C in the ſtraight line AD, erect the I. CB, hic P. 11, B. 1. 
when produced, will en the arch. ABD'i into two equal 


parts at the point B. 


bx 


Preparatim, 
Draw abe bete A D e ntl x 


* 2 51 Ins? 

'E c AUS E the ſide AC is S to the fide CD (Ref. 2), C CB com 52 1 Tad. 
mon to the two A ABC, DBC, & the V. e to the * INT 2 
(Ax 0 F. 1. & Rep. 3.) 15 | 
_ The Laſe AB is = to the baſe DB: „„ 15 pa n : 

2. Conſequently, the arches AB & DB, tended by the —_ chords | 

AB, DB, are to one onother, and the whole arch ABD, is di- | 
viced 1 into two equal parts in B. | P. 28. B. 3. 

8 | W 1 was to be done. Po 

1 


Wo. 
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* q "1 „ 
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"PROPOSITION XXXL THEOREM AI. 


N a cirele, the ang le (ADB) i in 4 Amicigcle: (ADEB), is a right angle; 
but the angle DAB) in a ſegment (DAB) greater than a ſemicircle, is leſs 
than a right angle, & the angle (DEB) in a V. (DEB) leſs than a ſe- 


micircle, is greater than a right angle: alſo. the mixtilineal angle (PDA). of 


the greater ſegment, is greater than a right angle, & that (PE) af the . 4 


«ſegment, 1 is leſs than a right angle. 
1 1 CASE I. 


Hypotheſis, io e Theſis, | 
The Y ADB is in 8 2 © ADEB. This L ADB i is a — 
. N Preparation. | 
1 thine the ray CD. | *. . 
2. And produce AD to NW. | Peſ. 2. 
DEMONSTRATION. 8 
8. EC AU * in a the A ADC the fide CA is 5 to the fide CO 2 
-CD. 8. B. 1). | 15 Fe. 3 
1. The V CDA is = tothe . . 
Again, in the AC DB; the ſide CD being = to the fide CB. D185. B. 1. 
2. The V CDBis = to the 2 CBD.” | : . 
3. Conſequently, V ADB is == to v CAD + CBD. .. Ax.2.B. 1. 
But V NDB is alſo = to V CAD + CBD (P. Me i). Ps 
4. Wherefore, this W NDBis*= to ADB. ©.” | Ax. I. B. 1. 
5. From whence it n. that VADz is al. . 
ö 45 C A 8 * pr . 
Hypotheſis, e - Theſis. 5 
The DAZ is in the ſe egment DAB > a ſemi ©. 8 This DAB i C 4 1. 
DEMONSTRATION. | 55 
3 in the A ADB, the V ADB is a L- (Caſe IL). 
1. The V DAB will de <a — 1 1 P. 17. B. 1. 


7 . 6-2 ; ; 
by * 3 7 - * 8 
* * NY * 8 8 3 . 23 F 
Co 5 . x 4 > * * 5 2 * * - 
J 
P * 8 hs . * - * b — 
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4. : \ 
' ry " 
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= «© AS E I . 5 
Hypotheſis. | Theſis. 5 


The * DEB is in a a ſegment DEB C 2 ſemi ©. | This Y DEB is > a L. 
DEMONSTRATION, f 
* HE the oppoſite N DAB +. DEB of the quadrilateral figure „„ 
AbBz are = to 2 . „ N 
2. Wherefore, V DAB being < 1 ( Caſe I.), DEB will be neceſſa- 5 
rily > a |. 
CA 8 E IV. . 
Hypotheſis. 2 | Theſis. 
The mixtilineal W BDA, BDE, are | The V BDA is > a — & the 
formed by the firaight "_ BD && © V BDE#r <a — 


the arches DA, DE. 
ern Tron, 


. the eas V ADB, NDB, are 1. (Caſe '& 3 | 
1, The mixtilineal v BDA will be neceſſarily >a I., & the mixtilinea! 
* BDE 1 Ax. 8. B.x hk 
Which v was to be demonſtrated. | 


' PROPOS TION XXXII. THE OR EM XVII. 
F a ſtraight line (AB) touches a circle ECF), & from the point of con- 


act (F) a chord (FD) be drawn; the angles (DFB, DFA,) made by this 
| chord & the tangent, ſhall be equal to the Nun, (FED, FCD,) which are 


in the alternate ſegments (FED, FCD,) of the circle. | 
| 5 Hypotheſis. Theſis. 


I. BA i @ tangent of the © ECF. J. The W FED #s = to [oe DFB. 


| II. And FD is a chord of this S II. The VFC) is = te  DFA 
1 Adiavun from the point of contact. | 234 7 


Pre paration. 


1. At the point of contaRt F in AB, erect the L FE. P 11. B. 1. 


2. Take any point C in the arch DF, & draw ED, DC, CF. P/ . 


| | DEMONSTRATION. 

ECAUSE the ſtraight line AB touches the © ECF (Hp. 1 255 
and FEisa L erected at the point of contact F in the line AB (Prep. 1. ). 
1. The ſtraight line FE is a diameter of the © ECF. 8 
2. Conſequently, V FDE is a I. Ry 
3, Wherefore, the V DEF ＋ DFE are = to a . - +I 
But V EFB or Y DFE -+ VDF being alſo = to a L. (Prep. 1 JL 
x 4 The V DEF + DFE are S to the V DFB + DFE. 

5. Wherefore, the V DEF is = to: V DFB, or the V in the ſegment = 5 
DEF is = tothe V made by the tangent BF & the chord DF. $25 
| Which was to be demonſtrated. L 


The vreD + FCD being = to 2 P. 22. B. 3.), & the adja- 
cent V DFB + DFA being alſo = wall. 
„The V FED + FCD are S to the VD BA DPA. 
. Wherefore, V FED being = to the Y DFB (Arg. 5,), the v FD ES 
is alſo = to the V DFA; or the V in the ſegment FCD is = to \ Ax. 3. B. 1. 


BM 


the Vcontained by the tangent AF & the chord DF. en. 


. was to be demonſtrated. II. 


i ar U. 


3 
K i” 
» * * 
. 1 7 
K 
A 
AN, ** 2 
C 7 ; 


5 
. 


PRO POSITION XXXIII PRO EL E N . 


P'ON a given ſtraight line (AB), , to deſcribe à ſegment of a circle. 
(ADB) containing an angle equal to a Ken rectilineal angle (N). 


Given Sought 


The * ſraight line AB together with WN. The Segment ADB deſcribed upon 
Ag, containing an  =to V N. 


CASE 1. If the given V is a L (Fig. oY 5 
T ſuffices to deſcribe upon AB a ſemi © ADB. 8 Poſ 3. 


KT] I. This ſemi © will contain an V to the given right VN. 31. B. 3 


8 ASE II. If the given V is acute (Fig. 2.) or obtuſe (Fig. 3.) 
Neſolstion. 
I. Ke the point A in AB, ooo the V BAE=to the given VN. p. 23. B. I, 
2. At the point A in AE, erect the L AG. i 
3. Divide AB into two equal parts in the point P. 4 . i N. 1. 
4. At the point F in AB, ere& the L. FC, which will cut AG in C. P. 11. B. 1. 
5. F rom the center C at the diſtance CA, deſcribe the © ADG. Pof. 3 
Preparation. | 
Draw the fraight line CB. EN: Bf . 
DEMONSTRATION. _ | 
ECAUS E in the A ACF, BCF, the fide AF is = to "the fide 


BF (Ref.” 3.), FC common to the _ & the N the ws 
(Ax. 10. B. 1. & Ref. 


— A — —— — 


= — 
: 


4.1: | 
1. The baſe CA is = to the baſe CB. >; 4. R. 1. 
2. Conſequently, the © deſcribedfrom the Soo c at the diſtance CA, D. 18. B 
will paſs thro? the point B, & ADB is a ſegment deſcribed upon AB. 1 D 15. B 1. 
Ys 19.B. i. 


But AE touching the © ADB in A (Reſ. 2. & P. 16. Cor. B. 3. ), 


and AB being a chord drawn from this point of contact A (Arg. 2.). . 

The W contained in the alternate ſegment ADB is = the V BAE. P. 32. 2. 

4. Wherefore, V BAE being = to the given VN (Re,. i.), the V con- „ 

© tained in the * ADB deſcribed upon AB, is * * to the 

Linen VN. 5 . . 5. 
| 7 Which was to be done, 


25 
i, 8 . 57 of 7 
, a 4 
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"PROPOSITION XXXIV. PROBLEM VI. 


T O cut off a ſegment (BED) from a given circle (BDE), which ſhall 
contain an angle (DEB) equal to a given rectilineal angle (N). | 


Given Sought . 


The © BOE, & He: ane Y N. | The ſegment BED cut off from this ©, 
| containing an V DEB=0 DK ne VN. | 


| Refolutin, 


1. From any point A to the O BDE, draw the tangent ABC. P.17.B. 3. 
2. At the point of contact B in the line ABs. make the V DBA | 


. eee | Pay B.x 


o * 


DEMONSTRATION. 


ECAUSE the given WN is = to the v DBA (Ref. 2.), & 
V DEB = to the V DBA (P. 32. B. 3). 


1. The W DEB & N are = to one another. 4 A B. t. 
2. Wherefore, the ſegment BED is cut off from the © BDE, contain- 
. the given, V N. 8 P. 21. B. 3. 


Which was to be done. 


x 8 2 wx 
* — . 
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% * T N 
. N * 3 * LK: ** 
5 2 3 4 > F La Soto her Bs T 9 hea 7 DEE 
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\ ; 4 LP * 1 * 2 <2 4 « * F 5 g 2 $ 7 2 
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EM EN TS 


7 Hypotheſis, 27 5 PET Ls 
J. AB, DE, are two chords of the ſame © DAEB., The Rgle AF. FB is = to 
II. And theſe chords cut one another in a point F. the Ree DF . FE . * 


CASE I, If the two chords paſs thro' the center F of the ©. Fig. 14. 


I] DEMONSTRATION. = 
& 3 E N, the ſtraight lines AF, FB, DF, FE, are = to one 
another. 5**VVb N 5 | | . „ 
2. Conſequently, the Rgle AF .FB is = to the Rgle DF. FE. Ax. 2 B. 2. 
CASE II. If one of the chords AB, paſſes thro” the center & | 
cuts the other DE which does not paſs thro' the 


center at I. (Fig. 2.). 
. Preparation. A by; 
Draw the ray . | | n 
= DEMONSTRATION, _ | VV 


Be CAUSE the ſtraight line AB is cut equally in C & unequally 
1. The rg ＋ the [7 of CF is = to the O of CB, or ages Þ- „ 
But the UI of FE + the [of CF is alſo = to the U of CE 
. .). | C | 

2. From whence it follows, that the Rgle AF. FB + the [] of CF 


to the | 


is = to the [Jof FE + the of CF. © 5 Ae. 1 . 1 
3. Conſequently, the Rgle AF. FB is = to the [J of FE. „ 
And ſince DF is to FE (P. 3. B. z.), or DF. FE = to the O | 
J 4. 5). N „ 
4. The Rgle AF. FB is alſo = to the Rgle DPF. F/ Ar. 1. B. x. 


c A SE III. If one 1 the chords AB, Taiſen chro the cen- 
ter & cuts the other DE which does not paſs 
thi? the center, obliquely (Fig. 3. ). ' 


ya Preparation. | | 
1. From the center C, let fall upon DE, the el m. 8 
3 And draw the ray CD. fi: TIS Fol. * 
ens DzMonsTR ATION. k 
Bacavik DH is = to HE (Prep. 1. 2 $:).. | 
1. TheRgle DF. pf. the [] of FH is to the L of DH — 7 B. 2 
i 2. Wherefore, the Rgle DF. FE O of FH + | = of CH is = to l 
the LI of DH + of H. Ax. 2. B. 1. 


But the LI of FH + [ of CH is = to the U of CF, & the DU of 
DH ++ the Jof CH is to the Hof CD (F. 47. B. 1.). 

3. Therefore, the Rgle DF. FE 4- [ of CF is 5 1 [the [7 of CD or 
to the U of CB. Ax. 1. B. i. 
Moreover, the Rgle AF. FB * Jof CF being = to the ſame =P | 
of CB CF: 53: #. 4). 

4. The Rgle DF. FE +Q of CF is alſo = to the Ryle AP FB + | 
if 3 Ax. i. B. 


. 5. Or taking F PB the common o of CF, the Rgle DF. FE is = to 
the Rgle AF . Ax. 3. B. 1. 


CAS E NV. If neither of the FRAY AB, DE, paſſes thro? 
the center (Hg. 4.). | 


Preparation. {4 
 Thro' the _ F, , day the diameter GH. 1 ä | PÞof. 1. 
3 | | DEMONSTRATION. Sy 
$7 TD 1 exch of the Reſes AP FB & DF. FE is = to the. 
| Rgle GF. FH (Caſe III.). 5 | 
*. Theſe Rgles AF. FB 5 DF. FE are alſo = to one another. As. 1. B. 6 


Which was to be eee 


PROPOSITION XXXVI. THEOREM XXX. 


F from any point (E) without a circle (ABD) two ſtraight lines be 
drawn, one of which (DE) touches the circle, & the other (EA) cuts it; 
the rectangle contained by the whole ſecant (AE), & the part of it (EB) 
without the circle, ſhall be equal to the ſquare of the tangent (ED). 


I Hypotheſis. 923 Nee : 
IJ. The point E is talen without the © ABD. The Rgle AE. EB is = to th 
II. From this point E, a tangent ED &a . | wad ED. | 5 


cant EA, have been drawn, _ 
CASE I. If the ſecant AE baſes chro the center r Fig. I ). 
Preparation. | 


From FEY * of contact D, Draw the ray cD. Z Po x. 
; . DEMONSTRATION, 5 
1 Þ HE ray CD is then I. * | 5 bn 
And becauſe the ſtraight | line AB is biſected in C, & produced to the = 
point E. 8 
* The Rele AE. EB -+ the U ef CB.is= to the U of CE. 5 B. 2. 
Moreover, the U] of CE being alſo = to the [] of DE. the OLC of CD 
(P47. B. i.), or to the UR of DE+ the U of CB (P. 46. Cor. 3. B. 1.). 
3. The Rgle AB. EB + the [J of CB is = to the of DE A the L | 
_ A. 1. B. 1. 
The U of CB being taken away from both ſides. 
4. The Rgle AE . EB will be = to the L of DE. | Ax. 3.3.3. 


Cc AS E II. If the ſecant AE does not paſs thro the c center. Er. A. * 


9 Preparation... . 
1. Let fall from be center C upon AE, the 4 CF. Road P 5 8 
_ 


. Draw the rays bog CY, & the  Rraight line CE. 


3 5 LU p g 
* * f 
. 
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- - T3 1 * 
2 2 * wv; : 
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DEMONSTRATION. . 


Becavse the ſtraight line AB is biſected in F (Prep. 1. & P. 3. 
B. z.) and produced to the point E. DYE | | 
1, The Rgle AE. EB ＋ UI of FB is = to the U of FE. ; P. 6. B. 2. 

2. Conſequently, the Rgle AE. EB + OU of FB + U of FC is = | 

to the UL of FE + 5 of FC, or is = to the U of CE. Ax. 2. B. * 
But fince the [J of DE + U of CD is = to the U of CE, and F. 47. B. 1. 
the DU of FB ＋ U of FC is = to the [] of CB (P. 47. B. 1.), or is 
= to the Hof D (D 15,.& R 46. C. „ 1} 
3. The Rgle AE. EB + [7 of CD is = to the U of DE + [7] of CD. | 
4. Conſequently, the Rgle AE. EB is = to the U of DE. „. 
| 1 Which was to be demonſtrated. 
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COROLLARY I 
I- (fig. 3.) from any point (E) without a circle (ADBF), there be n ſeveral 


ftraight lines (AF, EG, &c). cutting it in (B & F, &c): the reflangles contained by the 


; ewhole ſecants (AE, GE), and the parts of them (EB, EF) without the circle, are 
equal to one another; for drawing from the point (E) the tangent (ED), theſe rectang les 
will be equal to the ſquare of the ſame tangent (ED). bo | | 


COROLLARY u 


| I. from any point (E), without a circle (ADBF), there be drawn to this circle 
two tangents (ED, EC), they will be equal to one another, becauſe the ſquare of each 
ii equal to the ſame reclangle (AE. EB). | ; | 


& 4 


x 
.. 


1 2 
— S<DF - dl wa os — 


1 9 n a = 
22 4 S's 5 * " * * 
4 5 1 * r Fer meg 9 
? 5 5 ONE NA+ 290 Got: 8 e 9 FEE . 
o X 8 * 4 * Ew , F A lis ; * : \ * N 
Ws 8 2 . N 7 1 . ; * . 178 
* . a C 2 n FY : #4 . 0 x : 
: - þ I. 3 . Y l Fin 
* 5 a : — | e 
— 0 7 * 
+3 x N * 2 7 
£ | $ 
: $ 2 4 2 
g 5 
” U 
4 5 


The L DME NSC 


1. PROPOSITION XXVII. THEOREM XXXL. | 
F 


from a point (E), without a circle (ADH), there be drawn two freight | 
lines, one of which (AE) cuts the circle, and the other (ED) meets it; if 
the rectangle contained by the whole ſecant (AE) and the part of it without 
the circle (EB), be equal to the ſquare of the lins GD) 3 whieh- en! 5 
the line which meets * N 85 dels in D, . „ e | 


Hyp otheſis. 1 5 191 1 Mir 1 FH | 
L AE cuts the © ADH in B. 9 The 2 line ED touches the 
II. ED meets the O. e ADH in the point D. 


MC b mbleg the [7 of ED. 


; Preparation, 


I. From the point E to the © ADH draw the tan 2.5 . 7 15. 2.3. 
2. Draw the rays CD, CH and the ſtraight line C Fei. 


Drmcus rn Ar fen. 


ECAUSE the R ole of AE.EB is = to the L of ED i. 3 and 

the Rgle AE. Eg is if +; qui to the UI of EH Prep. 1 & F. 36. B. 3) (. 6 B 

. The U of ED is 2. to the L. of EH (4x. 1. B. l.) or EB = EH. hy * 
And moreover, ſince in the A CDE, CHE, the fide CD is = es 8 


the fide CH (D. 15. B. 1), and E is common to the two . 


2. The V CDE is = to the V CHE. 15 5g "4 
3. Wherefore, V CHE being a I (Prep. 1. WF. 18. B. 3), V CDE is 5 

5 alſo a I. A. 1. B. 1. 
4. And the ſtraight lins ED touches the D ADH i in the point. 5 Egg 3 
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DEFINITIONS 
L 72 He 
fine! re ABCD) is faid ta be FAY 28 in another. reflilifesl, 
| gur, e 71 üg 5 oh the angles A, B, Co 17 5 inſcribed n 
are e upon the ſides of the figure i in which it is inſcribed . I W 
- - I. 


4 like manner 7 * 4 ure (EFGH is faid to * 15 | about | 


# 


another rectilineal figure (ABCD) ; ; when all the ſides (EF, FG, GH, 125 
of the circumſcribed . paſs thro? the W 1 5 points (A, C, D) of th 
 Hgure _ which it is cre each "oy each (Fig. 1). 


** oo L f 2 
. 5 + —— 5 5 . 1 8 - _ 
*+ + 3 8 19 f 1 \ * F . : >. . = _ s 
$ : 5 * 1 16 1 4 . »* 0 „ % 5 in 9 a 
22344306453 FEA BCRKE ET? MÞ» T4 - 1 1 1 


A reBilineal figu ure ME; is faid't to 1 i in « circle; when all the _- 
angles (A, B, C, D) of the inſcribed figure are upon the circumference of 
the erke e et in which it is innen ( Fig. - * + 


"A n W. 


Oo — 


4 rectilineal figure ( n 1s | faid to 2 diferibed 3 Rout 4 circle, when 


each of the 4 AB, * OY, wy WI 1 0 the eircumference of the 
eircle ( Fig. 3). 
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A Circle (ABCD) is ſaid to be inſcribed in a redlilineal figure (FFG] 
when the circumference of the circle touches each ul the ſides (EF, FG, G 
HE) of the figure in which it is —— 


# 
3 


4 


n 41 * , 
i 


bs * > — # 


A circle (ABCD) it de cribed about a rectilineal figure (ABC), when the 
circumference of the circle paſſes thro? all the angu ar points (A, B, 00 of 
the figure about which it is deſcribed (Fig. 2 I 


L 4 8 ) 4 Fo 4 x Lf 22S La x "+ (if 2% . 


A. ſtraig bt line (AB) 7s ſaid fo be pliced i in a circle (ADBEF), when the 
extremities of it (A & B) x are in the circumference of the circle (fg: 3): . 
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EUCLID. 
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PRO P OSLTT TON. E PROBLEM 7 


N a given circle (ABD), to place a ſtraight line (AB) equal to a gies 
__ line (N), not * than the diameter of the circle r 


| r | Sou 1 
4 © ABD together with the 4 355 The ſraight line placed i in dai 
line N, not. 1 the | diameter of „ DO ABUT the given Praight 
this ©, af | | line N. 
Reſolution. 7 
do, the diameter AD of the © ABD. J p | ie Pon. 
' CASE I. If D M - 3 


7. HER E has been placed in | the Sven. o ABD a ſtraight line 


. 


he aaa | 25 . 
e 'CASET. 1 abo N. | on 1 CE 
I. Make AD = to N. * P. 3: „ 1 
2. From the center Aat the ditance AE deſert the or, 2 
88 5 Rees | DEMONSTRATION. eas Shank Py 5 


. 


a 


ECAUSE AB i lt to AE b. 15. B. 1), and the ſtraight line N 
is = to AE (Ref. 1. 
1, The gh, line AB, placed in the © ABD, will be alſo S ={ Ax.1.B.1. 


to N. B.. . 
Which was to 2 done. 
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PROPOSITION II. PROBLEM a ; 
Ib N a given circle (ABHC), „ to inſcribe a riangle (ABC) equiangular to a 


given triangle (D FE). a 
r by Sou ught. | 
A © 1 2 together with the 9 The A ABC inſcribed i in the 8 ae 


DFE." |  equiangilar to the 2 DF E. 


Keſolution 


1. From the point M, to the ©. ABHC draw the tangent MN. P. 17. B. 3. 
2. At the point of contact A in the line MN make the V BAM 5 
= to the V FED, nn Bu YO F. 43. B. 1. 
3. Draw BC. IP 1. 


"DEMONSTRATION. 


: BECAUSE the W BCA is = to the V BAM P. 32. B. 3), and 
8 the y FED is = to the ſame V BAM (Ref. 2); alſo the CBA is = 
tothe Y CAN /P. 32. B. 3. Jand V FDE is = to V CAN (Ref. 2 | 
| 15 It follows that V BCA is = to V FED, and V CBA =to VFDk. 45 1. B. 1. 
2. Conſequently, the third V BAC, of the A ABC, is alſo - to the 
third Y DFE of the A DFE, and this A ABC is inſcribed i in the f P. 32, B. 1. 
© ABHC. Fr 5 2 3 7 
| „ Wbich was to be done. 


_ I 
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—— — — . , 


$i PROPOSITION III. PROBLEM Py 


| FT UT a given circle (EFG) to e a triangle (ABD), « equiangaa 


to a given triangle (HKL). | ough 
| ught. 


Given. 
The © EF G, together with the "a The A ABD 4 ſcribed 3 is S 


W . „„ EFG, equiangular to the 15 HKL. 
Reſolution. 

7 Probes the fide HL, of the A HKI., both ways. e 

2. Find the center C of the © EFG, and draw the ray CE. P. 1. 8. 4. 

3. At the point C in CE, make the V ECF = to the Y KHM, 


and Y ECG = to V KLN. . B. F 
+: vos CE, CF, CG, erect the J. AD, AB, DB produced. n. 5: 
s : Preparation. | "UE. | 
"Draw the ſtraight line FE. EY N. 

DeMONSTRA TION. 


ECAUSE the CEA, CFA are L /Ref. 4% 210? CIO ARL- GB x 
1. Y FEA +EFAare< 2 L, & AD, AB meet ſome where in A. forages B . 
It may be demonſtrated after the ſame manner, that. 5 6224-6 
2. AD, DB & AB, DB meet fomewhere in D&B. | gt 
And ſince AD; AB; DB are . at the extremities E, F, G of the rays ON 1 8*% 
of EF, CF, CG /Reſ. 4.) 1 5 
3. Theſe agb lines touch the © EFG; and the A ABD formed P. © B. | 
by theſe ſtraight lines is deſcribed about the © EFG. ; Cer. D B 3 
ls Moreover, the 4 V CEA + CFA + ECF ＋ FAE of the qua- 14 
drilateral figure AFCE being = to 4. . 3. 5. and the yY | | 
CEA 4+ CFA = to 2 L (Ke, 4). 07S „ | 
The  ECF FAE arealſlo=to2[.. . . 


4 
5. Or = to V KHM + KHL A ao = (04 Le n. 
But V ECF being = to V KHM (R/ eſ. 3) | Wo PEO IP 
6. The V FAE is = ro V KHL, and Y GDB = to y KLE, 7 * 
Hence the third V FBG of the A ABD i is = to the third vo HKI. 
of A HKL. N 34, . 7 
Therefore the A ABD deſcribed about the © EFG is equiangular to 


5D 


the given A HKI. 
Wy was to be done. 


* 
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| PROPOSITION IV. PROBLEM ”. 
O inſcribe a circle (EFG) in a given triangle (ABD). „ 


| Given. SE, 3 | 
" The A ABD. - „ ©: GS eons * in the 
„% das N 4p - 0 ABD. 
| Reſolution, 33 | 
I. BiſeR the V BAD, BDA by the Qraight liven AC, DC . 
duced until they meet one another in C. P. g. B. 1. 
2. From the point C let fall upon AD the L CE. - e Ho, 12, B. I. 
3. And from the center rC at the diſtance CE, deſeribe the O 
FO.” | PE * 
Preparation. ALIEN e e 


From the point Clet fal upon AB & DB the _ CF, CG. F. 37 B. I. 
DEMONSTRATION, 


ECAUSE i in the A AFC, ACE, ths. Y FAC i is'= to the 4 
CAE (Ref. 1), M CFA= to v CEA (Prep. "W & Ax. 10. B. git tes | 
AC common to the two A. 
1. The ſtraight line CF is = to CE, | P. 26. B. . 
In like manner it may be demonſtrated, chat 2 N : 
2. The ſtraight line CG is = to CE. | 5 
3. Conſequently, the ſtraight lines CF, CE, CG are = to one another; ; Fes 
and the © deſcribed from the center C at the es CE will * 1. . 
alſo paſs thro the points F & G. rb L 


And fince the ſides AD, AB, DB are 4 at the extremities E, P, D.15.B. 1. 
8, of the rays CE, CF, CG (Ref. 2 U Prep.). 55 P. 16. B. 3. 
94. Theſe ſides will touch the © in the points E, F. G. Tr. + 
5. Thereforethe © EFG is inſcribed in the A a. -- . 3. + 


Which was to be done. 
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| PROPOSITION v. PROBLEM V. 
0 deſeribe a circle (ABDH), about a given triangle (ABD). 3 — ; 


Glyes.- Sought. y 
The be a - De © ABDH ted, about 
55 F Li EY \ be & ABRjG = i: 157 f 
Refelition\ Ih 
1 Bie the fides AB, DB in the points E & r. 7. 10. B. 1, 
2. At the points E & F in AB, DB, erect the J. EC, FC, | 
produced until they meet in C. P. 11. 3. 1. 
8 oo whether the point C falls withio (fe. 1.) or without 
3.) or in one of the ſides (fp. =2). of the A ABD, 
— the center C at the ail ce CA deſcribe the 
5 ABDH. F * 3 
' Preparation. MW IT 1 
Dae che — DH”? 7 1.5 7; TT 1. 
DxMonsTRAT IW. 5M 
ECAUSE i in the A AEC, BEC, the fide AE is = to the fide EB. 
95 1), EC common to the two A, = W = 60 „ ES: e 2 
Ax. 10. B. 17 ? 155 
1. The ſtraight line CB is r to CA ET 795 be P. 4 FI 1. 
It may be n after the dune manner, dat | 


2. The ſtraight line CB is = to CD. - 
3: Conſequently, the ſtraight lines CA, CB, CD are i= to one another ; 


und the © ABDH deferibed from the center C at the diſtance | 4x". B. 1. 1 5 


. CA, will paſs alſo thro the points B & D. ns, 5 75 
+ "Thereloge this © ABDH i is deſcribed about the A ABD: : 


Wich was to be done. | 3 | 1 
bo COROLLARY . ie | 1 
F the triang le ABD be acute angled, the point C falls within it (kg. RY but Z ®:- 
this trian 1 be obtuſe angled, t . 7 Point C falls without it bg 3); in yy" ir ES 

a right 25 triangle, the . C is in 7 uh the 18 s ( S | „ 
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l _ Y . ws k E:!!! er OE EO —— — 2 a} ble A OS 

* 2 ” - * \ * 8 wy " > — COPEL PEI 9 * 8 1 
ot Aa, ow. Ae yh” I ** rr ? 4 IL OY, 9 2 1 8 "IT * 6 L Pat; n 
7 C ² ˙ . Lg Ü. S 
* - - 9 . 1¹ . * I 4 oP SB, WW * | RE IR 
A . N 3 E 4-7 : 4 Ss. Boe nr end 


" een 9 8 
* . n 1 p 7 
S 
, 


PROPOSITION VI. RO BL EM 2 
0 inſcribe a 5 why pn in a given Circle (ABDE). | 


ee e . „ 
| The © ABDE. $4 — The = ABDE inſeribed in this ©. 


Reſolution, 


2 "Drew the 863 AD, BE, ſo as to cut N 50 diols at og 5 11. .. 
2. Join their Extremities by the fraight Lines AB, BD, DE, A. SAW. I, 


| DEMONSTR ATION. = 
| Brcavsr: in the A ABC, DBC the fide AC is = to the fide „ 5 
CD (Ref. 1. & D. 15. B. 1.), BC common to 1 two A. & the 

VBCA = to V BCD (N 1. & Ax. 10. B. 1). „ 

1. The ſtraight Line AB is = to BD. P. 4.8.1, 
It may be demonſtrated after the ſame manner, that I Hy 8 1 . 
2. The ſtraight line BD is = to DE, DE = to EA & Ty =2 +0" „AB. * 
3. Conſequently, the Fg lines AB, BD, DE, EA are = to one. ot | 
Another, or the quadrilateral figure 'ABDE i is 'E uilateral. pages T, 2 0 
12 e * each of the v ABD, BDE, DEA AB is placediin ; a 5 
em | * i 
4. Theſe Ware L, & the equilateral qudrilateral beute ABDE | is . — 4 


reQangular. | 7 3 3 
; 5: Where fore this quadrilateral 1 is A ſquare inſcribed | in a4 D.36.B.1.. 
1 n Ps 75 b W. 3... 
1 Which v was to be done, | 
; | „ = 
. 1 » f 2 5 3; % : vs 


"PROPOSITION vn. PROBLEM, Fa. 


Th O deſcribe. a;Square (BCD) about «.givgn Ciecle, (HERD. | 


Given. 
. x; | Dye U betete 
© _— 75 * the © l 


| | Refelietin, | 
as 75 Token | it, Draw the diameters. BI, 3 as to ent- each other. at . A1 1. B.. 


„ . 


8 AD, AB, BC, _ | F. 1. B. 1. 


Detsemeem ATION. 1 ö 


1 P. HE lines DA, AB, Be. OD, are tangents of the © HEPI. $736 of 
| 2. And the ſtrajght line AD, js Plle. to. EI, as alſo the night Je 1 
1 BC; 3 & VTGE + r= 


OLIN Plle, to BC, tikewiſe AB, Ho -Pl 35 

uent is E. to 0 wile _ es. 

4 es See le quadrilateral figures AI, EC, AF, N Ppmes. . 25 
5. From hence it follows, that e ſtraight lines AD, E ER 4 


HP, DC, ate = tg one another. eats A r. 
| 6. And 8 "TH . 15. B. 1 e Ss 
| Bur v ED of Arbe L 's Ae l. 2.1. 
ut being a 2 | 
A, . Ae nally o oſite to it, is a . 
* The 1 proved after the he fone earner, that WP. 1 | 28. * | 


8. The 5, E. P are! 


ſeguent| „been deſcribed about hi Eng | 
IF pants ee i ABCD wor 7 Arg. POE af 


of 4rg- 74& 8); ora "Om: 


a 85 6 1 


Which was to be Jos | 


. 


-PROPOSITION VII. PR 0B L EM v. 


O inſcribe a cirele (ABDE) i in a * en (FGHI)). 
Sought. 


8 


Given. | | | 
88 85 . The oy FGHI, | | | The O ABDE as in 
| tbe U (FGHTI). | | 
| Reſolution, 1 
14, Biſ the ſddes FI, FG of the D-FGHI. _ P. 10. 1. | 
2. 4 85 the points of ſedion A & B, draw AD Plle. to FG or 15 
IH & BE Plle. to FI or GH. P. 3 i. B. i. 
From the tenter C, where AD, BE jaterſet each other, W- 
the diſtance CA deſcribe the © RL EL 8, 
i 1oarn rde pier. e 17 ; b 2 
| Bacausz the figures FE, BH, FD, AH, FC, AE, BD, CHare gs 
. Pgmes, (Ref. 2. D. 35. . | | 
I; # Th ſtraight line FA-is = to BC & FB =to AC. 234. 6 8.1 1. 
ut the whole lines FI, FG being equal (D. 20.4 B. 1 J and . FB 


' being the halyes of thoſe ſtraight lines (Ref. 1). 
27 The ſtraight line FA is =to FB. Ax. 13 Bu * 
3. Conſequently, B is alſo to AC; and likewiſe Ac js =o ck æ 11 
| 3 = to Ax. 1. . 1. 
From whence it follows, that the ſtraight lines AC, BC, CE, cb | 
are r to one another, and the O deſcribed from the. center \ Ax. i. B. 1. 
at the diſtance CA; paſſes alſo thro' the 47% B, ** : D. 15. B. i. 


But the V DAF, EBG, ADH, BEl bein ) as being e 


interior oppoſite to the * GFA, HGB, 1H fir D, F rib75 D. 70 B. 1). 
5. The ſtraight | lines FI, F G, GH, HI are e of the {ox P.16. B- 71 


- © ABDE. 5 
6. 9 this « is inſcribed i in the ſquare F GHI. - Ka D. 5. B 4 


| Which was to be done. 


I. Draw the diagonals AD, BE. 


PROPOSITION IN. PR OB L BW Ix. 


0 deſcribe a circle (ABD, about a givea-ſquare (ABDE). * 


1 Bie . | F | | „ Gs | 
89 2 FJ. G ABD 4 0 abut 


» * 


The ABDE. 


. 755 
lfu es e 
FN » * . ö . i C-: * 
F : 13 ** G 2 — . { 4 > 


4. From the center C, where the dia BOS: 


and at the diſtance Car deſcribe c 2 ADE. Fe. 


„The ABE is = to Y EBD, & the whol 


AE = to ED 65 1 1: 95 & BE comn E | 
ry ABD is bibel. 


| 5 E 8. 1. 


* ma be demonſtrated 1 the fame a thn. „ 


The 7 BAE, BDE, AED, are biſe&ed by AD; BE. 
But the whole Y ABD, BAE being = to one another 0. 30. 2 * 


Their halves, the v CBA, CAB will be alſo equal. 
and CB = 


Conſequently, CAi is = to CB, Ukewils CA i is = to CE, 
4 7. 621 


to CD. f 
Hence CA, CB, ck. co are to one another, & the © deſerived © 


OP the center C at the diſtance CA, will alſo paſs thro? 1 . 1. B. 1. 


oints B, D, E. 
e 155 © ABDE i is  deſeribed about the ON ABDE. 


1 


N 
4 
: 
1 
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PROPOSITION X. PROBLEM 
0 deſcribe an Iſoſceles triangle (AEB, Aae each of the angles at P 


baſe (AB), dot 'of the third TR CB | 
Given. : ae... .* 
4 line AC ain at Nog | Os The th pceles LA. obs, y 
3 .. VCA or CBR Se 2% a 
e Reſolution, 5 
*. Draw any ſtraight line CA. | Peſ 1. 
2. Divide this line in the point C, ſo that the Rgle. of CA.AD 
de = to the LJof CD. Par. B. a. 
3. Erom che ef- latethe diſtanoe en bleſcadbe- the; ONE. BE. 
4 Place in 5 Oithe Krajght line AB , Draw iCB. iP. 1, 3.4. 
442151 5 
i Des he fraight line BB. e . | 
2. About the A' -DB deſcribe a ©. | 5 P. + i 


"DtEmonsSTRATION. * 


Biel 'CA.AD is to th Der CD TR 
& the. Ul of Eh Ht CA CD (Ref COP. 46. Cor. 3. B. 1). 


1. The Rgle. CA. AD will He alſo = to the U of AB. Ar. B. 1. 

2. Conſequently, the ſtraigiit line AB is a tangent. of 5 nh. J37. B. z. 

3. From whence. it follows that PBA is ='to VND. e 
herefore addin 1 14-3 IR ie OL / bes Th 

* AgB C will be to the W. n Ax, z. B. 1. 

8 alſo = to the V BCD DRC Y. wg N. „ 

Ferre the V BDA.is to ABC. i 

iy TE EN rn. 125 B. 10). r 

e 1578 DB is = to AB. f 

We 55 VB in =2 to & To . 

nd becauſe CD 1 fo == to AB ir. 5. B. 1. 


. Ax. 1. B. 1 
8. 2 ſtraight line DB will be to cr & Y CBD = to 3 BCD. . . 
Adding 10 boch Tides DBA or its equal V BCD Ce 6. B. 1. 
The y CBD-+DBA or V CAB is= to 2 VBCD; 2 4855 has been 
deſcribed an Iſoſceles A CAB having each of the v at the baſe double Ax. a. B. r. 
of the Y/ at the vertex. | n was to 15 done. | 
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"PROPOSITION XI. PROBLEM . 


10 as equilateral & * pe (ABCDB) /i ina 73 gen 
circle F „ Iii 


7 , 


4% 


W 


YT 


"Th ® der. . d 3% 1 W The equilateral i eq Fine 8 1 
5 1 y mi 4 0 inſcribed i in the ACE. * 1 


2. 


a 


2 3. 4. 7 A 4 A 
4 a py "MV Hat FA 
ors PRI hee 4; OBOE Poe Bins Fo A» DIG +. 


CS 
A . % ; 
. . — - - 4 Y — 

* * , » *'y, * 1 — ” ot 

a 4 e 4775 1 IR as A es Þ 7 F LH p % 8 7 3 ; 
'S et FREY >» & ILL CEDEEZ SZ 4 VV 3 f EA : 

: A - * ; * : 1 4. i x - EE $46 % 1 a # %.# Ae „ * 8 4 » 7 %$ 

P * 8 5 » £8 % F : FY 855 
4 ; 14 274" a 5 

o 3.4 = # A PX . 

ay 


| . 1. \Deſeribe the Iſoſceles A FGH 1 ku of the * at he | 
ES N baſe EHH double of the Wat the vettes GS. P. 10. B. 4. 
N 2 Inſeribe in the © ACE a A ACE equiangulat toe AF GH, P. WOT „ 
3. 3: Aeg CAE & ae by the OO lines 
AD 
4. Draw the firaight lines AB, BC; CD; 


DzMONSTRATION. 1 . =_ 
ECAUSE each of the' CAE, CEA is double of the V An =& 2 


4 
N 3 Y 
ASS a Had 


n 
— ” . — 5 * * I = ER + A 2 oy 9 
. .A. P e 


IJ 
© 
_ 


N * 
. 
FL * 4 4 „ 
„ gs aha 
1 - "©. * & © 


2 TReſ I. -& 2.9), & theſe are biſected (Re e th * 3 45 AT SH 0 5 
1. The five VACE, CAD, DAE REA, 405. | _ 
* 2. From wh whence it follows that. the arches AE, ED, DC,. WON 0 i 3 
EI Ws are e to one anathet, like wiſ the chords AE, ED, 0 I 
5 - Bo if to the = Arches AE, CD Arg. 2), be added the arch AB 8 
IG 3. The whole arch EABC = to tte Whole arch ABCD,: a | w 
| IDE is = to the V DEA. Ht Fe? © pt 1224. :. . = 


It may be demonfirared-after the ſume manner, that 255 1 E ui n 1 7 9 

4. Each of the Y EAB; ABC, BCD: is to the V f or gol ..  "_ 

. Wherefore there has been inſcribed in the © ACE, an e e big „ 
"wp. 1/8 equizogular (Arg. 4-) N. ö B. 4. 1 
e Wbich was to be done. „ 
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= 5 The © LEG: ee, en pent ne ADFHR 


=» Ni 3 Vario TD, deſcribed about the 


% 
; 1. In the © LEG, inſcribeanequilateral& equiangular pentagone. P. 1 1. B 4. 
. 2 1 points B, E, G, I, Nor draw the rays CB, CE, CG, . 
| FR. 3. At the extremitioe of theſe rays ere the L produced A, 
CES DF, FH, HK, *. Ita: 8 ee 3) gt pi od; P. i. B. "he 
e 45 ie abba | Preparation. 1 6:47 i 
a the ſtraight lines CA. CD, EF, CH, er , 
1 a 3 | DedonsTRATION. . 1 


| 2 ECAUSE the ira FY lines AD; DF, Pk, Hk, KA ere I. at we . 1 
„ ee s Ch, CE, CG, EI, CI. Ref. „ 'p 16. B. 
Thoſe ſtrai oy lines will touch e Gi the pointe B, E. , 1 Gi . 
"And the tg? 1s ps , FEG+FGE, HG1 +HIG, KIL + KLI, „ 

FA ABL + ALB, ta 
24. Therefore theſe ſtraight lines AD; DF, FH, HK, KA vil meet in 
" rhepoints D, F, H, K, 4. e 

But ſinte in the CEF, CG F the dide Fk is = =to the ide FO) © 7 
| (P. 37. Cor. B. 3. frag 3, CE . 5 ts. B. 1 r.) & CF com- | c 4 

'  ,_.monto — ß ß TW p 


4 ” \ : : f SY $5 We 2 4 1 x . 
48 * F s & as K L * a 4 4 5 s L N 3 of * — « 4 + 7 
”. * k F A 4.x - , # * 
* $ 8 — 7 > 
24 9 — * 
. * 14 OE { * 8 i * 
a 4 
: 2 « 7 0 . N 
— ä 
- 
- . 
: . 
- x 5 x 7 
- 
1 
- % 
2 : 6 * * - 
. 
- P 
* 2 A 
＋ * 
8 % 


en two by two are </2 l. Ax. 8. B. 1. 


3. The V CFE is = to the  CFG A V ECF = to V GCF. . P.8. B. 5 
4 Conſequently, V EFG, is double of the V CFG, & V ECG double of mt 

the Y FCG ; likewiſe v GHI is double of the v CHG & V GCL ; | 
double of V GCH. 8. 
5s. Moreover, V ECG is = to V GCI, on account of the equal arches ö 
ce 4 3. 
6. Conlequentiy, F CG is to V GCH. Ax. 7. B. 1. 
But the y CGF, CGH, of the A CFG, CHO being alſo equal . 
3. Q Ax. 10. B 1, & CG common to the two A. 


be ih line FG is = to GH & V CFG is = to V CHG, P. 26. B. 1. 
' Wherefore FH, is double of FG, & likewiſe DF is double: of EF, A.. 411. 


And becauſe FG is = to EF (P. 37. Cor. J. 3). 
9. The firaight line FH is alſo = to DF, (4x. 74 B. 1), & vkewif 
| 2 fraight lines HK, KA, AD are = to FH, or DF. 

in 'y EFG or DFH being double of the V CFG, the V GHI or 
F. K double of the VCI G and alſo y CFG = to y CHG. . 


: 7). 8 
10. be DFH. FHK are = to one another, and likewiſe the * HKA, 
. KAD, ADF are = to DFH or FHK. 
11. Conſequently there has been deſcribed about the © LEG a penta- 
gon ADFFHK (Arg. 1). equilateral ¶ Arg. Yom and n.. . 
Ang. 100. Dis BD 46 
Which was to be done. | 
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PROPOSITION XIII. PROBLEM. III. 


O inſcribe a circle 9 „ in a 2 W and ugs 18 
Pentagon (ABDEF). 


Given Np ' Sought | 
The equilateral & N m The © GHIKL inſcribed in this 
ABDEF. | pentagon. 
| Reſolution. © 
1. Biſect the two W BAP, AFE of the pentagon ABDEF by | 
- the ſtraight lines produced CA, CF. P. 9. B. 1. 
2. From the point of concurſe C iet fall v upon AF the L CI. P. 12. B. 1. 
3. From the point C at the diſtance CL, deſcribe the © GHIKL. AS. 


Preparation. | 3 
pets Draw the ſtraight lines CB, CD, CE. | Poſe 1 I. 
2. From the point C let fall upon AB, BD, DE, EF the I. CG, © 
CH, CI, CK. . B. 1 555 


DEMONSTR ATION. 


Brcavuss ; in the A ACF, AC8 the fide AF is = to the ſide AB, 
the ſide CA common to the two A & V CAF=to v CAB 5 
(Ref 1.0 given). 1 
t follows thzt V CFA is = to Y CBA. 9 5 P. 4. £ 1. 
But Y AFE being = to V DBA and double of v CFA Ref 1). 
2. Hence, Y DBA is alſo double of the V CBA, or Y CBD = to V CBA. As. 6. B. 1. 
It may be demonſtrated after the ſame manner, that : 
| 3. The Y CDB is = to VCDE & V CED= to V CEF.. 
Therefore in the A CBG, CBH, V CBG = to v CBH (Arg. 2), 
_ Y CGB= to V CHB (Prep. 2 & Ax. 10. B. I), & CB common to 
the two A. P. 26. B. 1. 
4. r CG is = to CH; likewiſe cl, CK, CL are = to CH. 7 
or to 
5. Therefore the © deſcribed from the center c at the diſtance CL will 
_ alſo paſs thro? the points G, H, I, K. D. 15. B. . 
And becauſe the ſtraight lines AB, BD, DE, EF, F A are I at the | 
remities of the rays CG, CH, El. CK, CL (Prep. 2 & Roſ. 2). D.18.B. nr. 


3 oſe ſtraight lines will touch the © GHIKL. (P. 16. Cor. B. 3); 
this O1 is ara in the e ANDES... | D. 5. B. 4- 3 


PROPOSITION XIV. PROBLEM A. 


O deſcribe « | circle 3 about a given uilateral and equian hs. 
* (ABDEF). N Fm bs 0 250 


7 Be e Z ay The © aDF, 22 about this 
Pentagon. e a . 
| Ridin,” 
. Biſect the * BAP, APE by the ſtraight lines CA, FE. Q B. 1. 
* [= Eon... 
Preparation. 7 5 e 
Draw the ſtraight lines CB, CD, CE. | | 555 Poſ. . 
| DEMONSTRATION. * 


1. 4 HE firaight lines CB, CD, CE bĩſect the ABD, BDE.DEF. Gor 13. B. 4 | 


2. And becauſe the W BAP is = to the Y AFE, the * 5 will be 
alſo to the V CFA | | Ar 7. B. 1. 
3. Wherefore CA is = to CF. . 
It may be demonſtrated after the ſame manner, that f 
4- Each of the ſtraight lines CB, CD, CE is = to CA or to CF. 
. From whence it follows, that the © deſcribed from the center C at 


the diſtance CA will paſs thro' the points B, D, E, F. 5 15. B. 1. 
D. 6. B. 4. 


7% In vently ou © ADF, is delcribed about the given pentagon 
1 1 552 Which was'tobe dane. 


* | 
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PROPOSITION XV. PROBLEM WV. 


O inſcribe an equilateral and r Hexagon (ABDEFG) in a 
given Circle (BEG). 


Given 5 EL „ Sought > 
The © BEG. The equilateral & equiangular Hexagon 
5 | | AhDEFCG, inſcribed in * ©: BEG. 
Reſolution. 


I, Find the center C of the © BEG, and draw any diameter AE. P. 1. B. 3. 
2. From the center A, at the diſtance AC deſcribe an arch of 


3. Draw the rays CG, CB produced to D & F. | Poſ. 1.2. 
4. Draw the ftraighe lines AB, BD, DE, EF, FG, GA. Poſ. 1. 
___ DeMonsTRATIONn. _ | 
ECAUSE in the A BCA, the fide BC is = to the * AC, & | 
AB is alſo = to AC Ref. 3. & D. 15. B. 1). 1 
1. This A is equilateral & equiangular. „ 
2. Wherefore, V BCA is= to the third partof 2 = & likewiſe N ACG 5 


is alſo r to the third part of 2 3 P. 32. B. 1. 
3. The W GCF is alſo = to the third part Tof 2 — , & the VBOK 


ACG, GCF are = to one another. Ax. I. Z. 1. 
4. Conſequently, the W FCE, ECD, DCB which are = to them as 
being their vertical oppoſite ones, are alſo = to one another. P. 15. B. 1. 


5. Hence, the arches BA, AG, GF, FE, ED, DB are = to one another, p. 26. B. 3. 
as likewiſe the chords BA, AG, GF, FE, ED, DB. 7.29.5 3. 5 

6. Therefore the Hexagon ABDEF G inſcribed in the © BEG is 4 m | 

_ equilateral. | 

Moreover the arch BA being = to the arch ED (Arg 5) b if che 

common arch AGFE be added to both. 85 

5. The arch BAG FE will be = to the arch AGFED. | Ax. 2. 3. t. 

8. From whence it follows, that y EDB is = to V DBA, and likewiſe | 

each of the W FED, GFE. AGF i is = to the v EDB, or to the 


=... WHAM. 1 P. 27. B. z. 
9. Therefore the equilateral. "AP ABDEFG, inſcribed in the 
. O©BEGis alſo Dan e 5 D. 3. B. 4. 


Which was to be done. 
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PROPOSITION xl. PROBLEM ATI. 
| To inſcribe an equilateral and exvzngua Le, (EAFG Ec.) 


in a given circle (BOY), 
ven | | Ss | | 9 
The © EBI Se gd 5 my lateral & equiangular 
* EAFG * 
8 Reſolution, „ 
. _ Deſcribe an equilateral AN. | £57 7 YO 
2. Inſcribe in the © EBI, a A ABD, equiangular to the 
equilateral A N, | F 
3. And an equilateral & equiangular pentagon EGBHI. . 11. B. 4. 
4. Draw the chord EA & place it 15 times af und in the © EBI. P . 1. J. 4. 

: DEMoNSTRATION. 1 
Brcavss the AABD i is ay. to the equilateral A N . 
g 2g ; 
os 54 A. is alſo equilateral, or ADi is = to AB = to BD. A GA 


4 And the arches AD, AB, BD are = to one another, or each i is the 
third part of the whole O. 
Again, becaFſe the pentagon EGBHI is uilateral, (Ref. 3). 
3. Each of the arches EG, GB, BH, HI, IE ĩs the fifth part of the whole O. P. 28. B. 3. 
But the arch AB being the third pat} (Arg. 2) and the arch EG or 
. GB the fifth part of . O (Ar, 
| 4: There way be placed in the "43; AB five fides of the quindecagon, 
and in each of the arches EG, GB three ſides of the quindecagon, 
or in the arch EGB fix ſides of the quindecagon. 
5. Conſequently one of theſe ſides may be placed in the arch AE, and the | 
vilateral quindecagon EAFG &c. will be inſcribed in the © EBI. D. 3. B. 4. 
Moreover, fince each of its V FAE is contained in an arch F 
which is = to thicteen parts of the fifteen, into which the circum- 
ference is divided, 
6. Theſe M will be = to one another. * Te B. 3. 
7. Therefore there has been inſcribed in the © EBI, an equilateral & | 


wian ular n on EAF G. 
F Which was to be done. 


F. 28. B. 3. 
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DEF INI T. LIONS. 
A Leſs magnitude is ſaid to be a part of a greater magnitude, when the leſs 
meaſures the greater. | | VVV 


g. 1. By theexpreſſion of meaſuring a magnitude Euclid means to be contained in 
ita certain number of times without a remainder, that is a leſs magnitude N 


(fig. 1.) meaſures a greater M, ꝛbben the magnitude N is contained in M 


without a remainder twice, thrice, four times, and in general, any number 


N times whatſoever, or which comes to the ſame, when the leſs magnitude N 
repeated twice, thrice four times, and in general any number of times pro- 


duces a whole, equal to the greater M. 


&. 2. Thoſe parts <vbich meaſure a whole without a remainder, are called 


aliquot parts, and ſuch as are not contained in a whole exactly, but are mea- 


ured by ſome other determined quantity which meaſures alſo the whole, are 


called aliquant parts. | 2 | | 
T hus the numbers 2, 3, 4, 6 are ſo many aliquot parts of the number 12 con- 
ſidered as a whole ; as each of the numbers 2, 3, 4, 6 is found repeated in 12 


à certain number of times without a remainder. But the numbers 5, 7, 9 Ec. 


are aliquant parts of the ſame whole 12; as they do not meaſure 12 but with a 


remainder : although they are all meaſured by unity as well as 12; which often 


bappens in other numbers different from unity, as in the number 9 which is com- 


menſurable to 12 by the nnmber 3, as alſo by unity. | = 
Likewiſe the magnitude N (fig. 2.) is an aliquant part of the magnitude 


M (S NYLN LN RG, if N meaſures .M leaving a remainder R, and this 
remainder R be ſuch, that it meaſures Nor at leaſt that one of its determined parts 
meaſures this remainder R, as alſo the magnitude N & conſequently the whole 
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| becauſe the firft may be conceived to re 
tion of unity ; and the laſt from that of the fraction: 3 & J aliquot parts of unity. 
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"DEFINITIONS. 


$- 31 N general numbers are ſaid to be commenſurable to each other which Nay 


refult from unity or one of its aliquot parts repeated a determined number of 
times: or what amounts to the ſame that which is meaſured by unity or one of 
its. aliguot parts. | . * | 5 5 
' - Thus the numbers 6, 9, 17, and the fractions 2, 5 are commenſurable numbert; 

ult from the determined and ſucceſſive addi- 


$- 4. According to this definition, a commenſurable quantity, is that 


| qvbich reſults from the determined repetition of any determined quantity. A 


quantity is therefore commenſurable, when it contains one of its parts, as often 


as a determined number contains unity, 


9. '5.. Commenſurability is therefore ſomething relative. The magnitudes 


M and N are commenſurable, as baving a common and determined meaſure r 
mubicb can be taken for unity, and meaſure them both exafly ; or, as thoſe two 


magnitudes may ariſe from the determined repetition of the ſame quantity R, be 


it what it will. | 


g. 6. It follows from this notion of commenſurable numbers, that they are all 
multiples of each other, or aliquot parts, or aliquant parts. For if the 
uantities M and N, are commenſurable, N meaſures M, or M meaſures N, or 
ome other determined number r meaſures them both. In the firft caſe, the number 
M, is a multiple of N, in tbe ſecond caſe M, is an aliquot part 7 N, and in the 
third, the leſſer of the two is an aliquant part of the leaſt. The ſame is true 
with reſpect to rational magnitudes in general. CC 
. 7. The number which cannot reſult from a determined repetition of unity 
or of one of its aliquot parts is. called, irrational or incommenſurable, with 
reſpect to unity. And in general, magnitudes which cannot reſult from the 


determined repetition of the ſame determined quantity conſidered as unity, are, 


incommenſurable to one another, or irrational. 
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DEFINITIONS. 


I I Hs the fide (AD or DC) of the ſquare (ABCD) is incommenſurable % 
5 diagonal (AC), or bow. much one contains of the other is inaſſignable ([Fig. 1). 


5. 8. From whence it follows, that if two magnitudes M and N, are incom- 
menſurable to each other, M cannot be a multiple of N; nor an aliquot part, 
Nor in fine an aliquant part of this ſame N, for if it was, the magnitudes 
M and N could be meaſured by the ſame determined magnitude, which is re- 
pugnant to the notion of incommenſurability ([Fig. 2)  _—- | 


A greater magnitude is ſaid to be a multiple of a leſs, when the greater is 
meaſured by the leſs. 75755 LL ik ; 


Thus, the number 12 is ſaid to be a multiple, of the number 45 becauſe 4 mea- 


ſures 12 without q remainder. 


To the term of multiple correſponds that of ſubmultiple, which ſenifies, that a 


leſs magnitude is an aliquot part of a greater; thus 4 is a ſubmultiple of 12, 


41 12, is à multiple of 4. 8 

Ratio, is a mutual relation of two magnitudes of the ſame kind to one another 
ef r IE 355 PTY 
This definition is imper ect, and is commonly believed ta be none of Euclid*s, 
but the addition of ſame unſkilful editor; for though the idea of ratio includes 


a certain relation of the quantities of two homogeneous magnitudes, yet this general _ 


eharafter js nat ſufficicent ; becauſe the quantities of two magnitudes are ſuſ- 


ceptible of ſeveral forts of relations different from that of ratio. Thus, when 


in a circle the ſquare of the perpendicular let fall from the circumference on 


| the diameter, is repreſented as conflantly equal to the difference of the ſquares of | 


the ray, and of the portion-of the ray intercepted between the center and the 
perpendicular, without doubt, this perpendicular is conſidered af bearing a cer- 

tain relation ts this portion of the ray, hut it is manifeſt that this relation is 
not a ratio, ſince the quantities are compared only by the means of the ray which 


Ita third bomogeneous magnitude * from tbe quantities compared. 
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DDD 
| M AGNITUDES are ſaid to have a ratio to one another ; when the 
leſs can be multiplied ſo as to exceed the other. a Ts 
| $. 1. The lines A B have à ratio to one another, becau ife the line B, or 
example, taken three times and a half, is equal to the line A, and taken four 
times exceed! it. © The Rgles MN have alſo aratio to one anatber, becauſe + 
the Rgle N taken three times and a balf, is = to Rgle M, and repeated oftner 
exceeds it, TOE O65 ge RT TONE, 
But the line B, and the Rgle M have no ratio to one another, becauſe the line B 
repeated ever ſo often, can never produce a magnitude which would equal or 
exceed the Rgle M. Therefore, only magnitudes of the ſame kind can bave a 
ratio to one another, as numbers to numbers, lines to lines, ſurfaces to ſurfaces, 


and ſolids to ſolids. | CE | | 
F. 2. In conſequence of this definition, a finite magnitude. and an infinite one, have 


no ratio to one another, though they be ſuppoſed of the fame kind. For a mag - 
nitude conceived infinite, is conceived without bounds, conſequently a finite mag- 
nitude repeated ever fo often (provided the number of rFepetions be determined) 
can never become equal or exceeds an infinite magnitude. | "Fo 
F. 3. A ratio is commenſurable, when the terms of the ratio M & N are com- 
menſurable to each other, & a ratio is ſaid to be incommenſurable when the terms 

of the ratio are incommenſurable. p38 e N 

$ 4. The antecedent of the ratio of M to N, is the firſt of the two terms 

which are compared, and the other is called its conſequent. Se 

The firſt of four magnitudes is ſaid to have the ſame ratio to the ſecond, which 
tie third has to the fourth, when any equimultiples whatſoever of the firſt and 
- third being taken, and any equimultiples whatſoever of the ſecond and fourth. 
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DEPINITIONS. 


8 If the 1 of the firſt, be leſs than that of the ſecond, the mahle e of the 
third is alſo leſs than that of the fourth; or if the multiple of the firſt be equal 


to that of the ſecond, the multiple of the third is alſo equal to that of the — : 


or if the multiple of the firſt be greater than that of the ſecond, the muitiple * | 


the third is alſo greater than that of the fourth. 
$. 1. The ratio of the number 2 to the number 6, is the ſame as that if the 


number 8 to the number 24, for if the two antecedents 2 & 8 be multiplied | 


by the ſame number M, and the two conſequents 6 & 24 by anotber number N; 
the multiple 2 M of the firſt antecedent cannot be = or > or < the multiple 6 N 


of its conſequent, Le the multiple of the ſecond antecedent 8 M, be at the fame - 


| Time S or & or ct multiple 24 N of its conſequent, forit ts evident me 


| If 2Mie=to6N, | 
:M+2M+2M+2Mis llo=6N +6N-+6N-+6N, that i, 8M==24 N. 
Likewiſe, 2 M be > 6 N, then 


2M4oM+2M+2Miralo> >6N-+6N+6N-+þ6N, thatis, 8 M > 24N. ; 


And in fine, If 2 M be < 6N, then 


2M+2M+2M+-g Mie <6N+6N TNT ex, chat is, 8 M C 24 N. | 
$. 2. On the contrary, the numbers 2, 3 & 7, 8 are not in the ſame ratio ; for if = 


the antecedents be multiplied by 3, and the conſequents by 2, there will reſult 


the four multiples 6, 6, 21, 16, where the multiple 6 of the I, antecedent is equal > 4-06. 
fo the multiple 6 of its conſequent, whilſt 21 rd an of the I. antecedent 5 


greater than 16 multiple of its conſequent. 


8.3 Incommenſ urable magnitudes can never have their equimultple BAY 


| otherwiſe they would be commenſurable to one another, wherefore in- 
commenſurables are ſhewn to be proportional only from the joint exceſs or de- 
edt of their equimultiples ;, whereas commenſurable magnitudes being capable of 
a joint equality, and inequality of their equimultiples, are ſbewn to be proper- 


tional from the joint equality or exceſs of their equimultiples, hence it is that 


the figns in this definition by which proper tionality is diſcovered, are . icable 
10 all kinds of magnitude whatſoever. 


g. 4. What is true with reſpect to the correſpondence of endtidler, is alſo true 
with reſpect to that of ſubmultiples. But it is probable that Euclid preferred 
the uſe of multiples to that of ſubmultiples, becauſe be could not preſcribe 1 5 
take ſubmultiples without firſt ſbewing haw to divide magnitude into e 7 | 
parts, whilſt the formation of multiples required no ſuch pranciple. 
Geometer had aright to aſſume for granted, that the double triple, or any multiple 
of a . could be ty bnt was under the a 9 When 22 the 
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| Refolution of a problem, how to take away an aliquot part from a given line, and 
the reſolution of this problem ſuppoſing the doctrine of ſimilitude, could not be 
given but in the IA. Propoſition of the VT. Book. Tl = 02 


Magnitudes which have the ſame ratio, are called proportionals. 
When four magnitudes A, B, C, D are proportional, it is uſually expreft thus, —- 
A: BS C: D and in words, the firſhis to the ſecond as the third to the fourth, 
Bo: | | T1 - | 1 3 
When of the equimultiples of four magnitudes (taken as in the 5th definition) 
the multiple of the firſt is greater than that of the ſecond, but the multiple of 
the third is not greater than the multiple of the fourth; then the firſt is ſaid 
to have to the ſecond a greater ratio than the third magnitude has to the fourth, 
and on the contrary, the third is ſaid to have to the fourth a leſs ratio than the 
firſt has to the ſecond. 8 „ + 8 
8. 1. Such are the ratios 3: 2 & 11 : 9 for if the antecedents be multiplied 
by 9, and the conſequents by 13, there will reſult 27: 26; 99: 117. : 


"$75 az 11:9 | „ 
„ - f 


„ | | | | 27 26; 99:11) 5 nr 
. Where the correſpondence of the multiples does not hold, the firſt antecedent 27 
being greater than its conſequent 26 whilſt the ſecond antecedent 99 is leſs than 
114 pr kn" RE CANES on ng i Ou. 
$. 2. To diſcover by inſpeclion the inequality of two ratios A: B & C: D by 
this character of the non correſpondence of multiples, it ſuffices to chuſe for 
multiples, the two terms of one of the two ratios, for Ex. C: D, and to 
multiply the antecedents A & C by the conſequent D of this ratio; and the tws 
econſequents B & D by the antecedent C of the ſame ratio, in this manner. _ 
J D : CE EE W 
3 5 D C;Þ:cC fn 7 8 7 
3 : BC; CD: D. "I 27: 35 ; 63; 63 „ 
Which being done, the two produfis C. D & D.C will be found equal, whilf? 
the two others A. D & B. C are unequal, and in particular, if the multiple 
of one of the antecedents be greater than that of its conſequent, whilft the 
multiple of the other is equal to its, then the terms of the leſſer ratio have been 
choſen for multipliers. On the contrary, if the multiple of one of the. ante- 


cedents be leſs than that of its conſequent, whilft the multiple of the other im 
equal to its, then the terms of. the greater ratio have been choſen for multipliers, 


no III VEDDER —ů— ——z; — —— 


: 8 FT a 7 | ROI 
: n or proportion, is the ſimilitude of ratios. ; 
As a fign and charattero} proportionalt has been ray given 585 Def. 5.) 
this is a ſuperfluous definition, a remark of fame ſeboliaſt ſhufled into Cie tex 
which cabs aſs the coberence of Euclid' genuine * | | 
| . | 
Proportion all] in ire terms at leaſt. 


$. 1. Proportion conſiſting in the equality ef two ratios, and cnch ratio 8 
"two terms, in a proportion there are four terms, of which the firſt and fourth 
are called the extreames, and the ſecond and third the means, thoſe four terms 
are confidered as only three, -when the conſequent of the firft ratio at tbe ſame 
time bolds the place of the antecedent of the ſecond ratio: it is for this reaſon, 
that proportions are diſtinguiſbed into diſcrete, and continued. A proportion is 
diſcrete when the tawo means are unequal, and it is called continued when theſe 
ſame terms are equal, thus this proportion 2 : 4 = 5 : 10 15 diſerete becauſe 
1 two mean terms 4 & 5 are unequal, on the contrary, the proportion 

:4=4: 8 is a continued 8 on account of the equality of the 
mean terms 4 E 4. 


$. 2. A ſeries of magnitudes in contin proportion, forms a geometrical pro- 


greſſion, ſuch are the numbers I, 2, 4, 8, 16, 32, 04, Sc. 

. 
When three magnitudes are proportional the firſt is ſaid to hve to the third 
the duplicate ratio of that which! it has to the ſecond. 

XI. 
When four vs are continual proportionals, the firſt i is ſaid to have to 


the fourth the triplicate ratio of that which it has to the ſecond, and fo on 


quadruplicate, &c. increaſing the devomination full by unity in any: number * 
9 | _ : | 
J. 


In proportionals, the antecedent terms are called Homologous to one another, 
as alſo the conſequents to one another. 8 | 
XIII. 
Projicetion} is ſaid to be alternate when the antecedent of the rt ratio is com- 


* 


- pared with the antecedent of the ſecond, and the e of the firſt Tatio 


with the conſequent of the ſecond. 
. VA: B = C: D 2 = D 
ff 4 316 = 5.2 20 
When the proportion is 4 after this manner, it is fa to "be Gone by per 
mutation or al Wm pans or alternandoyf * Wo 


23 then by alternation 


| L » * 2 92 : 
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But when the conſequents are changed i into . and the antecedents 
into conſequents in the ſame order, it is ſaid that the compariſon of the terms 


is made by inver ſion or invertendo. ; 


A: B = C: D 
39 = 4 12 


A 
3 


D 
12 


o 
Y 
- 


therefore invertende. 15 B 
1 


But the compariſon i is made 160 compoſition or componendo, when the ſum of the ; 
conſequents and antecedents 1 1s compared with, their reſpoQive conſequents. . 


A: B C DF therefore ALB B=C+D: D 
339 = 4: 12Ccomponende) 3 +9.:9 = 4 T 12:12 


XVI. 


Ry 'The compirblon is made by diviſion of ratio, or dividendo * the exceſs 
of the antecedent above its. conloquont, 1s e with i its nnn. | 5 


YA: BC DI 4 A—B:B=C—D 
WER 4a aum. fox: 3 3 8-4 
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3 The compariſon is made by the comer fon of ratio, or or convertende, when the 
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wh 


antecedent | is compared to the excels of the antecedent above its conſequent. | 
Ld 1 „ B = C: 701 therefore FE} A—B=C: -D 
9: 3=12: 4 ( convertendo.Jg i g —3 2 12: 12— 4 


XVIIL 


A concluſion is drawn from 3 of ratio or ex æguo, when comparing two 
ſeries of magnitudes of the ſame nuraber,' ſuch that the ratios of the firſt be 
ual to the ratios of the ſecond, each to each, (whether the compariſon be 
made in the ſame order or in an inverted one), „ it Is concluded that the extreames 
of the two ſeries are in proportion. 
The ſenſe of this definition is as follows, if 4 B, & D be « 2 of four 
W and a, b, C, d a fore: of Jour, other magnitudes, ſu ch that 


＋ 


A's] =a:b - 5 A B ed 
B:C=b:cteor in an in inverted order. ZBW 
. . 40 2 a: b 


ſecond is to the third of the firft rank, fo is 


In the one or 8 oe jor 4" it is 7 to 22 ex æquo, when the ratio of 


the.extreames A: D of the I. ſeries is 22 to the ratio of the extreames a: d 


: of tony feries; or that A: 29 * 


I. A, B, c, D e , 15, 3; 45 9 
II. a, b, e, d oF 10, 25 30, 6 - 
A: DS 2: 4 15:9 7026 

„ = 


The 7 5 ratio is called ordinate ratio, hk the ratio of the Sr 0 are 
equal 0 A ratios of the ſecond ſeries each to cat in the ſame direct order. WIE 


wo a 
C— b 
D 


= 
8 


d 


For Hani 7 


2 oe © *0 
© 0 «a os 


= Here the ratios are egual each to * in the ſame | dire wir; becauſe the. 


magnitude is to the ſecond of the firſt rank, as the firſt to the ſecond of the other 


rank, and as the ſecand is to the third of the firſt ranks fo 1 is the ſecond ta the 


third of the other, and ſo on in order. If therefore it is inferred that ”= 


 extreames are proportional, or that A: D: d. tbe W K to be 


made from direct equality, or ex æquo ordinate. 
XX. 


On Fa contrary, equali 9 uf ratio is called ated or 1 a in 

the ſecond caſe, that is when the ratios of the fitſt ſeries ate equa to thoſe o 

the ſecond ſeries each to each, taking thoſe laſt in an inverted order. TI 
5 I. Let the two ſeries of TE be. | 


A, B, &Y f atk B=crd 
A b, & d whe t/a + 5 215 


Here the ratios of the I:ferits are opal ts the WY of the II. ſeries each to 


each, but in an inverted order, that is the firſt nagnitude is to the ſecond 
of the frſft rank, as the laſt but one is to the l 2 the / ſecond rank, and as the 


laft but two to the laſt but one 
of the ſecond rank; and as 5 third is to the fourth of the firſt rant, fois the 


third from the laft to the laſt but two of the fecond rank, and ſo in a mee order. , 
th hood it be inferred that A: D=a:d. 
bi 


is e is JEN to be 32800 ex æquo e ; 


EATS: FI. 889 
2 an * 
7 
OTIS.» N . 
* 4 
, 


* 


* 


F. 2. Beginners may eafily diſtinguiſh the caſe of direct equality from tbat 
of perturbate equality, if they remember that when two terms are common to 

two proportions, and that they occupy indifferently either the firſt and third, or 
the ſecond and fourth place, that it is always the caſe of direct equality ; 
Fer Example. | Go Fo je ET. 8 


4: B= 2 b B: A b: 2 A: BS: b 5 
A :CT=a:c A: C Sa: c A: Bi 1 


Here are always two proportions which have in common the two terms B e b 
occupying the firſt and third, or the ſecond and faurth places; thetwo other 
| terms A & C are proportional to the two others a & c taking them in the ſame 
order. „ 7 . „„ 
5. 3. On the contrary when the two terms which are common to the two propor- 
tions, are either the means or the extreames, it is the caſe of perturbate eguality, 
for example | 5 : 


« 
* 


. 


„n : AS eb A: BS bie 
ee dr n: b „ CU: b 
„„ Ne A: Ce 


In thoſe three caſes the terms B & b which are common to the two proportions, 
are either the extremes or the means; conſequently the other terms are in pro- 
Portion, ſo that the two terms, which ariſe from. the ſame proportion AC 
or a & © remain extreams or means. VVV e 
Theſe are the denominations given to the different ways of concluding by analog y, 
Euclid now proceeds to demonſirate that they are jut. 
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| ET it be granted, that any magnitude may be doubled, tripled, quas "2 
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= Ny hs eee. Kt, 4 N, aQ ag be 8 os 
| N, O. &c) each 


of each, the ſum (a MAN O &c) of all 
the . is the ſame . nA the ſum (dM NpOg9 of all the * 
as any one of the'fi J's of its part . | 
Hypotheſis.  .. My = 
aM are —A -* *:g MN 0 is the ſame multiple „ 
4N , e N 24 Fo 3 0 that e war 
420 ef. „% 22 of N oe, 
punts I » 1 N 
The mgn. aM * wh the ſame multiple of M, that n „ or 
N (Hyp.), as many magnitudes A, B, C, &c. as can be taken 
out of a M each equal * M, fo many X, L, Z, dc. can be taken 
out of @ N, each equal to N. 


A) be each, = each 155 . 
Let then B equal 1 * 5 al to Pof. 2. B. 5. 
C N 25 ; | 
1 I 
ONSTRATION. 125 


WE a M is PTR ou multiple of M, that a 1 is of N (Hp), 5 
1. As many magnitudes X, V, Z, &c. as are ina N each. __ to ws ſo 


many A, B, ; &C, are there-i in a M each equal to M * 

But ASM & XN (Prep), OY $5 „ 
2. Therefore *A+X=M4+N : $11: 1 2. B. 1. 

Likewiſe B being M& Y=N (Prep . 5 8 


Ax. 2. B. . 
Ax. 2. B. 1. 


3. It follows that .B4+Y = MTN 
Again, becauſe C 2 M& Z=N:{(Prep.J; 

4 It follows that CZ = MN  _ 
Conſequently there is in a M as many Magnitudes = M, as there 
aremaM+aaN=M+N. 

5. From whence it follows that aM 5- AN is the ſame mak le of + Þ 
MN, that a M is of M, or that 2 Noe of N, & likewiſe a M+aN | 


—+ a O is the ſame multiple of M+N +©, that aMisof M or 
aN of N &c. g 
Which was to be demonſtrated 


che third (a N) is of thb fourth- (0) 3 &. the 


F the firſt emen 0 8 1 maple of the ſecond (M), a 
5 (e W 1 le af 
the ſecond (M), that the ſixth (cN) is of the fourth Y; then ſhall th mu 
together with the: fifth (a M © M) ie rig od brit, 
Loa =, third together | with the fixth A TIN » of POTION | 


TT Ts W 1 Theta, 
a M* c M are ) Ma 4 M N 
& \ likewiſe 5 & nie & | of thple of | ihe 
a N) (e N "OE N each of N. 
DEMONSTRATION. Yo | 


Ege aM is the ſamne mubiple of M, that aN is.of N 


2 1 as many magnitudes i in aM= to M as there are i in 4 N „ 
= to . 
In like manner, becauſe cM is the ſame multiple of M, that N * 
is of N. (Hyp. J | ; 1 

2. There are as many magaſtyger in cM=to M as there are in e N 8 


1 | it 


, 3. Conſequently, 23 many as are in the whole 2 M + c M equal NO u. 


* N = are there # the whole aN + cN =toN. Ax. 2. 909 1. 


4. There _y * Te Mis the fame multiple of M that a NEN 
wa Which was to be demonſtrated, * 


is of N 


— 


mags: n B ar wo. N 
2 * 


27 3 1 — i + hs 
— ES 
r — i oy 4” 44 > 
n 5 2 * 4 2 1 4 : 
7 s - I 8 
. 2 : NY 7 » 5 
4 > * , * 1 ; 4 2 
*. 3 : k s 2 
* 
6 i „ 
4 + _ 5 
5 
ol 


A EL . 


RO POS 8 10 N III. THEOREM ll 4 
[+ the firſt magnitude (a M) be the . multiple of 'the ſecond N, that the, 


' third (a N) is of the fourth (N, and if of#theifirft (a M) and third (a N) 
there be taken equimultiples (ea M, ca N) ; theſe#(ca M, e N) ſhall * 
; W the one oft the Er (Mx) and the other of the fourth (O). 


heſis. 4 "Theſis: | N 
3 aM) _— | "M each 5 e is the ſame multiple 7 
& \ equimultiples 1 of M that ea * is of N 
aN) of  {N each | 
II. „M) are two (aM each 
equimultiples 4 & of 
a N) 7 4 * each 


Preparation. 


Divide e a Mü into its parts 12 M, 4 1 M, &c. each = a M, 
And e N into its parts 1 @N, @ iN, &c. each = a 


DEMONSTRATION, 
ECAUSE ea Mis the ſame — of a. M, that e N is of. 
N (Hg. 2-)- 
2 ate as many magnitudes in e a M = to a M as there 
in e 4 N = to 4 N : 1 


| 2. wk the number of parts 1 aM, a1M, &c. in e M. is = - 


to the number of parts 1 42 N, 4 1 N, &c. in ea N. 
But becauſe @ M is the ſame multiple of M, that a N istof N, and 
that iaM=aM, 1% N g N. 

3: The magnitude 1 a M is the fame multiple of M,. that 1 aN is of N. 
In like manner a 1 M is the ſame multiple of M, that a1 N is of N. 
Since then I ingn. 1 4 M is the ſame multiple of the II mgn. M. 


. 


that the III mgn. 1 4 N is | of the IV mgn..N 
& thathe V mgn. a1 M is the ſame multiple of the II mg " > 
that theVImgn.a1iN is of the IV 2, 


Ii follows that the magnitude ea M, compoſed of the I & Vm 4 85 = 

1 a Ma 1 M. is the ſame multiple of the I M, that the m . of | 

eaN, compoſed of the III & VI mgn. 1 2 Na [ Ni is of the IV 

gn. _ P. 3 B. 5. 
| e was to be demonſtrated, 


d 581 r ee . af 
7 portional 3 then any.equimuliiples 


* a : - * 7 
(s M, 8 of the Wy 640 and this ©), W bal have the ſame ratio to _y. 


7 f r 
* 0 . 6 F o the ſecond N an en (P) 


= 


„M 0 l. 


1. Take fo Mat Ola RaM, RaO } *. 0 4 
2. Likewiſe of c N & of c any equimult. 8e N, 8 P Pe. 1. J. 5: 
DEMONSTRATION, 


| ECAUSE «M1 is the fume umlt. of M, that aOis of 0 (Hyp. 29. 
& the mgns. Ra M, Ra O areequimult, of the mgns. aM, 20 ( Frep. 190. 
I. The magnitude Ra M is the fame multiple 0 M, that the magni- 


tude RaOisof O. F 
ScN is the fame multiple of | 


2. In like manner, «the magniti d | 
that 8c P is of P. 4 ena 
 AndasM:N=0O:P (Hp. i) & n Ra M. RO are any equi- 
multiples of the I term M and of 1 85 and 8 N, ScP any * 

uimultiples of the II term N and of the IV (Arg. 1 &2), 

5 1 1 21 be >, =or < ScN, RaO will be , Sor <'S c. D. 7 1 3 
But the magnitudes Ra M R O are any equimultiples of the 
magnitudes a M & a O, and the magnitudes 8c N, S<cP are any 
equimultiples of the magnitudes cN&cP (Prep. 1 & 2). a 
4. Conſequently, the ratio, of a M to c N is 5 to the ratlo of a O 


tozP; oraM roar ee 3 fp bined | 2% „ 


"Ty that ge, 00 8 P ny 
s manifeſt : c >, =or Ra M; c wi 7 
=er TRA O (Arg. 3-)z bence c Ni M= P 20 . 5. B. 5... ; 
Therefore, f * r. be nn they are alſo by inverſion or imvertends. | 
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CYL 7 A 


wbole (a e is of tbe whole (M). 


Wo 


© 2; Contequenty, the mgn. a M is equimultiple of the mg N +) P. 
3. And of courſe N+P=N+V.. _ . f 


37 Conſequently, aP i the the ſame multi wp.) of P, 8 a Mis of M 
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Fa ade 0 M) bis the fame 1 mul iþ b $i 2 (M), which a al, 
nitude (aN) taken from the firſt, is of a magnitude (N) taken from the other, 


the remainder (aP) ſhall be the fame multiple of the remainder (NM, 120 the 


. a "PM 95 M are t1y0 auholes . | 
15. mpns. a N & N their parts taken away © © 
And the mpns n P EV the remainders + © 


that a N N pe V 
| Preparation. | „„ 7 


Take a magnitude p y AY thatza P may be the ſame h 
deren rn en . or aM of M. Kg is 


„ritt ATION. 


* ECAUsE 4 N is the fame multiple oe. a r N F 


( Prep. PX | 


: I, Tue ſum a N I. a F or a M, of the birt 3 is the fame multiple of 


the ſum N + of the laſt, that à N is of N . 1, B. "ED 
| we, a M 5 the fame multiple of M, or of N + V, that a N i is of IT 
N (top. 2 


& N +V j 


Taking away the common mgn. N. 3 : f 


4. It foltows that the mgn. P is =to the m I „ 


ame multiple of V. that a M is of M. 
RAY Which was to be flehonttraged, 


2/42 N ET TAP. 4 
< * „ * 


Prep. ), a 275 is I the 


equimultipies (cM 
Fc le M K. N are ae equal to Ae 9 (M & 10 or n 
of tbem. : 


5 
Op! Therefore if eMbe 


v * A — — 5 
tins 2. 2 Ti 34 


* PROPOSITION. Vi. THEOREM PL 


* 


Fro monies E. a M. N bee ae es of two others:(M & N) & 


Thehs. 


(u R ar touts” e * Tel al oe + Ne 


J r e Ft 4 H. "Mi oF M, eN 
| ode . A e be eee N. 5 
. ee, 1 e Ange t abs ve hin 4615 

2 5 | "cave J. Af e I be * M. . . ron be oft ee e 
wy © % e Pre mae 5 1 5 i” 3 72 . 
Let iN = N. | mn ALT: 1 9 

* 1 . | 5 ; „ a $4 

2 OS TR . DaMoNeTRATION. a e 35 v1 1167 


ECA oy b. e Mu we tame muftiple d 9 55 br * 
Hp. 2. ): & that eM = M., (Sup. 1. , & 1 
I; EC EiTy EM: M. or 2 Ul, W de the ſame multiple of M 
. thatcN+1 ts ry 
But @ M being the fame multiple of M, that aN or e N + cNis 


of NCH. 2.) 
2. The two mgns. c N 4+ iN & e N + iN are equinultiples of the 


ſame mgn. N. 


3- Wherefore the mgn. N ＋ iN=e N . 8 6 Ax. 6. B. t. 

Taking away the common mg c N., 
4. It follows that 1 N is = 7 
2: iNis = N (Prep); 
. Conſequently, e Nis = N 
— M. eNi 18 N. 7 


Which was to be G * 


ue 1. B. 1. 


N) of theſe, b taken from the firſt two, the remain- 


”* 1 FY, * Ax. 3 B. 1. , 
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5 g * v 
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: as AS » 4 — * AY. "by * 8 3 5 * 2 2 # \ 1 ” 9 7 1% 4 ot 4 "=. Iv 
A Wet - A "oy * A * F . A \ * 5 Nan 1 N 


= 8 | * * A J * II. If e M be niukiple Sher. Knee 
—_ g Preparation. - "wa 
= - | Take 1eN the ſame multiple of N, that e Mis of M.\ N, . Bog. 


J | Deuess rn ation. 1 -- ns 


ES. ECAUSE eM is the fame multip le of M, bu rei - 
| 5 F). & chat e M is the: lame multiple of M, that c N. ĩs of N 
= _ (Hyp. 2). 
5 | „ 27. mas 1 + c M or a M. will be the fame multiple - THE 
þ Ml., thtteN+c<Nuof N. P. 2. B. 5. 
| E But a M being the fame > of M that a N or Ne Ni 8 
1 deR x Tex | 
. 2. erefore, the two m 1 c e EN are I- 
: | multiples of the Beke | equi Ax. 6. B. "Sy 
| 3. Conſequently, by as =eN+cN > . 
Taking away the common mgn. e N CER 5 | 
: 4. It follows that the mgn. 1 Nis =eN _. | Ax. 3. BR. 1. 
But 1 eN is the ſame multiple of N that e Mi is of M (Prep.). - 
Therefore, ife M be an om of M. e N will be an equi- 


multiple of N | 
Wich was to be demonſtrated. It, 


3: Conſequently M * 2 


of * 


of E U C LID: Pp „ 


rROPOSITION VII. THEOREM 2 


| Ros AL magnitudes (M & 1 M), have the ſame ratio to the ſame 
1 x 0%, and the ſame (n); has the ſame ratio to equal magnitudes 


(M& IM 


* 


Hypotheſi is. N Theſis. 


M t 1 M are * 92 mpgns, 
& is a third. 4 _ md! M = m : 1M. 


Preparation. 


-» 


1. Take of M & of 1 M an y equimultiples a M & a 1 1M. ; Poſ. 1. B. 5 


2 And of m any mT whatever c m. 


* 


DEMONSTRATION. 


1 aM & 41 M are equigultiples of M & of 1M. 


TIM: m = 1M: m 


P J, & MS IM Hhp.). 
1 . ; Ax. 6. 2. 


1. The mon. a Mis S 41 
Therefore, if a M be >, = or Ce u 41 M will likewiſe es 


ö e 
But a M& a1M are equimultiples of the I term M. and of te 
HI term 1M, as c m and c mare of the II term 1 and of the, IV. 
term n,; 

= iM: =. 5. 5 3. 5. 

Which was to be demonſtrated. 1. ' 


And becauſe a M= a 1M (Ang. 1); - 
4. It alſo follows that, if c n R , or wh M. likewiſe cm will 


be >, or <e'r dM. | 12 | | 125 2 
D. 5. 1. 3. 


5. Therefore m: Mn: 1M. 
| 1 0 | Which v was to 40 demonſtrated. 11. 
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"PROPOSITION VIII THEOREM PILL. 
p uncqual magritudes (M & N), the greater (M) has a greater ratio to the 
ſame (P), than the leſs (N) has; and the ſame ares (P) has a pg ratio 
to the leſs (N), than it has to the greater (M). 


2 P is is any 4% Wr! 
F 883 
Take from the greater M a part 1 N= to the leſs N, and 
the remainder R will be either C, or > or infine = N; 
Suppoſe firſt this remainder to be C N. | 
2. Take aR a multiple of this remainder > P ; : 
3. Take 1aN & aN the ſame mult. of iN & N that Ris of R. Pf. 1 . B. L. 
4- Take the mgn. 2 P double of P; the mgn. 3 P triple of P 
and fo on until the multiple of P be that which firſt becomes 
greater than 4 N, and let 4 Pu be that multiple. 


B D uoxsTRATION. 7B 
E CAUSE 4. Pi is the multiple of P which firſt becomes > aN (Prep. 4 N 
1. 'The next preceding mult. 3 P is not > 4 N, or 4 N is not < 3P. | 
Moreover aR and aN being equimultiples of R & of 1N (Prop) Ro 
2. The mgn. aR + 1aN,ora Mis the ſame e of R + 1 
M, that a R is of R. ie. 
Or that a N is of N (Prep. 3). 
3. Therefore a'M and a N are — of M and of N. | 
| Moreover, aN and 1aN being N me of "the = — : mgns. N and 
1N (Prep. 3 & 1). 
. The mgn. aN is 14 N i | 1 s. 
But aNisnot < 3 P (Arg. 24 
© 1 8 12 N is not 3? | 
But aRis > P (Prep. 2). 
6. Therefore, by adding, a R + 1 2NoreM > 4 Py. +: + 
Since then a Mis > 4 P, and aN <( 4 (Prep. ©, and +M, a N 
are equimultiples of the antecedents M and N and 4 P, 4P equi- 
multiples of the conſequents P and P (Arg. A & Prep. 4 => 


rr 1 B .. 2. f. 
Which e was to be demonſtrated. 1. 
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179 


oh FI 
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50 r e he EE 1 + 


2 
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BE 1] 


ME: nn 6 Bret nip bs 4 


Moreover, ſince aN is posted <aP (Prep.4.), & aM >4Þ (Ar, pgs 6): 
8. It is evident that the mgn. 4P is > N, & the ſame mgn. 4 
But 4 P and 4 bei 3 of the antecedents * and P, 
and a N, a M equimultiples of the conſequents N and M, 
9 It follows that P:N>P:M. 


II. Preparation. 
If R be fur ppoſed > 1NorN. 
5. Take 12 Na wr) 1 of 10> P- 
6. Take aR & aN the ſame multi _ of R & of N han 1aN is of iN. 


7. Let 4 P be the firſt multiple of P > a R; conſeque ently the next 


preceding multiple 3Þ will not be > aR, or a R 85 not be C3 P. 
DEMONSTRATION: 


T may be proved as before (Arg. 1. 2 & 3), that 
1. The mgns. a M and @N are equimulti les of the mgns, M & N. 


Moreover, aR & aN being CRETE of R& of N / Prep. 6), 


and R being > N (Sup. )“. 
2. It follows 2 a R is > aN 
But 4 R not being < 37 (Prep. 7), 
And the mgn. 1a being > P (Prep. 54 2. 
3. Then by adding, 42 R＋ 14 N, ot a M 


Which was to be demonſttated. | 11. 85 


But aR being 4 (Prep. 7), & this ſame K being > aN (An 2), hy 


4. Much more then a N is < 4P. 


But aM & aN are e of the antecedents M & N (an I 5 1 


and 4 P, 4 equimultiples of the conſequents P & P, & eres ver - 


aM>4 2% F | 
5. Conſequently M: PN 
Which was to be demonſbeuted. 3 


* 7. B. 5. 
es 35 mY 
- 5 ed "og 


Moreover, without ben rhePrepuration, f it may be demonſtrated Bonn 


' as in the precedent cafe (Arg. 8 , that 
6. The ratio of P: Nis > the ratio of P: M. 
5 | fk was to be 3 11. 
1 
3 1 e the fine pre 
en R = Jo 


aration and ſame reaſoning. to the laſt. 


v2 The demonſtration 1 be ednijlotes as in the two precedent caſes. | 


"Tem was to be EY 1 & 11. 


= 
* 


1 
— — — — 
—— — e §Ü—wꝗ M .. ˙—— . . ,]⏑«r ,,, — — ñUo—U— — —— — 


PROPOSITION. X. THEOREM IX. 


AGNITUDES (M & 1 M) which have the ſame ratio to the fine 
magnitude (N): are equal to one another. And thoſe (M & 1 M) to which 
the ſame magnitude (N) has the ſame 25 are re equal to one another. 


Hypotheſis 5 ©” >; Thiel. » 
M: NS IM: N. „ 5 1 5 eee 
DEMONSTRATION, pe peth | 
I. | | 
If not, the two mgns. M & 1 Mare unequal. 
I HEN the two n. M & I M haye not the ſame rang 70 the 1 
«© fame mgn.N FFP 
8 But they have the Gme ratio to this ſame mgn. kN (tp. J; "Y nk 
2. Therefore the mgn. Mis=to the mgn. 1 
Hygdothefis | 55 % i 8 
N: M = N IN. . be ngn. M= I M. 
| DeMoNsTRATION. | N 
II. 


1 not, the two mgns. M & 1 M are <a 


„ HEN the ſame mgn. N has not the ſame ratio to the two mgns. 
Mar M | t 1 1 B. 5 · 
But it has the ſame ratio to thoſe two mgns. (Hyp. 1 1 wh 
2. lou pa the mgn. M 1 is =to the mgn. 1 M. 5 a 
5 1 Which was to be eee 
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PROPOSITION x. THEOREM. . 
H A T magnitude (N) which has a greater ratio than another (p) bas 


5 unto the ſame magnitude (Nx i is the greater of the two, and that magnitude 65 | 
h to which the ſame (N) has a greater ratio hap it has Unto Mother 1 | 
(M) is the leſſer of the two. 
© r : | 5 | Theſis. E 
? M . . e . The men M fo >Þ+ 
FL DEMONSTRATION. Lag EEE, 
I 


5 If not; M is = P, or < R. | 
CASE EF If Me = Xa! 
HEN the mgns. M& P have the fame ratio to 1a 8 mgm: N. P. 7-8 xt 
But they have not the ſame ratio to the ſame 15 N (H | 
2. Therefore the mgn. M is not == to the mgn. P. 
CASE WM” If M be T P. N FL 
Fi HE ratio M: N would be < the ratio P: * (Fhp. ); © 8. 3. 5 
But the ratio M: N is not < the ratio P: N (Hyp.) ; e 
4. Therefore the mgn. 6-16 * not < the mgn. P. | 
But neither is the m 2 erh 205 


5, It remains then that V F. | 
1 Hypotheſis. | r ad l (14 $445 16507 "a | Theſis: . +3 YF 
M4 ag my af e The wn P 4 

TTY 1 Druonern Arien. . 
i 5 a Is BC a * | NEL fig ; 
BL If vor; FEES MW IN. - ENT . 
CASE I. H be M 10 —_— 
HE ratio N: M would be = to the ratio of N P .. B. 5. 1 
ny Which being cools 2 to the Hypotheſis, P cannot be * = M. 8 b 
II. If be N M. . | 5 
HE ratio N: M would be Y the ratio N: P. | P. 8. J. 5. 
4. Which being alſo contrary ta the PROD. P. t be > M. $5 7* 
* But neither is P M. 4 2. +4. | | | 1 2d 1 
e | | . 


=? Therefore P is < M. 1 
1 Which was to be demonſtrated 


PROPOSITION: Xl. THEOREM. 2 


Rr (A: B& E: F) that m—_ to a ſame third rafio (S: , | 
are equal to one another. © 


H potheſis. Fn „ Theſm, 
A: B | ke? | 
The ratios & are= to we Jens ratio C: D A. BSE Ie 
5 E F | „ 
| We 
1. Take any equimultiples a A, 4 C, a E of the three ante- | 

cedents A, C, E. Pl L. B. e. 

2. And any D B, en. cF of the three conſe- 55 „ 

| quents B, * * 

| DeMoNsTRATION. 


8 A: B= S (H 3: 
1. If the multiple a A be >, Sor < the ale B, the equimul- 5 
tiple à C is likewiſe >, = or < the equim CD :Þ. 5. B 5: 
In like manner ſince C: D E: F (typ. 1 5 
2. If the multiple a C be >, = or < the multiple cD, the . 
tiple à E wi I be likewiſe >, = or < the equimultiple c F. e 
23. Conſequently if the multiple a A be >, = or T, the multiple c R; 
5 the equimultiple a E is likewife Y, == Or < the equimultiple c F. 
4- e e A: B = = E 4 F. D. 5. B. 8. 
| | Which was to be demonſtrated. | 
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PROPOSITION XII. THEOREM: XL 


F any number of magnitudes (A, B, C, D, E, F, &c)- be proportionale 
The ſum of all the — (A+C + E &c) is to the ſum of all the 
3 (B 2 D+P &c), as one of the * is to its 1 conſequent 

| theſis. _ 2 
The mpns. A'S, C, D, E, F are n  A+CHE: p+DFF=a: B. 
er A: B =©C : D= E: F Ec. 
Preparation. 


1. Take of the antecedents A, C, E the equimultiples'm A,) 

nn C, ME ? e p 5 

2. id of thy conſequent B, D, F the equimuſtiples 1B, 2 
u D, 


| DEMONSTRATION, | 


INCE then A:B=C:D=E: F (Hyp., ; 
1. If mA be >, or Cn B, like wiſe n C is >, = < «Dd; E .# 
FF D. * B. 5. 
xx adding on both ſides the mgns. N. , or T. 
. The mgns. mA LC tek will be conſtantly >, =, or < * 
9 ＋ DTF according as mA is >, =, or < n B. 
But the mgns. mA+bnC+HnE&mAaree uimultiples of the 
ns. A+ C ＋E& A (Prep. 1 & P. 1. B. 5. ); alſo the mgns. 
- 11 ＋EA DTI F& ANB fps equimultiples of the mgns. B + D. 
F B (Prep.atf P. . . 87-4 f 
3. Conſequently A ＋ C ora, B | D. B. 
1 | Which was to be demonſtrated. 


————————————— ü U Ge ts = 
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tu 


third (C) has to the fourth (D) ; but the third (C) to the fourth (D) a greater 
ratio than the fifth (E) to the fixth (F) : the firſt (A) ſhall have to the ſecond 
(B) a greater ratio than the fifth (E) has to the ſixth N | | 
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IN 6 6811 ON XIll. THEO REM 2 t 
© ficſt magnitude ( A) has to the ſecond (B), the fame ratio, which che 


Hypotheſis. 4 . Theſis. 


JJ 1 | rr 
II. 8 D ct 1 yak . . 


Preparation. 

I. The ratio of C: D being > the ratio of E: F 2 Mk; 

there may be taken of he antecedents C & E, the equimult. 

mC&mE ; and likewiſe of the conſequents D & F the 

equimult. nD & N F, ſuch, that C is On D, but E E i. J. g. 

not nF; 7. 5. 
2. Take mA the ſame. multiple of A chat mC is of C, P, 2.5 
3. And 23 the ſame multiple of B that n D is of D. 5 ahe N 


DemonsrTh ATION. 


ind CY A: B=C: D (Hyp. 1.), and that 2 enn 


equimultiples of the antecedents, & u B, =D equimultiples of the 
conſequents (Prep. 2 U 39.1 

The mgn. 1 A will be . 2 or 3 n B; pon as #7 ny is 18 . 
= or < =D. D. 5. B. 5. 


. Therefore. m A is alſo % n B. 


But m E is not > nF aB i & the mans Ik ot ws 
equimultiples of the antecedents A & E, & n B, n F equimultiples 
of the conſequents B & F (Prep. 1 & 2 1 . 


3. 1 o the ratio A. He Ko: than the ratio E : F. D. 7. B. 5. 


Wich AG: be demonſtrated, 
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PROPOSITION XIV. THEOREM FM 


5 xs four magn (A, B, C, D) be proportionals, then if the firſt () ar 
e greater, . al, or leſs, than the third . the ſecond (B) ſhall be be greateſy 
"T0 7 or leſs, than the fourth (D 


| Theſis. 
Lk =C: 5 = 1 Aerchef en Ai >, 2 „ K 
II. A is — or CC. 8 | B wwill be >, = * D. 


. ä If A be > c. f 


backs =y 
* 


| DEMONSTRATION. 0 


; nr HEN the ratio of A: B is > the ratio C B. paar 
But A: BC: D (Hyp. 1). | 

2. Therefore the ratio of C: D is.> the ratio C B. | P. Az. J. 

3. From whence it follows, that D is < B or B >D. | 1 10. B. 4 


9. 


It may be demonſtrated after the ſame manner, if A C, that B Is * 5 5 1 


9 D; & if A be CC, that B will be C D. 
4. Conſe 
| ws. 


OY 


ay, according as A is >, = or < C, B will he >, = 3 | | 4 
Which was ao be demonfrated. , .; - 


822 


py 


* — — _ 


* * > - 


2 . * 
$ I » 
* 4 —— _ I 
- R — i _ * 
F K A . ²— !! ]˙ uàQ1 ̃ Ädl —ü— — 
* 
* 8 - 


a L 
— — —— —ä . m——— pi 8 —³!ꝶꝛ Ä.̃—“ i NA urchin, oe cn erect 


RO POSITION XV. FHEOREM IT. 


| AGNITUDES (A&B) have the ans: ratio to one aother 
[ROW their equimultiples (n A & m B) e. A 


| - Hypotheſis. | arc. Theſis. | 
The mgns. r Ge A: BA B. 


of t be mR. A & B. 
Preparation. 


1. Divide m 41 into its parts P, Q,R each = — FT „ 5 
F . And J inro its parts 2, Re each = = B. | IBI. B. 5. 


DruonsrRATIov. 


ECAUSE the mgns. m A, mB are equimultiples of the mgns. | 


'A & B (Hyp.). 

. The gte of parts P, Q R be. i= 2 16 the number of 22 

P, „er XC. | "I. 

And P 1 RE R (Prep. 1 & p= r r (Prep TY | 12 7. B. 5. 
2. Li, « AA & 4 N . = op ph 4 1 P. 1 1. B. 5. 

ere fore or n F+qTr or m r 

4 But ſince P=A & p =B (Prep. 1 &9 2), | 1 * 

4. The mgn. P: 2 Song B, F. 5. B. 5. 
1 Py A: * =mA: m B. P. i i. B. 5. 


Which was to be demonſtrated. 
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PROPOSITION XVI. THEOREM XPL. 


I: F four. magnitudes (A, B, 0 D) of the ſame kind is proportionals, 0 


| all alſo be . whey taken e 


| Hypotheſis, „ WL HO Theſis. 
A: 3 3 1 * = B D. 
e „ ? 
N Take of the terms A & B of the firſt ratio, any equimult. | 
2. Take . terms | $4 £ D of the ſecond ratio any equimult. Wo *T 
#C, n.D. „ 
+ Duos TNA TION, | Ro ET 1 
1 
ECAUSE „AE nB are Wer of the wy A&B. 
(Prep. 1), ; 
%% + 4-8 =mA: 1 B. e ee n, Fs. B. 5: 
Derr „ UAE BE , . AW, . Aa 
2. Therefore %%% _ _ uw Hi. 
Likewiſe O: D = n Gr I nech comp Fig. 6. 
4. Conſequently A: BCB. 72 1. B. 5. 


5 Wherefore, if mA be >, Sor CnC, mB will be ne »D. E14. B. 5. 
But A & mB being equimult. of the terms A & B conſidered s 
- antecedents (Prep. 1), & n C, nD equimult, of the t terms C& 2 pl). 
. conſidered as conſequents (Prep. 2), 2 


12 


6. Conſequently A C=B:D. * e hops + Gr Dig. B. 6. 
3 2 Which was to 'be demonſtrates 1. 
COROLEARY.:.... [3 


. ollows from © this 2 that i four mpns. are propertionals Hes | as the 
frft 4 d. equal or A n than the econd, 1 n 15 1 ne, 25 


leſs than the fourth. = of * 3! 3101315 * 
For fince A B = C: D (Hp), „ g: 

1. Then R C5. 37 rn gie ben 6. 

2. Therefore, according as A'is >; = < B 0 e - | 
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"PROPOSITION XVII. THEOREM III. 

F exo fhngnitudes together + B) have to one of them (B), the "= 
1 which two others (C + D) have to one of theſe (D), the remaining one 
(A) of the firſt two % B) ſhalt have to the other (B), che ſame ratio which 
the men one (C) of the laſt two * + D) ” to the other of __ (D). | 


potheſis. 
—4 * 28 | A: B=C: D. 
Preparation. : 
Take of the mgns: A. B, C, D any equimult mA, mB, „C. ahb 
And of the mgns. B'S D enycquitmelt; aBjuD:! Poſ.1. Bs. 
| DEMONSTRATION. 
FT HE N the whole mgn. m A + B will be the 1 WY of 
" the nt — is of A, or m C of C. F. 1. J. 5. | 
2. In like manner, the whole mgn. „C + D is the ſame mult. of the : 
mn. C+D, that C is of C. | F. 1. Fg 
3. Conſequently, = A + Bis che fame mult. of A+B, that ma 
mDis of C + D. 


4. Alſo the mgns. mB+»B, mD--1D ate equimult. of the mgns. B&D... 
* mln B=C+D:D Ds Hale of the res 
uimult. of ahe antecedents BA (Arg. 3); alſo 3 
| „ B, OD are equimult. of the conſequents B & P (Arg. 4 
5. ed ee eee nC + 
D is alſo >, =or < mD D. 5. 55 
tn WA + mB be >, =o < BBB; taking away the 
common part u B. 
6. The remainder »: 'A will be = or < the remainder n B. 
In like manner, if FEES be >» =or<mD—+:D; ; taking 
away the common 4 
7. "The remainder — N. r or the remainder „D. | 
8. 7 Wee be >, == =,0r < n B; mc will be. likewiſe >, 5 
| = of <0 = ; „ ms 
2 wp mC aree Peg of A & of © cooled Deen 42 | 
O's fr); K B, n uimult. of B &D conſidered as conſequents Pre. 2): 
quently, A:B=C:D. D. 5. B. 5. 
"I Which was to be demonſtrated. . 
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PROPOSITION XVII. THEOREM WI. . 
F four magnitudes (A B. CD be propo 1 the firſt and ſecond eth. 


B) ſhall he B foi h Fl . 
PE * es e 6 16 hin 6 rel ld 


hefis. 


| 425 D. a 555 =” A+B; p=C+D: p 


| DEMONSTRATION. 
If not, ATB Baz C+D: another mgn, M C or > P. 
CASE I. Let M C D, orM+R=D Re. H. + 


8 8 M, or AB: R=C+M4R: MN 


1. Dividendo A: B C+R : M. 1 B. 
But EE. 1 B (Hp.) ; | e . 1 
2. Hence, Sn MC: D 3 | P.11.B. 3. 


But C RI YC (Ax. 8. B. 1); 


5 3: Therefore M is > D, & the ſhppolicion of M< D, i is impoſible -P.14. B. 5. 


CASE UI. Let M> D or MzzD-+R (Fig-a) is 


ECAUSE A B:B=C D: M. or A+B: B 048 wen 
Bees +B:B=C+E "DAR 5 vn 4 Pan, J. 5. 


But A: BE £04] (55. J. 


5. Hence, CR: M= S:. 5 th by Pre. B. 5. 


But C — R is C (Ax. 8. B. 17); | 
6. Therefore M is < D, & the . of M > D, is impoſſible. P.14. B. 5. 


\ Since then Mis neither 3) nor > D (Arg. 7), 
7. It follows that M is ü 9 5 8 b mu: 


CE we 2. demonſtrated. 
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FOR 


. TO 2 
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PROPOSITION XIX. THEOREM XX. 


a Whole magnitude (A+B) be to a whole (C+D), as a magnitude (a 
— rom the firſt is to a magnitude (C) taken from the other, the remain 
der (B) ſhall be to the remainder * as the whole 15 + B) is to the whole 


SD 
Hlypotheſis. Theſis. 
ATB: ＋ DSA: C WF: D=A+B: C+D. 


DrnconsrRATION, 


B. ECAUS E 1 A 
1. Therefore Alt do A 
2. Then Divide | 
3. Alternando again 8 * -- . 
But ſince 3 „ A096) or 
4. It follows that - 0 =A ＋B: CD. P. ii. 5. 
Fe | Which was to be demonſtrated. 


COROLLARY. | Ip 


4 I. er taken jaintly be proportional, that is if A+B:A=C+ D: 4 5 


For X43: C4HD= A: CID S P. 165.” 
Wherefore A+B:B+D= BY DYE. ro). 
Conſequently A B: 5 r @. 16). : 


4 


it may er B=C+D: os D. 17. "7 
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PRO PO 081 T 10 N XK 7 HBOREM Xx. 


4 F there be three magnitudes (A, | and other three, (a, b e) whi 
taken two and two. in. a dire& order, SF the ſame tatio; if, the firſt (A) 2 
greater than the third (O), the fourth (a) ſhall be ROE than the ſixth (c) 
_ if equal, equal, and it 128 leſs. ; 


Hypotheſis. 1 6 1 
. 1955 1 According gs As N, S er CC. 
L B: LS — b: | | | is. alſo >, Ser c. 
DEMONSTRATION. | 


CASE 15 AD HO © 


Becavsr Ais>C. 18 * EE on” 33 
The ratio A: B is N C: B. r : £0008, 5 

© But  A:B = @:6; (thp:1)). 10 GS ET 
Adtſ- -  CaB a=e:d $i 2& P. 4 Gr. B. 55 

2. Therefore, the ratio a: 5 is > c | Pir3. B. „ 

3. Conſequently, ais alſo . * 5: Poe. . 
4. It may be proved after the ſame manner, that if A be = = -C; a 


be Sc, & if A be CC, 2 ſhall be Cc. „ 
7 7 Conſequently, ee as A is 2 = or < Cc, a will be * >» | 
= or * 6: 
Which Was to be 9 
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= 
by 
. ö; _ 2 1 | FRE . 
2 - be = \ - _ 
- —_— \ = - —_— = 4 —_— CORE 
| 1 . 1 ** _ b \ \ 
= r © - ts, 0-5 N - . * I TS ot — 1 2 — 5 2 — > £ En \ 23 
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2 5 r : s , * ” "* - ow” . : 9 
* 1 8 : 4 ol 
* 
4 . 
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* 
» N 
bs e 5 


3 
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2. Conſe ently the ratio þ c>b:a 


ls - ; 
2 + 5 1 * x W's * 5 £ 
The ELEMENTS 
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[ PROPOSITION : THEOREM TIL 
F 


there de thiee ma dae 1 8 0, and other three Ta, b, ©), which 
185 the ſame ratio take! two, but in a crofs order; if the firſt mag- 
nitade (A) be greater than ie third (©), the fourth (a) tha be Sener than 
the fixth (c), and if equal, equal and if then,” teſs. 
| ; N | Theſis. | 
73 = + "i454 | 2 As ee. 
II. B: ©... , =o Se. 


CASE . Let A be > O. 


4 


DeMoNSTRATION. VV 


I 
AUSE 45 . 5 e 
1. The-ratio of A:B © PEA | 5 3h P. B. B. 5. 
But A:B =6b:«< 0 10 | S#. .. 
V invertendo C: B 1 ( ens 9. 3 
P. 13. B. 5. 
3. Therefor OL £118 C u, ora C Pi. 5.5. 
4 It ma CS LS after the ſame manner, ir A be = =B, alſo 
a ſhall be =:r..; m4 he <0 a ſhall be < c_- 22 
5. e according as A is >, = =T or < C, „ that be $ = 


or Cc. 
Which was to be l 


- 8 * 
n Aa” * 
* E . , 
« 6. 4 
C a 
11 
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"PROPOSITION XXII. THEOREM AX. 


h II there be any number of magnitudes (A, B, C, &c.) and as many cthers 
. (a; 5. c,"&9c.), which taken two and two in order have the ſame ratio, the 
] firſt ſhall have to the laſt of the firſt magnitudes, the ſame ratio which the 
firſt of the others has to the laſt, by. . of direct ratio, or er vue or» 
dinate. 
Hypo heſis. | Theſis. 
| | | F.. AB =-a:; + * „ S 460 
IL B CSB Lig Be = 
55 Preparation. ' | 
1. Take of A & a any equimult. mA&ma.* _ 
2. And of B & 5 any equimult. aB & nb 7 Poſ.1. B. 5. 
3. And enen rCE& rc. Oey 
| 1 DEMONSTRATION. . - 
ECAUSE' ü A Drains: $5 (Hp. 10. . . 
1. It follows that mA: nB na: n RA.. 5. 
And becauſe „ S765 (mo. 2). „„ 
2. It follows that B: FC =nub =rw: | 7.4. B. 5. 


Therefore, mA, nB, C & ma, nb, r c form two ſeries of 
magnitudes which taken two by two in order have the ſame ratio. 
4. Wherefore, by equality of ratio, according as the firſt m A of the 
wt” ſeries is >, = or < the third 7 C, the firſt ma of wy geber 


ſeries. will be , = or < the third c. | N20. B. 5. : 

5. Conſequently, A: CS a: c. | D's B. s. 1 
„ OTS Wich was to be demonſtrated TR 1 
: | | B b þ | * \ by 


3 >= xa 4 A R on * 
2 hn A865 T Fa ko Per n 
Foe. pe a ES Rog R r N 7 * F 
Tort * 8 ä a - 1 EH (4 * 8 05 Y 4 5 
N Ss Y y * * 2 N 
L "es * 8 1 | N 1 
9 4 * 5 „ 1 5 * « 
* t 1 ov : 
9 : ow we a. 
— . . 
$ — 
4 
. 
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PROPOSITION THEOREM XXII 
F there be any number of tos (a, B, C, &c.) and as many others 
A „r, r.) which taken two and two, in a croſs order, have the ſame ratio; 
the firſt thall have to the laſt of the firſt magnitudes the ſame ratio which 
the fiſt of the others has to the laſt, by TT of N ratio or ex 
e£quo pert urbate. 1 | 15 
otheſis. ; CT IS ks TM 
% | * ATU e. 
A. 5 | | ow A 
1 Preparation. 
1. Take of A, B, a2, a equimult. mA,mB,ma. | | 
6 2 And of C, 6, & any equimult 50. nb, n c. 3 Poſ.1.B 5. 
 D&240N8TKATION, 
== 1 — EB 8 1 2 
ii 4. It follogs that A: B A. B. .. 
* Bm =_— JH. "EST BT AO 8 I4 at | 
= . | But 0 #5 c. Thb. 10 
| 3. Therefore, MA: „B= A2 2 Pa 8.5 
1 And becauſe B: C = 4 . (Hy. ad. 


4. It follows that B: „ C u I. B. 4 8.53. 
5. Wherefore, r e 1 C, & ma, mb, ne . 
mens. which taken two and two in a croſs-ortier have the lame 
ratio. 


6. Conſequently, by e equality of ratio, according as the firſt n A of the 


- N — I en r 
— nn Wu gn nn | 
— 2 — 5 2 c > 
— h 7—˙· aaonn os — 


firſt ſeries is >, = or < the third u C, the firſt m @ of the other | : 
ſeries will be >, = or < the third in r. | P. a1. J. 5. 
| 7. For which reaſon A : C Sac. D. FS B. 5 
a | Which was to be demonſtrated, 


— 9 — 
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p 1 . — — 
» _— — * — 2 4 
n ——— 2 8 * - K 
3 - — 5 _ —— 
3 — a W ets I - 
I — ISS = wb. — — , — 2 2 Samet . , 
* — — * 2 9 . * 
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Ov no os, "6 a v2 * 
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. A ax] N 3 - . 7 * * ( EI 1 4 ee. % @ : 3-44 $ HS $#-7 
9 * 4 (AS. * 5 * . 8 N. 3 ; ” - 2 7 <4 8 ; 
1 58 i / ; . XS 125 ; = 8 Is N 4 4 ; 
vo * D n 4 2 n 5 A 
oh 1 25 Sts nt ty HS * 
* 1 
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— nuts IN rr + er —— — rr 1222 


PROPOSITION XXIV. THOR EMT 


. . N Ir four magnitudes (A, B, C, PD) be proporti rtionals and that a fifth (E 
_— | Has to the ſecond (B) the ſame ratio which a fixth (F) has to the fourth (D), 
EX 


the firſt and fifth together (A + E) ſhall have to the ſecond (B), the ſame 
| niatio which the third and ſixth together (C++ F) have to the fourth D), e 
; | __ Hypotheſis.” 1 | | . 


J. A G D | q A＋ E B 'C+F D. 
"BE 2.4 4 —— 2 : 5 A ; : w ＋ LY. 
ES „„ * =; _— 5 


DEMONSTRATION. | 
Brcavss E BSF. D H 2. B 
1. It follows invertendo B: ESD: F 2 ; 5 

And becauſe . A: 2 bp. 1. WW; | 


B 
2. Ex æquo ordinate AE: 4 
— 8 AE: ES CTF: F/ 
1 
B 


6952 „ gs ** 


Baa d; 
P.18. B. % 


But fince 


F D C Hp. 2). 4 e 1 
erb e e 


; Which was to be demonſtrated... 
lc OK, i late Is: N 


. 
LES, 


Ex æquo ordinate A+E: 


* 


p : 
EM 


WW = 
N of * 
: _ v. o 
4 * is * * 
- * 
. [4 7 a ? 2 3 
: & - I. 5 n 7 „ 
5 . 8 % : 8 1 $7 i 
© Lal = . 
C - 
* od * . = P 
* EW = * y 5 
. F 
. 
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PROPOSITION XXV. THEOREM Lr. 


* 


* four magnitudes (A, B, C, D) are proportionals, the greateſt (A) and 


1 of 1 * (D) together, ' 8 are greater ts the other two (B & Cc) ann. 


* 


Hypotheſis. . 15 e 5 4 Theſis. . 5415 
＋ 25 * 1 D | re 
is the greate term, Con equently (* 
D the edt. 4 10 * * 
. Preparation. - 
Take I C. = C & 1D = D. 
1 Misere fen | 3 
3 A: BC. Bis hee & D= Gg, ; 
It follows that A: B=1C:1D | 3 'B 5. 
. Wherefore A:B=M: N Wh - 3 | P. 19. B. 5j. 
But the mgn. A being > B (Hp. Fe 5 P.16. B. « 
The mgn. Mis alſo N „ ee 8 5. 


Moreover, becauſe C=1C&D = 1D (Prep 1 & 2). 
It follows that 1C+D= 5 = 
And ſince Mis NN 


9 A! OR Which . 10 ne 
(0 EvcLin ſuppoſes the conſequence if this 27 "ſufficiently evident from 

v foregoing truths ; for finte A: . p. 3), G AS C (Hyp. 2. ). 
po HT (A. 14. B. 5. ). Likewiſe. u l >: on Roda ot) tina 

. 5.4. Conſequently D i: the feaſt 7 * * terms. | 


* 


. 


4. 


It follows that 1C+D+M> Bern, that is A+D is > BC. Ax.4. B. n 


ö * 4 „ * 9 1 


5 * renn n ane * + 
Pew wot, „6 „ + V0 any no, a6 2 $46 - 
Fi 
£,2 
© oſt þ 
| A - * — 4) 
. + np 8 1 3; 
6-4 41 „ . L * N 
| B Ss 7: 8 * 22 
„ | 1 : 
. | [2 
f d _— * * ö | 
5 2 
1 * E 
' d f 8 F 
- S 
4 : f 3 
| a 5 
= / — — A 
2 A 1 
ty * ' 
— —— — —— — — — — ·» ]«˖—ꝗ§ > nr — - — — — — F ˙ :) ̃—ͤöôͤͤ—ð ß½—w!H . ˙ . , ‚⏑ ᷑-T⅛l. ů — 2 
. of 2 & 7 : 55 7 :, 5 I J 5 2 * 7 6 ” 
* 
o 


1 K 5 5 
S II AR rectilincal figures (Pig. 1 4 are thoſe (A B C, a b o), which 
have their ſeveral Angles (A, B, C, and a, b, c) equal, each to each, and the 
ſides (AB, AC, B C, and a b, ac, b c/) * the equal angles, proportio- 
nals (that is AB; AC=ab: J Nah ANN be, ah 

| AC tots | | odd as ts | * 
| Td Figure 1 AB, dA 9 2 are reciprocal (Fig.2.), whan the antecedents 
(Ab, Ab) andthe conſequents (Ad, A B of the * are in my a the 
| figures, (chat is ADA d Ab: ABZ. 

Or the figures DA B, d A b) are reciprocal ; when 4 teuo fide (AD, 
ABand Ad, Ab), in each of thoſe figures, about the ſame angle (A), or equal 
angles, are the extreams or means of the ſame proportion, that is, a fide 
(AD) in the firft figure i is to a fide (Ad) of the' other, as the remaining oof 
(Ab) uf ”__ _ is to whe een a, (A BY v1 1 forft | 


| Straight lins (A B) i is ſaid to Wa cut in mean and extream natia ( Fi ig. 3 } N 
when the whole (A wo) is to the n . 12 C), as the . ſegment, 
is to the leſs (A C). 


olber are always | 


ah "The ELEMENTS 
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Ry 5 2 PIE wh. 3 
Kr . 1 


Fig, a 3 
— 7”... AL EIARD AP a Ie. 
| 2 * 
. EA 
5 3 


prrixirfo ds 
I. 


. bine of any e (A * 0 ( Pig. I 1 is the ee 8D) 1 
fall from the vertex (B) upon the baſe (A O. 


IT follows from this Definition, _ two figures placed upon the As 
firaight tne, date the me altitude, ty are between the ſame pardllely ; 
becauſe from the nature of parallels thy 1 let * from ene to the 


HP; 


Ax Ratio (aB. BC. CD : DE. EF. FG) is compounded of ER? Ia 


(AB: DET BC: EF + CD: FG) when n 
Nu ae of fhole.compounting ee i : 


VI. 
. @ << - 


A. Puralligram (AB) (Fig 2) i is ſaid #o 3 we ne line (CD), 
when it 5 for its baſe ar wy its 825 Ar . e line * D). 


| A. Deficient Sealing (A 0, ( Fig 3 ); is that whole baſe (A B) is leſs 
Ag the 1 888 line (C D) to which it is ſaid to be applied. | 


5 vn. 
Bur the deficiency of a deficient parallelogram (AF), (Fig.1) is a paralle- 


logram (BG) contained by the remainder of the propoſed flraight line (C PD) 


and the other ſide (B F) of the deficient parallelogram. 


/ 


< ft 
EINE 


Bak; 


AA Is 
8 


7 . 4 1 
ae IP en 
of 1 SY 8 


* * a» 


— — 


fa am (A F) is that, whoſe baſe {A B) is greater than 
che propoled ln CDi, to which it is ſaid to he applied. 
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. And the ADEF, DGF are equian | 5 a 
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ECAUSE BC is plle. to D Re 
B. a AB 852 | 15 C „ 
But BD b at Ri. 5 
2. Conſequently, AB: ACS AT: CE. 
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PROPOSITION XII. | PROBLEM 1. 


0, Yes Kin a fourth e (C E) to three given * "ay 


RE 1 i | | Sought. 
The froigh yp 1 N, v. „ The ſtraigbt line C E, 2 ap hu 
NG OL | e to M, N, P; that 
a — e - 4-837 . . 5 e tat M: NP: CE. 
TY | Reſolution. ** 
| Fi the two firaight lines A D, A E, containing any | 
IS DAE. regs” „ | 
3 Make B = M, BD=N,; Ag T. 3 i a6 Poſ 1. S.1. 
3 3. Join B C. wy” 
„„ [ rom the extremity D of Gs ſtraight line AD, deawe DE, 
| | plle to B C. | | | "Eads 2.1 
| Denonbrnarion, | - 
Bless: BC i i plle. E 6 0. 5 he 2 . 
2 | AB:BD=A Pads 8.6. 
at- ! AB = MADE EAC= r (ait 8 1 
2, :. Conſequently, At N = FP C E. . & 11 By. : 
Wich was to be done. 
b ö A 
- J 2 «. 2 5 8 = x 


% 


—— —— — — — — —— 


een 
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"PROPOSITION Xl. PROBLEM VL... 


To gd jonal D) ; between two draht ls . 
(AB, BO). =: 4 555 oe og a . 


The laue  froj t ines / 5 Be raigh t line BD, a mean propor- 
* e LO tional between AB k B. C, that is 
OE The eme 15 me n uch that AB: e e. 
e l, ne e en G „ TA. N * 
1. pl. AB, BCi fig ht line A C. Bf Pos en Bra MAD 
2. Deſcribe upon A'C the — SOAD C. e 2 B. 1. 
3. At the point B, in A C, erect he Lp D-ncaing the | | 
O in D. oe LOA FO Parr... 
| * neee . 


E » 


9 5 1 £'% PF; * 5 * 6 ; 
VFC 
Join AD, & c D. f 975 7 F e 1 N. op YET 2 1 1. 42 » 
* * : f * : : -4% 4 P Y * 


©, 


424-5 Discus ga ion. n MED een 4 


3 the va e © . . 7 9. r 43 
1, It is 2 right angle. | A $i be. 7. 23. 2J 


2 Wherefore, che S4 D Cis licht Angle in D, 58 171 4 be fall J 


8 


from the vertex D of the right angle, on the baſe o 1 
5. e AB . B D 2 BD: BC. ns WT 2. 83 36 _ 
pr f | 2 IF 

345 ond ies nn gg ; 1 Which was to TORY, 1 3 — of 
* "7" 

wt f t The, | 


72 , 1 K ate” 8 coke of a. * 22 


Ex Robs rio . TEXAS Bart II. 


UA a parallelograms (A By B O), which have one of the one one 
equal to one angle of the other (8 BE), have l of F 1 
BD & GB, B E), Per: the equal angles reciprocal'y proportional, (that Is, 


FB: BE=GB: BD). And parallelograms that have one angle of the 


one "eu 1 to one angle of the other (G B E) and the ſides (F B, BD 


| & & B, 2 800 about che equal angles een proportional, are equal. 
potb eſis. | Theſis. 
J. ö AB i= the .BE. PET PS EW > BE = . B D. 


Preparation. 
1. "= WH AB, B C fo, as the Gdes F8,BE 
may be in a n . FE. 8 
Prſ 2. B. 1. 


2. * the p | 
f'D een 
'ECAUSE the VFB D, NE are equal (Hp. 2); * F B. 
B E are in a ſtraight line F E (Prep. 1. . SED 
1. Therefore, G B, BD are ins ſtraight line G D P. B. 1. 
But the pgr. AB being = == to the 2 BC Oo. 1). 


2. The pgr. AB: ger. B E E 421 8: 
But. 3 AE alſo BOSE Ee t- ſame 1 6b. 4 B60 wa +: 


3. Hence pgr. AB: DE FB: BE. .BC pgr. DE=GB:: BD. F. 1. B. 6. 
i Conſequently, F i; E Ane 25715 A 2 24. n 
1 Which was to be demonſtrated. | 
potheſis. | Thefis. ö 
LFB: BE=GB: B 3 The pgr. AB is = to the ggr BC. 


1. Y FBDi = SBE. | 
| a» 


Il et 


T may. | be . as efore, that GB, BD are in the line o. 
But the pgrs. AB, DE „ DE, have the fame altitude (D. 4 B.6). 


Which us to be een 


2. Hence, p 5 Al AB! p B BE, & ei- BD. i. 8.6. 
A ag 

3. Wherefore, the pgr. AB = pgr. B C F. ii. B. 
4 9 the pgr. As to BC. Per P. . * 


N 
* 
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PROPOSITION XV. THEOREM Xx 


$),QUAL. trizngles (A C By E C D) which hav of the ang 0 
equal to one angle of the other ( n): have their ſides AC B, & EC, C 
about the equal angles, reciprocally propo rtignal ; & the triangles (ACB, E 

which have one angle in the on&(m 5 { to one angle in the other (u), and 


their ſides (MC, CB, & EC, _ out he aqua _ rogippocally pro- 
3 are equal to one another. 


| CASE L 
a Hy theſis. Rn fg Theſis. 
J. The A A Bi: = nv AEC D. | | The des AC, CBYBC,CD, 


. A A e en 


bo 


l $ e | | bo. 
1. Place the AX CB, ECD ſo *s the: fidey ITY 
may be in the ſame r 


2. Draw * 2 fe. B. 1. 
e eee, 
„ B fee he et les AC, oo 
are in the ſame ſtraight line AD | 
1. Thelines EC, C B: are alſo in a 05 7 | | Fs B.r. 
But . = to the A D (27 1). 
2. The AACB; ACBD APD: 5. FP. 7. B. g. 
| n ee Led have aeg alitude 
„ Ger 2. Ar, 8 Rem. B. 6). | 
herefore the "NAG : ACBD = AC: CD. Ss B6. 
tbe AECD: ACBDS=EC-CH = a 
4 S AC: CD 2 TE: CB (Arg-259Þ.11 Br). 
e 5x 66 hy Gymonſirared. 
. | 


. | | | i — — — — 14 tas — — — | b 
3 FCC 
| r „ RT OG 
*7-ACTCD re: CB. The AACB,#=i the A ECÞ. 
; . e e Hanel %%% ͤ 8 
* I. Place dhe two Ach. E CD'Þ that the des A C,. 
| = may be in the ſame ſtraight he, AD. ie 
"ps | 2. Draw the ſtraight line 5b. > 3 
1 $I. ö $ | ; 5 | | 7” 
=: - 333 DevionsrRATION. „„ 5 
| 5 ere as in the firſt Cale, that EC; CB are in 
5 the ſame ſtraight line EB. | 
5 And _— the AACB, CB D, als the A 18 * C B D have $1 
| the ſame altitude Gee. a Arp. 1.9 D em. B. 6). 3 
A 4 Uke, AACB: BD ZAC* CD... . as 4 
* 1 ewiſe AE CD: A CB EJ ( 
# But AC: CD EC: nnr). 2 £ 
ft 3. Wherefore AAB C: ACBD = A N PII. 8.5. 


＋ 
I : s + 
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Conſequently, the AABCis=to 
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" 
N 
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. 
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| PROPOSITION XVI. THEOREM "of. 5 
F four ſtraight lines (A B, C D, M, N) be proportionals; the fectangle con- 
tained by the extremes (A B. N) is equal to that of the meats, C B. M). And 
if the m_— contained by the extreames (A B. N) he equal to the rectan- 
| gle contained b te the means * D. . che Haus ſtraight lines (AB, s 5 y 


are proportiona C 
Hypothefis. | EE | Theſis. | 
N. t Rele. A B. N 2 Rele: CD. l 


A 1 0 D = M: 
Preparation. 
1. At the extremities A & C, of AB,CD, ere the L AE,CF. P.11. B.g. 
2. Make AE N, & CFM. F. z. B. i. 
3. Complete the rgles. EB, F D. eee * 663: gs B. r. 
* - DemonsTR ATION. 74 
ECAUSE AB: CD=M: N N (the, : & M=CF & N AE 7 | £ 
1. AB: CD = QF d 
2. Therefore the ſides of the rgles E B, F D about the equal VA Ks 
"Prep. 1. Q Ax. 10. B. 1.) are e reciprocal. is or 2: T | 
Conſequently, the rgle. EB = rgle. FD, or the rgle under AS AE 2, 6. 
= the rgle. under CD. CF. . B. 1. 
Conſequently, AE being = N &CF=M (Prep. ©; 
© "The rgle. oy AB. N. is alſo S to the rgle. under CD. M. 5 42.2 B. 2. 
JE Which was to be demonſtrated. 
Hy _— Theſis. 


3. 


The le. AB. N is = 0 the r CDM . © , AB:CD=M:N. 


DEMONSTRATION. 


3 Px e rgle. AB; N is = to the rgle CD. M (hp): & 


AEN, & F=M (P rep. 2). | 
1 The rgle. under A B. AE ix: to the rgle under C D. CF. 5 a TY | 


But theſe ſides being about the Kay's and 1 YEAB, FCD (Prep. i. men, 1 4 
And r 5 = M, & AE =N (Pr. a). 
AB C. = M %%%. 55 
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PROPOSITION XVII. THEOREM AI. 
Lp three 5 lines (AB, CD, M) be proportionals, the rectangle (AB. 
contained by the extremes is equal to the ſquare of the mean (CD): And if 
the reRahbiſe cofitamed by the extreams (AB. M) be equal to the ſquare of the 
mean (CD), the three OW lines (AB, CD, M) are proportionals. «+ _ 
Hypotheſis. Theſis. 
AB: CB=CeD: NM. * 8 ABM is 2= tothe Ci of CD. 
N 1 
1. At the ettremities B & Def AB, CD eres the BE, DF, P11. By. 
2. Make BE=M&DF =DE. „„ of 43:2. 
3. Complete the rgles. EA, FC. TE | P31. B. „ 
I DamonsrTration. - | 
B ECAUSE AB: CD == M7H5p.), & CDE=DF e 


ney 20 | 
. AB: D Dp: . 1. 2.5. 
"* Therefvre the ſides of the rgles. E A; FC about che ys d3* 
Prep. 1. & 1x. 10. B. 19 are reciprocal. 15 D. 4. 56. 
ehſequently, the rgle. E A is to the rgle. FC, or the rgle. under 
AB. BE= the 1g S 57. 1 141. 
3. „ See B E = M&DF=CD (Pre. 43, the rie. D. 1. 8.5. 
* M is alfo = to Der CD.» 7 7% ACS BS 
theſis. ny Thy 
| The e. B. M Sto the L DV CD. 45 AB: eb 0 


= Damonsrr ATION. 
Becavss the rgle: under ABM e, the 8) of CD (799., 
K that B E is = M& DF = CD (Prep. 20.1 | 
1. Thee izle. under A B. are ase CD. DF. bees 22 
„ r e at; PETTY 7 
„ e AB:£D=DF BE. ' © Ne Aug 8s 
” And e DF =CD&BE==M (94,9)... Ho 
3- S AB: S DOD: M. 1 ei s | 
. | Which was to be demonſtrated. 1 55 
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PROPOSITION XVIII D 02 BM 7, 


F 8 and W e to a 9 1 *Hgure. . 


77 The fir be line A Db. FOR 
II. The e Ane N. ö 4 


AN 18 ungen _ 
8 . Jot Hr. 0 Tot a eee bu {2 286 Poſen. Bu. 
2. At 3 in AD, n VA VE & Vn 
Vn, wherefore the remaining V AB D will be = to P. ag. 32. 


the remaining VE FH. 87 W 


3. At the points: D&BinDB wake W 6 ee * 
#5 Ke ago 32 the 3 * O be xx to the Len. B. I. 


„ remaining / G. 

. 925 Dewonkrsirion, © 
Br cavern int uia tr 9 the BF H, ag 

- ALS DB C _— ular to the AE PG, (Ref 2. DP ER 11. 

4. BD: FH = FE A 


3 Jon vently, BA: 5 E. A5 EH = DO H 
Bat W being Vn (R.2), & You p Keb wt; i 190 
. The whole W π is = to the Whole  m@ + . 1. t £ Pk MR A. 2B. J. 
4 Likewiſe V AB CS VE F G. ; „ 
Moreover, WAVE (Res. al, KVC SVG (Ref. 3 | 24 
4. Wherefore, the rectilineal figure M is equiangular to the et ane N bg 
85 N. & their ſites atfour the equal 5 propattionals N 
ofare,. the fectilingal bgure M de the given an, 


is ſimilar to the n e EG, &1 is * arly fituated. Þ. 5. BG. 
ann Wich ama be done. 


JPON e given firaight-line (A D)-to deftige e D . 


N BPB: H 8 le =CB 944 15 


* bs Res; 0 
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PR 00 PO 8 1 T 10 M XIX. THEO REM xm. 
e ABC, DEF) are to one another in the apf. 
logou: ſides (C B, 7 E or AC, Di F, , ec). * 


v | / . 
8 
' 
* 4 1 — * a 6 
4 . 
— 
' — — 
* 2 -% - 7 4 — 
; . — 3 
* * 
: % 2 3 pe 4 
= — —— — - a — — — 
5 . 


| theſis. + 
| The triangles 0 BC DEF are fimilar, | The ABC ; is * the A DEF in 
So. that I F, & the fodes the duplicate ratia of CB a F E - 
AC, DF Leser B ove t. that 4 FEz. o hd: 
Preparation. ' | ri. 86. 


From 9 2 a third rn to CB, F . & draw AG.. bi. Ba, 


oy”  DeMonsTRATION. Fo PT. 
WEE AC: 82 == DF : FE (Hp. &D. 1. 5.60 
1. Alternando AC: DF = ©: P. 6. B. 5. 
But CB: FES F E: 'CG (Prep). 88 5 
2. Conſequently, A C DEF.= B&;.: CG... =" 5 | 
3. Therefore, the ſides of the A AGC, DEF About che equal ye & 5 | 
(Hp. are reciprocal A | | 
4- Hence the * AAGCis= to the AD E F. . | "Pas. 26 
But the - AB g. AG C having the ſame abends. | 5 
5. The ABE: AAG SES CW. bY P. 1, 86 1 
'$ Conſequently, the AABC: ADEF=CB:CG. 12 * 7. 3 5. 
But ſince CB: FE Sg FE: CG. (Pes. ). 5 
'CB: CG in the duplicate ratio of CB toFE, or as CB: F Ea D. 10.8.5 | 
. Wherefore, the AAB C: AP EF in the duplicate 1 ratio of CBto _ 
FE, or as CBT: F EA if. 25. 
Which was to be demonſtrated. 7 4 


oo f 


Fee it is mani eff, that if three lines (CB. F E, cs) & ets, 


8 Rat is to me third; Jo p is any A upon the firft 40 4 , 


leb e 


A upon the ſecond . . 
N 2 * See Gor 2. * the fu provftin. | 


* 
EE 


PROPOSITION. XX. 70 


IMILAR polygons ( M & N) may 2 by the 
(Ac, AD; FH, Fi) into the ſame number of finllar * (&, Ac. 


ADE, & FGH, FHI, FIK) having the ſame ratio to one another, that the 
polygons (M & N) have; and the polygons: | M & N) have to one another the 
ide: (AB, FG; rs GH * = 


duplicate ratio of that which their 2 


Raye. | 
Mz Hypo — e be ded 
is ſumilay to : "x4 ma dec int | 
+= 2 phy ME. B, C, c. are =to0 oth | ae — mop be GS 3 the 
* VF, G, H, Sc. each to each & the Whereof, When, ect to 42 2 the fam ratio 
 fedes AB, FG; o BC, GH, fe. | D evbich the „eee 
are bowels, III. And the he 85 poly. N is the 41. 
Rk 7-4 | Cate ratio of the hbmol G2. p * AB, 
e | FG; or as AB®: FG. FP, 
a Preparation. 2 
„ Draw AC, F H, likewiſe AD, Fl. 5 | Pra Ba 
5 DEMONSTRATION. | 
EECAUSE VB VG & AB: BC=FG: GH (Foy. © D.r. B.6). 
1. The G A B D is equian lar to the A FG H. P. 6. B:6. 
2. Wherefore thoſe A are Emu, & Vg Va. 4 4 B.6. 


But the whole Vn + is = to the whole Ve ++c (tp). 


3. Conſequently, Vn is to Ve, | 
- Since then by the ſimil, of the AABC&FGH (4; An = 
| O: BC=FH:G | 


- & by the ſimil. of the polyg M&N, BC: CD=GH: Hl” 


4. It follows, Ex ZEquo, that AC: CDS FH: Hl. Naa. BG. 
\ That is, the ſides about the equal VN & f are  proportionals. 
5- Therefore the AACD is ep angular to the AF H 8 P. 6. B& 
And conſequently is fimilar to' it.” P. 4. B. 6. | 


6. For the ſame reaſon, all the other A ADE, FIK, &c. are ſimilar. - | Cor; 5 


+) 7. Therefore, ſimilar polygons may be divided into the ſame number of 
%% Which was to be demonſtrated, 1. 


P See Cor. 2. of this propeſetion. 
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N FGH are ſimilar (Arg. 2). 


BC, 
G The AABC: ACFGHERACG:FH:. 
" Andthe AACD:AFHI =AG;FH*. os 
7. Therefore, the AABC: APGH=AACD:AFHI P. 11. B. g. 
It may be demonſtrated after the fame manner, that 


8. The AADE:AFIK =A ACD: AFHI _ Y 
9. Wiese AABC: AFGHaz AACD: AFHI=z= AADE: AFIK. N11. .f. 


10. Therefore, comparing the ſum of the anteced. to that of the conſeq. 
5 &c. : FCH HI, & c. ABC: AFGH, &c. Pia. 5.5. 


ABC CAA 

That is, the polyg. M :  palyy. N = ABC AFGHR RM 

ACD: K 16s. 7. 
. Which was 40 ” demonſtrated. 85. | 

| Svc then the GA BC. AF GHS ABA; F an Fag-4 0. x "he | 


i oy hang: F Ga. 


Which was to be demonſtrated. 111. 


, CORQLLARTY I. 


As, $ this Demonſtration may be applied ta verehrt figures, to FR ame 3 
Bas already been. proved in triangl 7 P. 19), it is evident purer ally, ſar ſimilar 
15 rectilineal = fy are to one another in the duplicate ratio of their homologous 

fides. Wherefore, if to A B, F G tao of the homolog gout 2 a 5 ortional Xx 
be tnken; 3 becauſe AB is to X in the duplicate ratio o We Hot a reaih- 
neal fr M is to another fimilar rectilineal figure in 75 4 ratio if the 


fame des AB: FG; it fulloaws, that if three ae t lines be E rtionals, as 
the firſt is to the third, ſo is any rectilineal figure deſcribed upon the firſt to a ſimi- 
lar & aer n. reQUineal figure upon the ſecond. (24 11. B. 5). 1 


*COROLLART. 1. e 


\ L L. a res » being ſeniilar fi ures (D. 30. B. 1. kV D. 1. B. * atlas rediili- 
11 N, are to 2 another as the ſquares of their bomalagous fides 


* 8. M & 
| D A T * 24 
| f theſe ry we ** B* : C D fo — are in e a 
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1 1 =” — _ - - * bs * 4 — 
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PR POSITION XXI. TA EO REAN 1. 
METiLinans We (A, O which are ſitralar wo the bade 


— 


ES figure (G), are allo fiilar to one another. 


Hypothefi . 


Fe reilineal figures A C . Th MVR; re A Aamlar 
are G to the * B. ZE 10 the ae ; 


figure 2 
DEMONSTR ATION. 


Me AUSE each of the figufes ARC is ſiilar is ee 
(tp | 
. Each 1 thoſe f res will be alſo riese to e e 85 4 
will have the ſides about the equal V, proportional to the ee f 
the figure B. D. 1. B. 6. 
2. 8 thoſe figures A & C will be alſo equiangular to one Ax. 1. B. 1. 
another, and their ſides about the equal W, will be proportional. P. 11. B. 5. 


4 3 ae] the * A & & are firhilar. D. 1. B. ö. 


Which was 10 be demonſtrated. 
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PROPOSITION : XXII. THEOREM. **. 


F four firai ight lines (AB, C D, E F, G E) be proportionals, the fimifar 
rectilineal — & ſimilarly deſcribed upon them (M, N, & P, Q) ſhall 
alſo be proportionals. And if the ſimilar rectilineal figures (M, N, &P,Q) 


. fimilarly deſcribed * four * lines be proportionale, thoſe ſtraight lines 


ſhall be ö 
Fl” theſis. ST IG | Th. + - 
L. AB: 0 =EP: GH. 1 Nr 
II. The fa ures M & N deſeribed upon AB; D. | te EX 
227 2 P Qudeſcribed upon EF 1 AL 
lar, & i feel, | | | 
„ Preparation. 35 3585 8 
To the lines A B, C D take a III roportional Z. -.  - To... we 
Jo the lines E F, GH take a III ab A Yr Ke... 6 * 
5 | DzmonsTRATION. 
| Rae. AB: CD SEF; . 0 
: CD: 2 =&H7&% (HopaProg8Par Bo). ; 
AB: Z EF: X. P.22. B. 5. 
But the figures M, N, & P.Q be bein ng ſimilar & ſimilarly deſcribed _ „„ 
the ſtraight lines AB, CD, & E F, G R Come. | 
2. AB: Z 2c A 1 JI 20. Bs. 
1 T2 Du GE Ee, Gor. 1 I 


} =P:Q., | 
It 7. boſe figures are fi 2 e de 1 6% 
Aon the frraight lines;AB, ww & E „GH. 


* «Preparation.” 


1. To AB, CD, EF take a IVth proportional . P.12. Bs. f 


8 Upon K L. deſetibs the rectil. figure R, ſimilar to tage 
fe FERN rere Wr Por Q Kſimilarly tuated. „„ Boks Bo 
R , is * he pp 's 
Is | | DeonsTRATION. * me 


Leider AB: CDS EE: KL (Prep. 1), & upon ale . 
ſtraight liges have been ſimilarly deſeribed the figures M. N, & P, R, . 


ſimilar each to each ( Hyp. 2. & Prep. 2). 
1. MN =P : R (If. part of this propeftion.) en 
But 11 Q (yp. . , | 
2. Conſequently, P: R =P:Q | P. 11. B. 5. 
3. Mherefore. R= P. g. B. 5. 
Moreover, thoſe figures being ſi milar * cmilarly, deſcribed upon the 
ftraight lines G H, KL (Prep. 2). EY OF 28 
55 | R =Q of GH: DO of KL. | | Cor. 2. 
And Q ng — K (Arg. 30. | | :- © a0: B.s. 
4. The DU of GHis' S to the ◻ of KI. | Cor. 
9 Conſequently, GH =KL. '* „ | tor ng 
| Since then AB: CD EE 1 8 „ e = , 


* Which was to be demonſtrated. 
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PROPOSITION XXIII. THEOREM XVIL. 


E. QUIANGULAR parallelograms (M & N) have to one another the 
ratio which is compounded. of the ratine of their ſides (AG, CD & 5 009) 


about the equal angles. 5 
| Hypotheſis. = Theſis - -- 
The pprs. Merger | . r N de cb. re o 
þ that VA EDR ECG. „„ TS 5 
| Preparation. 


1. Place AC & CG in the fame ſtraight line A G 3 
therefore EC & CD are alſo in a ſtraight. line E D. P. 14. B. 5 
2. Complete the pgr. P. Poſ.r. B. i. 
Droxs RA TTOx. 


Be, CAUSE he pers. M; M, P, P, N Ln 1 36 of three magnitudes 


1 And alternando M: N Sp N.P. ; Pas B.. 
I; Conſequently the ratio of the firſt M to the laſt N. is compounded 1 | 
the zatios M: P&P: N. | 5. B.6- 
_—_— AC:COC=M:P - | P BG. 
| DC:CE = P : N. | Je. 1 
| 4. The ratio of the ſides AC: CG is. the ſame as that of the pars 
NM: P; & the ratio of the fi des DC: CE, the ſame as that of the 


pgrs. p: N. 
Since then the ratio of M : N is compounded of the ratios M : P, 


& P: N (Arg. 1 9. 
5. This fame ratio is com ounded of their equals ; the ratios 
AC:CG&CD:EC,o S dons VAC, ECG. 


6. Conſequently, M : ” a= AC CD: EC.C 
Which was to be demondirated, 


Cor. The ſame truth is tt t6 the triangles (A C D, EC G) having an angle 
(ACD) equal to an a ngle (E CG): fer the diagonals (A D, EG) divide the 6.4 


into two equal parts 0 34. B. 1 9. 


0. 5. B. C. 


* as * 7 * 1 
"hy * o@ 1 
. 7 a —_— . 4 
x » 8 * „ 
* 7 . 
- . * 
„ * ” Ph, v . . 
* 5 4 _ 0 * , 
r e ] . Oo PA 1 2 
F 6 * * - 5 : a q 
x — yp . K | > : \ 
> . ©. + 29 3 — N 
I A CORE RAR : ” 
- 4 wa. . 33 ».& 
* * * C * 3 


Pee , These ys 
7. IL FH,IG are eg bout the fn milar to the e for. 1505 p 
diagonal AC. II. And fimilar to one another. - 
DeMANnsTRATION, . 
. Bzcaust Pk. is pile. to BC (Hyp.1.& 2.& P: 30, B. 1). | ; 
5 3- The AAFE is equiang. to the AABC in the order of the letters 
8 5 In like manner, becauſe HE is plle. to DC. [ent 
2. The AAHE is equiang. to the ADC, in the order of the letters. 
5 3. Therefore the pgr. AF EH is alſo equiznguigg. to the pgr. ABCD, : in | 
. © the order of the letters. * . 
ö And becauſe in the AAHE, ADC, they AHE & Dare equal (arg 2), | 
| as alſo in the A AFE, ABC, the  AFE & B (An . 1): 3 TY 
= 4 AH: HE = AD: DC & AF: EF x AB: CB. 2 4 BG. 
; Moreover, becauſe the VAEH, ACD; alſo FEA,BCA are eg (4p. 1 7 a 
5 5. HE: AE DC: AC& AE EF=3AC : CB. 4 8.6 
. 5... Therefore, ex zquo, HE : EF DC: CB. „ 7 as. B.5. 
Ak | And becauſe the V E A H, E EF A are common ro the two 
AAHE,ADC&AFE, ABC. FWS 
3 HA: EA DA: CA& EA. AF CA: AB. 4. 3.6 4 
8. Therefore, ex æquo, HA: AF = DA AB. . Faa. B. 5. 4 
9. Wherefore the grs. AF EH, ABCD have * les equal, each to 30 
_ in 5 order of bee, letters (Arg. 3); e des 8 | about the | 1 
3 angles, proportionals (Ar, 8 ' ä 5 
Ee Equal angles, propo Gm FA 1 | D. 1. 5.6. 5 
_ tilt ogy han thy pg BIO Gs. 35 
AB CP are ſimilgr. % F 30 
Which was to be demonſtrated. . 1 _ 
12 12: Conſequently, the Pro: AFEH, EICG are alſo ſimilar to one another. P.21. Ba. _:. 
Which was to be demonſtrated. 22 ä 
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n 7 5 i. 5 IG 
Sue? 3 7 — 2 DIES 


4 4 * be Y > 

Ws 4 on cog 

4 : 
Wee Je 2 5 * 9 4 F 

7 «= FP 7 * gt 

ft 3; 1 * 

2 5 

Is SI "Be: 


1 4 
%s 
PIs. oy” 


. — anna renate———_ CE — ——— 
* 47 2 * * 


8 F 


0 deſcribe a reAilineal * 00, which hal be fi Wir to a given ref 
neal figure (L), and Fw" to another (M). edn Ca 
en, 33 Fe " Sought, * Bp -H 

The * redilineal * L. WW he rectil gure milar to the redil. 


The reclilgpeal figure M. figure L, = to The redil. figure M. 


Reſolution- 


1. Upon the Kraight line AC, deſcribe the pgr. AH = . 
ven rectilineal figure L. ce 


\nd on the ſtraight line CH a pgr. CK ↄ to the given recti- 


3. Conſequently, the ſidgs AC, Cl,& GH, H K will be in P.14. 29. 


+ 
* 
* * 
— 


* . — 2 ſtraiglit line. ü | 31 
4᷑§᷑ Between A C, & CI find a mean proportional DF. „ HI. 6. 
_ 1 2 5. Upon this ſtraight. line D F, deſcribe the rectil. figure NC 


is wy q ſimilarly & ur to the rectilineal figure 15 85 P. 18. B. . 


- DemonsTRATION, = 

5 — * ECAUSE the pgrs. AH, CK have the fame altitude (Ref z. % 5 
. pgr. AH : pgr. CK AC CI. 7. 1. 56 
F | © But the pęr. AH= rei. 5 & the per c geil. M (Ref-. 992) 


1 : ; 2. ( onſequently N. M = — —= AC: ” P. 11. B. 5. 
da AC: DF = DF : CT 6), & upon the ; 


_ ſtraight lines AC, P 78 been ae de ſeribed the ſimilar 


. 3 3. Conſequently, L.: N 2 A | 34 - Cc . WE be | CP. 20. B. 6. 
BY GCHas  L: N=L Many). tor. 
EE 5 a 25 5. Where re, To 2 M n OR | | P. 11. B. go 


5. Therefore, "there has been deſcribed a reQilineal 89 5 N, emiler 
HP dsc the rectilineal TEE L (Ref: 5 ), & equal to the reQtlinesl figure 


Ty „ 1 Which was to be done. 


'Pag B. 5. 


lineal figure M, having an n == to the Vn eee B. I; 
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PRO POSITION XXVII. 


| Ir two ſimilar parallelograms A C, FE). ye. 2.cOMmme 
| 5 and be ſimilarly ſituated, they are about be fame; diagonal 


„ Hypotheſis. > © 5 08 
J. AC is a;pgr B D 7s dia 
H. FG is a por ee to AC 855 . 
an VF BG common vn AC. 


5 3 Dancer, 


p „ "Wa let hes line BHD 
e „ | gonal of the 5g: A C 


„„ n 


5 the point H draw H1 ple. to'C 


"x 
at 
* 


8 HE. pgrs. AC, I G being about the. 41 zonal: 12 ſꝛn !! 
5 VF BG ing common to t 2 0 p e Moi kd "I 

1 : 1. The pgr. A ch is ſimilar to- ** 
| 2. Con equently, i CE 
| But the pgrs. AC & FG bein ing 

- two PETS: ( Hp. 2} TAS 

3. It follows, — CBE 
4. Conſequently, 8B BI 
-\ Therefore, + +5 BI | wo. 
6. Which is impoſſible. „5 Os 4 

7. Hence, a line B H D, different from the! line © 
diagonal of the Ps gr. AC. 3 9 
: 8. Conſequently, the line BED i is the 4 p 
: is placed about it. SITS. 4-12 
55 6ʒ»»ᷣ̃ñ wet | Which was  to/be"demonſrated, 
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. 4 Y , . 1 75 
1 0 7 * f 72 
: { | VS & * 1 
* * F * > | 1 % 
x ; * 
” 19 1 
* J 2 8 . | $$. 7 0 | 3 
; 4M : * "<8 A 
: 5 $ | BY 3 
* — : 
5. : * ö 3 4 
ut Y 362 } £ F 
. Fe * 
R : 4 
; 2 ; - 3 80 
RY” 1 * , 
3 . 2 * 3 echt F 
3 EE | 
1 8 k * 1 
* . 11 
; 1 5 5 0 . 
N * . — — . ⁰ ˙;A ⁵ͤ? ẽ K ⁵˙Üuä;ͥn!ü!?ß;ß . BE One —_— 
5 7 s a - F - 2 i "2 75 
Rn * 
ol % 
r > 2 
2 * * 1 5 ? » RP 1 
A £2 3 5 1 - y # A N 4 7 1 : 
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„ as 22 to the ſame ſtraight line (A B), ang 
1 cient by a — 15 milar and ſimilarly ſituated to that (F D) 
8 hien A deſcribed upon the half (T_B)- -of the line (A B); that (AE) which is 

5 1 15 che other” r | F), and 80 imilat 10 its defect (ED), is | 


* * = 

: OE 1 5 

% : LF * a % 4 

UD 4 * * o 0 
5 . of 94 = By 
+ Co TO 2 1 ; 
2 , > 8 825 * 
Re "s * * : 
£* 1 4 3 * 7 wy * N Fl 
— 1 + 3 > 
- » 


. FD, of AE, deſcribed 
MY b feribe 


t Draxith&dlagonal BE, „ | 
4+ ine any ont . n draw IH, MN plle. to 
| P.3 1. B. 1. 


lied to A B, deficient by 
5 & fimilarly fi tuated, | 4 26. B. 6. 


ECAUSE the pgr. GD 
ding the 3 t. N 3 | 1 
te The pgr wi * = to the per. EL” | | Ax. 2. B. 1. 

e the e ele. FI. (F. 36. B. 1). 

7. r. ND = 0 the per AK. | ; 5 Ax. 1. B. i. | | 
1 And adding to both fides the pgr. F * Ee: | - = | 
. The gnomon abc i S to the p G. Ax. 2. B. 1. 

5 4- 22 the whole pgr. FL 2 its equal the pgr. AE (Hyp-2), 


11 | Which was to be demonſtrated. 1 
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ot EUCLID. 
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5 . S : F 4 G 7 K S * a 4 
i . H. eu DT e / 
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CASE H When the point N falls in the half AF. 
roo 43: B. 1), if the common 


de added to both ſides. 
nes 


gr. ND will b#== to the pgr f 
But becauſe the pgr. Ae th pgr. FI (F. 36. B. 1). 


2. The pgr. N D will be == to the pgr. A 
Therefore the common pgr. F M being taken away from both ſides. 


The remaining pgr. F Dis = to _ on a Ic. 
But the pgr. Pi =to the pg AE 
Wherefare the pgr. A Eis=to _—_ gnomen a be. | 
. Conſequently the pgr. A E is > the pgr. AG. 2 

| | | W was to be demonſtrated. 
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4. Deſcribe a pgt᷑. X Mila to t 
(Reſ. 2), & 2 * ſituate 


And becauſe X is ſimil. to ED & < ED; (E 


e — 


— 
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PROPOSITIO e «+ PROBLEM VIII. 


| O a given ſtraight line (A B) to apply a parallelogram (A G) e al te 2 
; m rectilineal figure (V), and Oo on 1 (M1, _ to 
2 given parallelogram (IT) 3 but the given reQilineat figure (V) muſt not be 
greater than the parallelogram (A F) applied to half of the "= line, ms 
its defect (ED) ſimilar to the Siven parallelogram 6 


Given. | eie 


4 The firaight line AB, & the 7 Tye conſtruction of a ppr. AG, . 
Il. The rectilineal feureV, not > þ i to AB, ptr of * to V, & de- 
 _ to T, applied to AE, Half 


of AB. . ficient by* 47. . to T. 2 
Reſolution. © | DS 


1. Divide AB into two equal parts in E. "fy B. | 
2 Upon E B deſcribe a pg. E D, ſimilar to the pgr. T, & „ 


ſimilarly ſituateeet. P. 18. B. 6. 


3. een o Pai. 3.1. 


ee 


. will be either g or N V; ſince It cannot 
by the determination, 


CASE l. E 5 5 


There has been kD to AB, a pgr. AF = to the reQilinea V, & 
deficient by a pgr. 


CASE II. E AF be SV, & cgnſequently ED > V, 


D ſimilar * e pgr. T 


AF being = EI -- P.36. B.. 
per. T (or to the pgr. ED). | : 

„& equal to the exceſs of 
E D, or its eqyal AF, above V (i. e. make X = ED—V), 
& letR 8. FD& RP, F E be the homolo ous ſides. Pas. B. 1. 

5 being =V-+ X). 
The ſides R S, R P ate < their homolog: ous ſides 5 „„ . 
. Make then FN RS, & FK =Rt R 3. 1. 8 


6. And 185 os the pet. A .3 i. B. i. 


| Dovconern ATION. 
7 HE pgr K N. bei 8 & limilar to the pgr. X ( Reſ.4, 5. S9, 
Which is Fo ſelf finila jig the pgr. RD (Ref 4). WE: 
1. The pgr N is ſimilar to BED .  P.23. Bad- 
4 Whet Fore thoſe- 115 8855 K D, are about the ſame diagonal. P.26. B. 6. 
Draw this diagona B, & complete the deſcription of the figure. : 1% 
Bince then I per. M has, is alſo about the ſame diagonal FB. | 
3. It is fimilar 10 t E D. Hs 1 B.6. 
4-- Conſequently fimilar to the pgr. T (Ref 2). P.21. 3.6 
But the pgr. BG being ==. to the pgr. E G 1 43: B. PE if the 7 
common pgr. MI be added on both ſides. 


5. The pgr * og of do the pgr. EI. | Ar. a 21 
But t being alſo = to the pgr. EI (P. 36. B, w_ 
6. The pgr. yn, yen AK. - | 41. Br. 
And adding to both ſides the common pgr. EG. od 
7. The gnomon à 6 c will be = to the pf 8 „ l Br. | 
Baut the pgr. E being = to the figures V & X taken together 


(Ref. 4), or to V& K E & 6), KN 
de taken away from both ſides. | 
. The barn. nomon ab c =V. | | Ax. 3. B. i. 
9. Conſequently; e A G is to V (Arg. 7). | 5 
But pgr. A boy r defect pgr. MI, fimilar to pgr. T (rg. 4). 
10. Therefore, there has been applied to A B a pgr. A =V, deficient 
dy a Pgr. M 1, ſimilar to the Þgr- T. D. 8. B 6. 
| ea Which was to be done. | 
| N E IRE 6 

EVER 4 L 2 of New Elementꝭ of Euclid have left out this propoſition 


Uthe following, as 3 ; becauſe they avere ignorant of their uſe. They are not- 
ies yer ng I atehs neceſſary for the analyſis of the ancients, correſponding -- 


the 2 reſolution of equations of the ſecond degree. 
This XXV, 7755 propeſttion a na to the caſe, where the laſt term of the equa- 


tion is poſitive. _ 
For reducing the given ſpace V to an | equiangular tgr-T ; let Vn]; the ratio 


of the fides QP, PR of the pgr. X (T), m: n; AB=a, AM=x& MB 
=4— "4 3 fince the defect MI, ſhould be ſimilar to the 77. T ar to 
the 
1 r PR=BM : 1 Gm 
mi n= a - — = (a—s)- 
mn 
| And becauſe FR fer. GA (MA. MG); ould be equal to the ven ſpace v 
(SI), there . the following equation P. 23. B. 6). g / | 
| 7 (6d). x = V or n I. 


Which is reduced to 2 A ax + VS.. 
_ Or ſubſtituting for V its value, & multiplying by m 2 by n. 


ax—ax-+ml=o. 
Gs: 


—— 


To 239ro5miON XXIX. PROBLEM. IX. 


a given ſtraight line (A B), to apply a parallelogram (A G), equal to 
a given reQilineal _ ks exceeding by a parallelogram (M1), ſimilar to 
another given (T). 


Given. Soug . 
I. The ftraight line AB, & 15 Pr. T: The conflrufion of a þ A G, applied ts 
II. The rectilineal figure J. A, 106 ein Mfr pure V, & 
| having for exceſs a pgr. Ml, fimilar to N 
Reſolution. 


1. Divide AB into two equal parts in E. | P.1o., B. 1. 
2. Upon E B, deſcribe a per. D, ſimilar to the pgr. T. & | 


1.6 milarly ſituated. 3 
E D, Gmilar & fimi- f F. 18. B. i. 


3. Deſcribe a pgr. X (or PS =V 
_ larly ſituated to the pgr.M'; & con equently fimilar to the 
pgr. ED (Reſ.2.P.21 B6); & let the hides RS, FD; RP, FE 5 
be homologous. 
4. Since X, (as =V+E D), is > E D; the fide R Sis > FD, 
E the fideRP FE; wherefore having produced FD 
8 FE, make FN =RS&FK=RP; © complete the 
per FK G N. which will be equal & fimilar to the per. X. Pzi. B. 7 


dy 2: | EMONSTRATION, Wy 

T HE bfr. KN being ere e the pp X, which | 
itſelf ſimilar to the pgr. E D (Ref. 95. ä I | 
1. The pgr. K N is Poll 4 to = 

v4 Wherefore thoſe . le 
Draw this diagonal F BG, 


N. i P. 21. B 6. 
D are TER the fame diagonal. P.26. B. 6. 
& complete the deſcription of the 18 

Since X is = to V ED; & X=pgr. KN (Reſ. 3. & 4). 


„The ber. KN = + ED. Ax. 1. B. 1. 
Therefore taking away from both fides the common pgr. ED. 
4. The remaini omon ab c is = to the recdilineal figure V. Asx.z. B. 1. 
” But becauſe A =EB (Ref = | 
gr. AK = the pgr. | 3 6 Bells. - * 
& Go Cone d, this pgr. r is = = to the per. NB. . P.43. B. 1. 
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| ; | Therefore adding to both ſides the « common _ MK. 


7. There will reſult the pgr. A G == to the gnomon a bc. As. a. B. . | 
But thé a hc is = to the reftilineal figure V (Arg. 


8. Conſequently, the pgr. A G is == to the rectilineal figure \ Ax. i. B. 1. 
Since then this pgr. A G has for exceſs the pgr. MI, * to the 1 
. E D (. 1 4 B. 6.) ; & menu ar to the pgr. T 
; of. 2. P. 3t B. 6). 
, There has been applied to A B, a pgr. AG = to the reQlineal 
=» V. l for ene a per. M * ſimilar to the pgr. T. 


r 


1 


REMARK WE 1 8 


I as in the eforeging caſe AB be made = a, the given /qnave v 3 bs 2 
gr. equiangular to the pgr. T) AI; the ratio of the ire PR of the pgr. 
(which is the ſame as "that of the Ades of the pgr. T).m:n; & AMæ x, con- 

ſequently, MB = 4. there will reſult an equation of the ſame hind. 
For fince the defect MI ſhould be ſimilar to the oh 43 or X, vo wid] have as 
before the auen proportion. -- | | 
(LP: PREMB ; MG (D.1. B.6). 


m : n S - 42: 26 0. 
db the or. AG (= AM. MG 1% be coudh to'thd ee fad 
(= = n t), = e, ts the following equation, | Jo 9 a Sven f Any 
— (x —@) x=V (P. 23. B. 6). | 


925 


avbich is reduced to = * — 22 x * V = 6. 
And ſubſtituting for * its als nl, then multiplying by n & Sold by n. 


xx — ax — ml = g. : N 
Frem whence it appears that the KXIXth Prop, MING to the Caſe, in which 
the laſt term of the ane, is negative. TN Fog 


2. 


12 PROPOSITION XXX. PROBLEM X. 
| C 


ut a given ſtraight line (A B) in extreme and mean cats (in E). { 


exceſs A'D is ſimilar to BC, which will conſe- 
quently be a ſquare. 


DEMONSTRATION. 


2. Apply to the ſide'C A, a hr. CD= to the ſquare B C, 2 3.6. 


Brcaysr BC Se 2) ; by taking away the common 


. Which was to be done, 


_ Given. 
Th ht line A B. 3 8 The point ein, uch that 
| 2 [7 "EN ge BA: "A = =A E: B 5 
4; | Reſolution. | 
1. Upon the ſtraight line A B deſcribe a ſquare B CQ. P46. B. b 


10 


3 PL by 5 
1. The remainder BF AD. | Ax.3. B. i. 
But B F is alſo equiangular with A D /P. . £ 
Therefore their ſides FE, EB, ED, AE + re the 1 angles, 
are reciprocally proportional, that is FE: ED =AE P.14. B. 6. 
But F 7 CP. 34. B. 1), or to BA, & EDS A. Den. 
3. Wherefore, "It = AE: EB. ; . Pil. B. 5. 
But becauſe BALSAE (4x.8. B.1). "nn hp. 
4. The ſtraight line AE is > E B. P.14- Bs. 
"Yo Conſequently; the * line AB ĩs cut in extreme & mean ratio in E. 
| Which was to be done. 
| Otherwiſe. | 
Did ü I E. ſo that the rect. A B. B E be S to the Gef AB. Par, 52. 
DxMOSTRATIo Tw. 
ECAUSE BA. BE is e 9 
3 BA: AE S e 195 
And becauſe B A is N AE (an 8b. 0) „„ 
2. The ſtraight line AE is > BE. P.14. "BY 
3. cn. the ſtraight line AB is cut in extreme & mean ratio in E. D. 3. B. 6. | 
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PROPOSITION XXI. THEOREM Xt. 


| N every right a led triangle (AB C), the reQilineal figure (E) deceribid | 
upon the hypothenuſe (A C) is equal to the ſum of the fimilar and ſimilarly 
_ deſcribed figures by, & Hz), —_ "the ſides * B, BC) containing the right 


angle. 1 
Hy doe N | "MW Wes Theſis. . 
I, ABChar le. A in B. | * „ ee 
II. The 4. 2 4. eſcribed upon the Bypoth. AC of this . 1 1 
III. An gures 48 H are fimilar to E, & fmilarly 


elf upon * two other fides A B, B C. 


DEMONSTRATION, 


B ECAUSE the figures E, G, Hare fimilar, & Wine deſeribed 


upon che homologous fi ßes A C, AB, BC (Hyp. p. 3). 
1. G: E U of AB: Hof A C.) P20 6. 
Aa H: ES [of RC: EFGFACS. 2 Cor. 2 


- Conſequently, G+H:E=Q of AB+Dof BC: DofAC. P24 Bs. 
But becauſe the A ABC is rgle. in B (Hyp. 1). 
"* nne LOTS. „„ 
4. Thejebne, the figure E is 2 : to the figures G + H. P.16. Bg, 


Which was to be  demonſtared. 
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PROPOSITION XXXII. THEOREM I 


I, two triangles (A B C, CD E), which We two ſides (A B, B C) of the 
one, proportional to two ſides: CD, DE) of the other, be joined at one angle 


- —— ————————_—_ 


(C), ſo as to have their homologous ſides (AB, CD, BC, D E) parallel to 


one another, the remaining ſides (AC, CE) ſhall be i in a ſtraight line. 
Hy potheſis. | ;-- Then <7; 
J. AB: Geb DE. 1 | The remaining fdes AC, CE of the 
I. The AAB C, CD E, are joined in C. are in a eee line A . 
III. So that AB is plle. to CD, BCA. 


to DE. 
DzMONSTRATION. 
Brcaum gene AB, CD are cut by the ſtraight line BC, 
& the plles. B C the ſtrai ht line DC (Hyp. 27 1 
1. The V B is = ho Bs GD * VB is S to 2 P29 24. 
2 Conſequently, V B is =to VD. A. 1. 1. 


And beſides AB: b COD DE (Hp. 10. 


3. The ABC, CDE are equiangular. 91 A. x6; Hs P. 6. B. 6. 


4. Therefore, VA is S to Y DCE, being oppoſite to we 
homologous ſides BC, DE. 
Adding then to both ſides VB, or its = =: vB C D (Arg. i ), together 
with 1 Re common BC A. 
5. The VAT BT BCA will be = to the y DCE-+BCD-+BCA. Ax. z. B. 1. 
But the WAT BA＋ BCA are S to 2 L. (P. za. B. 1). 
6. Conſequently the Y DCE + BCD +BCA . Ax. 1. B. 1. 
7. Wherefore the —— Loop AC, C E are in the ſame ſtraight line 
F, ; P.14. Br. 
| = | | | Which was to be demonſtrated. | 
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PROPOSITION XXXUE - THEOREM Xl. 
= equal circles (AI B C, EK F G), angles, wether at the centres or cir- 


cumferences (AM C, EN G or AI C, E K G), as allo the ſectors 


(AMC n, EN G n) have the ſame ratio wich the e Ane * 


on which they Fang have to one another. 


otheſis. Theſis... 


I. The @AIBCERFC ar:==10 ener anather. Vue? VENG = AnC : EnG. 


II. The Vat the centers AMC, ENG & the II. YA ITC: YEKG =AmC : EG. 
Vat the OAIC, EKG fland upon the III. Sed. nen "_ SARS EnG. Ez 
' archer A @G ER G. e P7572 
— Preparation, - W e 1112 
; x. jo ths Sort C, EG. 3 Boa. 5. . 
2. In the OA IB C, Grave che chocs CD, DB xc; each 
S to AC & in the OE K FEG a pareil n cd 
"GH, HF &c, each S to E G. 4 P. 470 
3. nme MB &, alſo N H, NF &, . We, B.1. 
- DeMonNSTRATION, 
ECAUSE on oe fide the cons AC, CD; DB, & on the other 
the cords E G, GH, H F are = to one another (Prep. 2). 
The arches Am C, Co D, D are all equal on the one fide, as the 


arches En G, G H, H F are on the other. 5 28. B. 3. 
2. Conſequently, the v AMC, CM, DMB &c, & EN G. G N H, foot 
HN F &c, are alſo == to one another, on one fide & the other. © + 


3. Wherefore, the V AMB & the arch A C DB. are equimult. of the 
AMC & of the arch A C. 
4. Likewiſe, VEN F & the arch EGHF are equimult. of Y E N. G, 
& of the arch En G. 
But becauſe the & AIBC, E K F G ate equal (Hyp. 10. 
According as thé arch A C D'B is >, ='or * the arch EGHF; 
Y AMBisalſo>, =or < ENF. ' P.29. 
5- Wherefore, V AMC: VENG= An: EnG: D. 
Which was to be Sita I. 
Moreover, v AMC being double of v AIC, & V E N G double 
of VE K G (P. 20. B. 3). 1 
6. It follows that V AMC: VENG=yaAIC: VE RKG. ir 
2 Wengert VA IC: VEKG = AmC: ESG. P. 11. B. 5. 
Which was to be demonſtrated, 11. EE. 
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PREP 4. Ta thearches A C, C h. dle the points If 6 & join 3 * 
An, Cn; Co, Do &c. | n 
Since then the two ſides AM, MC are = to the two flex CM, MD 
D. 15. B. 1), & the Y AMC, CMD are equal (Arg. 2 


8. The baſe AC is == to the baſe CD, & the Ale 280 the " ACMD: 4 B. T. 


Moreover, becauſe the arch A m C is = to the arch CoD (Arp. 10. 
9. The complement AIBD E. of the firſt Is = to the complement 


CAIBD of the ſecond; | | N 15 ; = Br. 
10. Wherefore VA en =t6 V. D. del. B.3. 
11. Therefore the ſegment Am C is ſimilar 10 5 the ache c oD. . 2. * 


Beſides they are ſubtended b equal cords { Arg. 8). 


12. Conſequently, the ſegment Am C is = to the — . B. + 


But ſince the AAM is alſo = to the ACMD (Arg. 8). 5 
13. The ſeQtor A M C inis = to the ſector C MD 0. Ax. 2. B. 1. 
Likewiſe, the ſector D M B is . to each os the two foregoing | 
AMCm CMDeo. 
14. Therefore the ſectors AM e, CM D, D M B are = to one  aothes. 


15. It is demonſtrated after the ſame manner, that the ſeQors ENG,. if 


GNH, HNPF are = to one another. 


16. Wherefore, the ſet. AMB DC, & the arch A C D B are equimult. of 


the ſet. AMC, & of the arch An C, the ſea. ENFHG, & the 
arch E G HF areequimult. of the ſect. E N G n, & of the arch E n G. 
But becauſe the OA IB C, EK F G are equal (He. 1). | 
If the arch AC D B be S to the arch EG HF, the ſect. AMB De 
is alſo to the ſect. ENF 10 G, as is proved by the reaſonin ng em- 
ployed in this third part of the demonſtration to a 8 12 inclufively. 
And, if the arch AC DB be > the arch E GH F, the ſect. 
AMB DC is alſo > the ſet. EN F H G, & if leſs, leſs. 
Since then there are four magnitudes, the two arches AmC, En G, 
 & the two ſet. AM C n, ENG a And of the arch A mz C, & 
ſea. AM Cn, the arch ACDB & ſet, AMB DC are any equi- 
mult. whatever; & of the arch En G, & ſector ENG n, the arch 
E GH F, & the ſect. EN F H G are any equimult. whatever. 
And it has been proved that, if arch AC D B be >, = or < the arch 
E GH F, ſect. AM B DC is alſo >, =or< the ſect. ENF HG. 
b>.Ft ws that ſect. A MC: fee. EN GSA C: En G. D. 5. B. 5. 
| Which was to be demonſtrated. 111. 
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Tig. 1 


COROLLARY I. 


1 HE angle at the center, is to four ti tu les, as the arch upon 
which it ſtands, is to the circumferen gh! 1 7 


For (Eg. 10, V; CD E= BBI to a quadrant of the ©. 


* 


Wherefore, We econſequents.. + 


5; Ws C: * 41. 28 „ e P. 18. Bug. 


 CORAELARY n. 


1 HE arches E F, B D of unequal circles, are ſimilar, if they fub- 3” 
tend equal angles C & C, either at their centers, or at their O (Fig. 2). 
For EF; 0EnF=,y EQF: 40. Nic | 
But / BCD or YECF: 4. = BD: OBmD. (i 


Conſequently, © EF: ,EzF =BD: OBmD.. 5 P. 11. B. 5. 
Therefore, the arches E F, B D are ſimil arc. ES 


WO rays.C B, CD cut of from concentric circumferetices fimilar arches 
| :  R-& MARK 

1. is in conſequence of the proportionality eftabliſhed in Cor. 1. that an arch of a 
circle (B D) is called the MEASURE of its ah na angle (B C D); that is of the 
angle at the center, ſubtended by this arch; t 


MINUTES ; and each minute into 60 equal parts, called sx cODS Cc. in conſe- 
quence of this hypotheſis, & the correſpondence eftabliſhed between the arches, & the 
angles, we are obliged to conceive all the angles abqut a point in the ſame plane (that 
is the ſum of 4 L.), as divided into 360 equal parts, in ſuch a manner, that the 


bnal Ga rn Fo: 


e circumference of a circle being the 
only curve, - whoſe arches, increaſe or diminiſh in the ratio of the correſpondent an- 
gles, about the ſame point. 1 8 5 | [ 

The awhole circle is conceived to be divided into 360 equal parts, which are 
called DEGREES; and each of theſe degrees into 60 equal. parts, called 


- 


angle of a degree is no more than the 360th part of 4 boo or the goth of a l., & con- 


th part of the circumference. 


ſeguenily, of an amplitude to be aan” 7 the 3 
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DEFINITIONS. 


A S0 LD is that which hath length, breadth and thickneſs. 
That which bounds a Solid is a ſuperficies. 3 
A flraight line (A B) is perpendicular to.a plane (P L) (Fig. 1), if it be per- 


be line (A B) will be perpendicular to the plane (P L), if it: be perpendicular to 


| tbelines (CD & FE) *which being drawn in the plane (PL) paſs throuvh the 


point (B), Je that the angles (ABC, ABD, ABE A BF) are right angler. 


A plane (A B) (Fig. 2.) is gerpendicylar to a plane (P L), if the lines 
DE & F G) drawn in one of the planes (as in A B) perpendicularly to the 


common ſection (A N) of the planes, are alſo perpendicular to the other plane 


(P L). TE ae : I Rs 
The common ſeftion of two planes is the line which is in the two planet as 
' the line (AN), which is not only in the plane (A B), but alſo in the plane (P L); 


therefore if the lines D E & FG drawn perpendicular to AN in the plane 


AB are alſo perpendicular to the plane PL; the plane A B will be perpendi- 
cular to the plane PL. ap N | 


"Ta 


The inclization of a flraigbt line (A B) to a plane, (Fig. 3.) is the acute angle 
(AB E), contained by the ſtraight line (A B), and another (B E drawn from 


the point (B), in which A B meets the plane (PL), to the point (E) in which a 
perpendicular (A E) to the plane (P L) drawn from any point (A) of the line 
| (AB) above the plane, meets the ſame plane. | 
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equal, ſimilar and homologous ſurfaces, 
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| DE EIN 1 11 0 8 8. 


| TI E inclination of a plane (A B) (Bg. 1) 15 a plane (P L); is the acute 


angle (D E F) contained by two ſtraight lines (E D & E F) drawn in each of 
the planes, (that is DE in the plane AB& EF, in the plane PL) from a 


[fame point (E}, perpendicular to their common ſe8tion ( VM. 


VIL 


Two planes are ſaid to bave the ſame or a like inclination to one another, which 


tuo other planes have, when their angles of inclination are equal. 


| k VIII. „„ 
Parallel planes are ſuch which do not meet one another tho? produced. 
"57 _ > Ge 


Similar ſolid figures are thoſe which are contained by the ſame nber of 
ſurfaces, ſimilar and homologous. | 


Equal & ſimilar Solids are thoſe which are contained by the ſame number of 


rd > 


ne” 


A folid Angle (A) is that which is made by the meeting of more than two plane 


angles (BAC, CAD & BA D), which are not in the ſame plane, in one 
point (A). [a Me 5 8 
N XII. 


4 Bjramid (E B AD E) (Fig. 3) is a folid contained by more than two | 
 triangvlar planes (B A D, BAE &c.) having the ſame vertex (A), and 


whoſe baſes (viz. the lines E B, BD &c.) are in the ſame plane (E B D P). 


% 


DEFINITIONS, 
XIII. 5 


A 


A Priſm is a ſolid figure (A HE)- (Fig. 1.) contdined by plane figures 


| | Fx 
of which two that are oppoſite (viz. GHIKF & BCD A) are equal fimi- 
lar, and parallel to one another; and the other ſides (as GA, AK, KD, &c.) 


are parallelograms. 


If the oppoſite parallel plants be triangle the priſm ts called a triangular on, 
| 4 it woo if thoſe rd that Euclid treats in the XIth and XIIth Book), 


if the oppoſite planer are polygons, they are called polygon priſnt. 
= 2. 


| A Sphere is a ſolid figure (AE BD) (Fig. 2.) whoſe ſurface is deſeribed by . 


the revolution of a ſemicircle (A E B) about its diameter, which remains un- 
moved. „„ : e „ . 


XV. 


The Axis of a Sphere is the fixed diameter (A B) about which the ſemicircle 


revolves whilſt it deſcribes the ſuperficies of the ſphere. 


The Center of a Sphere is the ſame with that of the. ſemicircle which deſcribed | 


its ſuperficies. 


ys 


The Diameter of @ Sphere is any freight line which paſſes thro? the center, 


and is terminated both ways by the ſuperficies of the ſphere. 
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DEFINITIONS. 
XVII. 


A Ge is a 890 fl ABC D) #t: 4 ts : 30 deſeribed 
retolution of 4 right gre, triangle (A . der Sad of the . b E) 
containing the right angle, which ſidè remains fixed. 


If the fixed fide (B E) of the * (AB E) (Fig. 2.) be equal to the other 7 


' fide (A E) containing the right angle, the cone is called a right angled cone; 
if (B E) be leſs than (AE) 175 3.) an obtuſe . and if if (BE D bs great: 
er han (A E) 1 1.0 an cute gd y cone, 


e ee (BB) about which the rags 
on B 185 revolved whilſt it deſcribed the ms of the cone. | 


The Bufe f s n is the che (A 80 D (ig. I F deſcribed by th that ſide | 
(68 ud containing the right angle, which revolves. 


tes bi 7 
4 Ee, OE > 


15 TE { 


— ] —˙ . In 


"ivr * 


. — 5 


5 2 
. 343, 5th 
e {Pu and ot 


Ae 
1 Wen 
. ⏑ ————— —— 
8 


— 


| | : E jp — ö g $ 
| ö 5 
I. LOS H F 
<tc Ye | V 


4 
—— — — — nn — — — — — — — N — — — — —— — —— i 
* % # % * [ 
- 
— 


* 
# : 
& ' rr e eee e n £ CAKE 


2 Cylinder is is a ſolid PEER EBDF) (Pig. 1 ) deſcribed 8 the rerohati- 
on of « right angled parallelogram NAT eg one of its Gd 40 


which remains fixed. | 3 OS 
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The Avis of a linder i che fuel firaight Jie (AC) about w ich paral- 
Telogram revolved, whilſt i it EY the 88 icies 215 . the 


* 


The Baſes 7 4 cylinder (viz. _ & FM 1D) are the circles deſcribed by 
the two „ lides (NA, A. MC) «1 the , reyolying , 88 the 5 


= 


* F 


4 ee n | 
Similar Cones and Cylinders are thoſe which have their axes andthe. diameters 
ef their Baſes proportianals PO Te mln SRL 1 


4 y * - 
* 
* 8 . 
„ ? - - * 
* T4 1 s es. * ” - 
* : . . N 


A Cube or Erabadron (Fig. 2.) is a ſolid figure contained by fix equal ſquares 


. ; 
* d » 
4 . s —_— : x" ; 7 
by - 
- 4 * - 


 # Tavelalbis i 5 a pyramid B D c a) (fig - g. 3 LY 1 253 by four equal 
and equilateral triangles (viz. & AB DC, K AD, ADC & BAC). 


oy 


% 


? 8 2 — "5 — - —_ Pre 
At at dots rence — oy — AUO + 
© > retry 
4 4 7 
: 4 


* le. 


which are equa later 


* Icoſabedron (Pig. 3. 41 is a ſolid figure contained > A equal and _ 
, Mr ue | 


DEFINITIONS. 


. ; 
A N Oeabedron ( br. 1 Ji is a. ſolic figure N by cight cqul and 


«+ 


A Dodechabedron (Pig. 2.) is a a ſolid pr e * twelve equal ee 
al and equiangular. * > 


XXIX. 


* 


XXX. e 
4 Frabipg is a bolt A contained by fix quadrilateral Ligutes hung 


of every 1 two are Parallel. 


„ 
4 Solid is ſaid to be inſcribed in a Solid, when all the EOS of the inſcribed 
was touch the angles, the ſides, or the planes of the ſolid in which it is 6 inſcribed. 


XXXU. 


A Sold iv - ſaid to be circumſcribed about a Solid, when the angles, the 80 
or the planes of the circumſcribed ſolid 8 2 the angles of the endes ſolid. 


EXPLICATION. of the SIGNS. 
„„ 0 Ge. 


© . + + « « - » Paralllepiped 


— 


PROPOSITION 10 FHBOREM 1. 
Orr part (A B) of a right le” cannot be i in a plane (Z/5); tn 


ber part above it. en . 
Hypotheſis. Theſis. SIG 
AB 5 a part , a ſtraigbt line Another part of this ſtraight line (a as B 0 
firuated"in _= _ Z%. AA -.\ will be in the | W a 1 
„ SA 35 4 . Kg \ a Lane A e 
85 | Demons, ATION, 
I not 
It will be how the plane as BD 16. , 
: Prepar, 1 P 1 | _ 


*. . 


1. At the point B in A B ere in the plane ZX Kiss PO 
_ At the point B in B G erect in the plane Z X the I B C — 


Bzcavss VAB G is a ba, likewiſe y GBC, & they mae: 
in the ſame point B 51 | 
1. The lines AB & B C are in the ſame firaight line A C. 0 Pak 51 
hut the line BD is a part of the ſtraight line above the plane (Sup. 9. 
2. Therefore the lines B D & B C have a common ſegment A B. | | 
3. Conſequently, DB G * G BAS G B O tha) is, > a part | 
== to the whoſe. 2 _ 1 
4 Which i is impoſſible, ., _ . 437 Ae. 8.8.1, 
. Therefore, B D cannot t be a part of the firaight live AB (Are. 3 
And as the ſame demonſtration may be applied to any other part of B C. | 
6, It follows, that all the Parts o of a ſtraight | line are in the ſame plane, 


Which was to be demonſtrated. E | FE 
I i 


' | 
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PROPOSITION H TBO EM 1. þ 
Too ſtraight lines which cut one another in L "Ext in one. plane (Z X) 
e 


and three ſtraight lines which conſtitute a triang AD). are in hg lame 
111 4 XY. 

; 1. AB& CD, The, e . 

H. EAD #a A. b £ 1 Na whole AEAD is in the plas 


| DEMONSTRATION. : 
If not, | 


The lines A B & C D are not in W plane, 
Likewiſe n pay of the AER D, * * GD. 


peu. 


— 


Draw G ; P. 


5 Bee ge che n Af GD of the AEAD is not in one 


line (Z X) with EF G S. . 
t dello, * parts G P, Gef the line CD are in e 


7 — & the parts A E, FBof A line AB, are in different 


anes, a lf A F GD & FEG. | | 
. We dis impoſſible. f. 1. B 11. 
3. She chen the parts of the two lines & of the A can not bo in different e 


anes. SOV E 
+ The TY, bein the ſume plane. „„ 
Wpbich was to be demonftrated. 1. & 11. 


— — ̃ . . 7—*—·¹Ü ' —˙e 
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PROPOSITION m. THEOREM Py 


5 two planes (R S &PL) cut one another, their omen een A 
| 1 line (A B). 
8 | R 86 P25 tawo plane: 23 9 7 
2 | which cut one: mother. OP 


[are eee 4 11 DaMOXaTR ATION. 


If it the not, 
The ſection will be two \ ftraig ht hi 
As AXB for the plane RS, ; & rs for the plans PL. 


Brcauss the ſtraight Jines AXB&AYB have the lamp ere 


tremities A & B 


1. Thoſe two ftrai ht fines Ax &A V R include pace ANB V. 
2. Which is impoſ | Ax.12. By 

3 Conſequently, the Sign on.of the plages p. I. & R$ can not be two 
ſtraight lines A X : A 
4 Therefore their — ſe&ion, js a ſtraight ling A Bc: : rr © | - - 2 
. | 1 eee 8 | 
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"PROPOSITION: Iv: © THEOREM IV. _ 


Ir two fraight lines (AB & C D) interſect each other, and at the Side 
(E) of their interſection a perpendicular (E F) be erected upon thoſe lines 


3 B & CD): it will be alſo perpendicular to the place = LY ma _ 
thro thoſe lines (A B & CD). 


Hypotheſis. | | © This! 
J. AB CD are "Arai bt lines 1 EF „Lei PL a 
fituated in the plane PI. : e DE. 
I. They interſect each other in E. | „ 
III. * is L 70 thoſe lines at the point E. „%%% ͤ NIEIS 
| j + IEES "2 


=; Tike "PE at ill, Ig make E B, ED A E each —_ 


+ on te points A & C, ao BG RK DP. 

hro* the point E in the ſame plane P L, ho a Reize 
line G H, terminated by the ſraight lines A C D, 4 at 
the points G & H. | | 


4. Draw A F, bh CF, DF, HF & BF. 


' DE MONSTRATION. 


HE AAEF,CEF, BEEF, &DEF have the fide E F common. 
The fides AE, CE, BE, &DE equal ah 1)" & the adjacent 
VAE F, CEF, B EF, & DE E equa Apr 30. : ; 
1. Conſequently. the baſes A F, C F, B F, & . are equal. P. 4. B. 1. 
In the AQ AE C & DEB, the ſides A E, GCE, NOAM ace = 


(Prep. 1.) & the YAECS& DE 8 You! equal. mi. .. 
= rn ana be} 0 CR Thug hs, Toth : 9 - * n 
— B 55 a a 2 £2 | OY - 4+ B. I. 


SS yes. - Pay. Ba,” 


To 


ae ao 
. . evo gf > 


HERS. — ͤ ̃ E.,, ⁰ 4 nn + po; Ou YA 96 I Wt" 


4 F Contcrucatly, the fides GA & G E a are == to. the ſides HB & EH. P.26; B. . 


| Inſine, in the 


9. 


the AGF E 


In the GAF C & F DB, the three ſides AF,FC& AC of the 


-* firſt are == to the three ſides F B, FD & D B of the ſecond 


N 
& 

„ 
5 

44 

48; 
A 

5 

” 


(Arg. I, & 29. ; 
Therefore, the three v of the AA F C ate r to the three M of 9 
the AF DB each to each, that is VF AG = VF BH, &c. P. 8. B. 
The HG AF & HBF have the two fides AF &AG =ta the | 73 


two ſides FB&BH (Arg. 1.69 4). | 1 
Moreover, VF AG vB H (Arg. 5). br 
Therefore, GF F H. r. 23 

AGFF&FEH, the fideo G F, GE, & FE are Ft, 


= to the ſides FH, EH, & EF 44 | 
Conſequently, the three of the A GE are to the three y of f 
. each to each, that i VF EGS VF EH, Kc. P. 8. B. i. 
But thoſe w F EG & FE H are formed by the ſtraight line Ef 
falling upon G H (becauſe GE & F H are in the fame itraight line) | 
Prep. 3). | 

erefore,. thoſe y FEG E PE Hare L, & F E L upon G H. Duo B. 1. 

But H G is in the fame plane, with the lines AB & CD (Prep. 3). 02-10.B.1, 

And E F is L upon thole lines (Hyp. 30. 

Conſequently, E F is .L upon the ſame plane PL. D. z. 8. It. 


Which was to be demonſtrated, 


PROPOSITION v. TUHEOREMY. 


1 F three ſtraight lines (BC, B D, & B E) meet all in one point (8). And 
a ſtraight line (A B) is perpendicular to esch of them in that point; theſe three 
ſtraight lines (B C, BD, K B E) are in dne and the ſame plane (Z X). 


03 Hypotheſis 18. > | | Theſis. . 
J. BC, B D, OBE er in B. - BC, BD, BY are in th 
I. AB is L. to thoſe lines. 1 | | Jame plane Z | 
DevonsrR ATION. 7 
If not, | | | 


One of thoſe three as B E is in a different plane. : 


Preparation. 
Let a plane TP 0 thro” the LAB & the line B E. 


| Brzcavs: TP&ZX are differen which meet in B. 
They will cut each other when wore & their common ſeQion 
will be a ſtraight line BP, common 5 the 1 two planes. F. 1 B. 11. 
Confequenily, A B will b. ale Le - 

2. Conſequently, A B will te alſo L to the plane Z X, in which thoſe 

lines. are. P. 4. 1 11. 

3. Therefore, r , An PA- (an : % A Es 
But VA BE is al. (Hyp. 11) | 5 
And B E is in the ſame plane wich A B & BP Prep. & Ag bs 
Conſequently, ABE SVA BP, that i is, the part the whole. 
Which is impoſſible. Ax. 8. B. 1. 
Therefore, B E is not in a diffetent pave from has in which 
BD&BC are. 
Conſequently, thoſe three lines are in the ſame plane ZX. 


Which was to be demonſtrated. 


9 


* 


PROPOSITION VI. THEOREM VL. 


WT t] B CD Wr 4 
en pra toons another ) | E e the 


AB „n the plan 2 X 2 &CD are parallel. 


Bs CAUSE. in the, AABD&BDE, the, fide DE is 


© wa 1d "BE. 


The Gde AD is = 


-y onſeqnently, I $f =V ADE 
Therefore, VA. Eis ale aL. 


Conſequent DE cp pg pn . & Arg 
: Theretore, Wee lines C D, DA &x DB Br ib e ne plane, wa 


Preparation. 
1. Join the points B&D in the plane Z X. 
2. At the point D in BD in this ſame plane, erect the L DE. Par. E. 1. 
3. Make DE AB. e N 3. 1. 
4. Draw AD, AE, & BE. ts 


F 


DEMONSTRATION, 


SA, 
«4 A 3 x B D is common to the two H, & the Y AB D& "BD 
are L. (Hipp. prep. 1 f- 3.11.9 


E 
2 8 


In the A ABESADE, te ble AE commas, ann. 
& BE = AD (Prep. | 4 


ut VAB E is a 


But VCDEis a L. 


ebe DA & DB. .. 
Likewiſe A B is alſo in the ſame plane which paſſes thro? DA &DB. P. 2. B. 11. 


Therefore, AB & CD are in the ſame plane. 


But the interior ABD & BDC * (Hyp.) 


. Conſequently, AB is . to CD P:28. B. 1. 


Which.nas to be demouftrated. 


Df E ne BD 7 5 
„ * L.. ; 255 


5 8 8 PP m OLE AE Ate is wow CAS 1 _ 
r SIRE * * reren "I PERIL 9 
SIE g S N 5 nts N 
RR 


a n * 


The ELEMENTS 


PROPOSITION VII. THEOREM 2 


F two points (A & B) in two parallels (DC & FE) he joined by a Rraight | 
line (AB); it will be in the ſame Plane (PL) with the parallels. 


' Hypotheſis. | en | 
J AGB are two points taken at will AB. ſame plane PL, 
in the arne EF SC DP. with the plles. C DEF. 
II. AB is a ſtraigbt line which j Joins | | ep we ba, 7 245 
oy m_ | 
DrMONSTRATION. 
if not, 


It will be in a « different plane A G, as the line A xX Bi is. 


B EC A USE A XBis in the plane A G, different from the plage 
P L, & its extremities A & B are in the lines CD & EF, fi tuated 4 
in the plane PL. Os 
1. The line AX B will be common to the two planes, that i is, A X 8 


is the common ſection of the two planes AG & PL. P. 3- B. : 
But AB is alſo a ſtraight line having the ſame extremities A & B 

(Hyp. 11). | 

. Which is impoſſible. Ax. 12. Bu be 


4. Wherefore, the ſtraight line (A B) which joins the. points' A&B, 


ig not in a plane A G different from that in which the parallels C 5 
& E F are. 


80 . Therefore, AB is in the ſame plane PL with the plles. CD &EF. ES 7% 


; "MK was to be demonſtrated. 


Book XI. Kue nn 


I. PROPOSITION VIII. THEOREM 2 
1F two ſtraight lines (A B& CD) be parallel, and one of them (as A B) . 
is perpendicular to the * Z Y; the other C D ſhall be perpendicular to 
the ſame plane. | 


Hypotheſis | | | Theſis. 
J. ABCD are plls. | 5 bee 
* AB is L tothe plane 2 X. 
| Preparation. p | 
1. Join the points B&D in the plane Z X. | po, 1. B. 1. 
2. At the point Din BD, erect in the plane Z X the I. D E. 12. B.1. 
3. Make DE AB. | * 
an * BE. 1 . i. 
DxMONSTRATION. 
| ECAUSE BD is in the plane X Z, & AB is Ltothi plane (Hyp. . 
. VAB D is a. B+ hs: + 
z Conſequently, V BDC is alfo a . P. 29. B. i. 
| ee 5e e 3) 48D tin | 


common to the two AABD&BDE. {$ 
3. The baſe AD is = to the baſe B E. P. .. 
In the two A APE & AB E, AB is D ADSBE = 
(Arg. 3.) & AE common. | * 
4. Conſequently, V AB E = V A DE. } BG: #13. 
But VA B E is al. nn I | | D. 3. B. 1. 
Therefore, VA D E is alſo a i. | Ax. I. B. i. 
8 Conſequently, D E is IL to B D& AD Sw 2. & Arg. 
7. Wherefore, DE is alſo ＋ to the plane paſſing thro? thoſe OI BD | 
& AD. . 
But AD joins two pojnts A&D taken in A B & CD which are | 
arallel 7 
8. Therefore C D is in the ſame plane with AB & AD. P. 7. 
9. Conſequently, DE is .L to D a or D C is LtoDE, D. 3. 
9 gince then C Dis I. to DBA ED (Arg. 2. & 9g). 
10. CD will be alſo L to the plane paſſing thro ; thoks lines (that is) to 


the dots 1 P. 4. 11. 
7 K k | . 
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PROPOSITION IX. THEOREM-1IX 


[ HE lines (AB & CD) which are each of them parallel to the ſame 
ſtraight line (E F) though ſituated in different planes (SF & R F) are pa- 


rallel to one another. 


_ Hypotheſis. | is. | Theſis. 2 
J. AB is in the plane SF, & CD AB is plle. to CD. 
in the plane R F. | | | | | | * 
II. AB& CD are each plle. io EF. | 
Preparation. 


3. From the point H of the line A B in the plane F 8 let fall 
a LHG upon EF. I Par. &3 
2. From the point G in the plane R F let fall the L G K 7 
upon CD. j FF 855 IIB 
| _ DEMONSTRATION. 


Br caus: E G or E F is LtoGH&GK (Prep. 1. 2). 

1. E G will be L to the plane which paſſes thro' thoſe lines. P. 4. B. 11. 
But AB is plle. to E F (Hp. 20. | 4 44 „ 

2. Therefore, AB is L to the plane which paſſes thro* thoſe lines 
_HG&GK. 1 neee. 
3. In like manner, CD is alſo L to this fame plane. 2 1 | 
Therefore, the lines AB & C D being 1. to the fame plane | 

(Arg. 2. & | RES 7 . 
P. 6. J. 11. 


a 
4- They ai pla. e e another. [DA 7 A 
x Which was to be demonſtrated. | 


7 


0... 


— PROPOSITION X. THEOREM N 
” : Ir two ſtraight lines (A B & B O) which meet one another (in B) be pa- 
| rallel to two others (D E & EF) which meet one another in (E); and are 


not in the ſame plane with the firſt two; the firſt two and the other two ſhall 
contain equal angles (A B C & DE F). 4 


—— 


8 Hypotheſis. | | Theſis. 7 
AB YA CD meet one another in B, in a Y ABCis = DEF. 
Aifferent plane from that in which D E ü | . 
E F are, which alſo meet one another in E. 
Preparation. n : 
1. Cut off at will from the ſtraight lines AB & BC the parts - 
11 | BG & BI. | FEES . 
2. Make HE BG, & EK =BI. . 
3. Join the points B E, GH, GI, HK & IK. Peſ. 1. B. 1. 
Ee DeMoNSTRATION. 
| ] HE line B G being = & plle. to H E (Prep. 2. & Hp). | 
1. G H will be =&plle to B L. 5 3 L x 
2. In like manner, IK is = & plle. to B E. . 
3. Conſequently, GH is = & plle. to I + + + Nl... 
4. Therefore, G I is = & plle. to K H. #33. L 1. 


And becauſe in the AGBI& HE K the thivs ſides B G, B I 208 = A 
& G I of the firſt, are == to the three fides HE, E K, & HK of the 8 
laſt, each to each, (Prep. 2. C Hg 4) 3 3 BD 
5. VGBIOr AB C is S to VH r P. 8. J. 1. 
| Which was to be demonſtrated. | 


PROPOSITION XI. PROBLEM * 


T0 O draw a ſtraight line (A H) e to a plane * W from 3 


given point (A) above it. 


Given. Rn. Sought. -. 
J. The plane Z X. 5 | The firaight line AH let 2 25 1 
II. A point A above it. the point A, ＋ to the plane Z X. 
| Reſolution. 

1. In the plane Z X draw at will the ſtraight line BC: . 

2. From the point A let fall upon BC the L AD. „. 

3. At the point D in the plane Z X erect upon BC the .. 

DG. | EO Yo oo rn Fu E11. #8: 1: 
4- From the point A let fall upon DG the LAH 1. . 
Preparation. 


2. 


Thro? the point H draw the ſtraight line F E EE to B c. F. 31. B. I. 


| DeMonsTRATION. 


| Brecause the ſtraight line B C is L to D A & DG (RH ). 


It will be 1 to the plane which paſſes thro? thoſe lines. P. 4- B. 11. 
But F E is plle. to B C (Prep). = 

Therefore, F E is alſo to this ſame plane which paſſes thro? D G | 
& DA. PL Kar: 


But A His is the Ge plane with P A & PG (. 2. B. 11)&n meets 


F E in H (Ref. 4. & Prep). | ; | 
Therefore, VF H A is a l. | | . 3.11. 
And becauſe V AH is a (Ref. 4). 
AH is L to the two lines FE & D 8 framed in \ the plane Z x 
which interſe@ each other in H. | 
Therefore, A H 1 18 L to the plane Z X. 5 ; P, 4. B. TS 
| | ed Which was to be done. 


— 
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PROPOSITION XII. PROBLEM UM _ 
F ROM a given out (A) 1 in a one (XZ) to erect a perpendicular 


(BA). 
Giden. Sought. 
A point A in the "TY XZ. i Fraig ht line B A drawn from the 
| | point A wi to the * X Z. 
' Reſolution. 


1. Take at will a point D above the plane XZ. 
2. From this point D; let fall upon this plane the - DC, Pt. B. 11. 


3. Join the points A & C. | i. 
4. From the point A draw AB plle. to D C. P. 3 1. B. 1 I. 
* 
DEMONSTRATION. 


Ms the line A'B is plle. to D C (Re * 
And that DC is T to the plane X Z (Ref. 2). | 
1. AB eee ITY ; P. 8. 24. 


weh was to be 9 


PROPOSITION x. TATORT A 
R OM the fame point (B) in a given plane (Z X) there cannot be tom 


on the ſame fide of it more than one perpendicular (AB). 


Hypotheſs, r 
AB is L at the point B, 16 It is impoſſible to draw from the 
the 825 XZ. | point B another L to the plane 
. N X Z on the ſame fide that A B is. 
4 DEMONSTRATION, 
If not, 


There may be dtaun from the point B another = 

| Preparation, 

From the point B erect a LBC different from AB. 
ECAUSE the lines AB & BC meet at the point B. 


x. They are in the ſame plane PO. Sn PT ITY 
But they are each L. to the plane - +4 {Sup s ng | | 


| 2. Conſequently, the ya+b, & b are each I.. „9.10. N. 1. 


3. Therefore, Yao b = V, that is, the whole = to the part, 


4 Which' is impoſſible. | Da, Ax8,B, 1, 


* But AB18 Lto the plane X / by). 
. "Therefore, B C is not L to X Z. 


6. Conſequently, it as Ae to draw fram a point B any other line 
on mw ſame ſide " a” ＋ to the, plane X Zz. 


e eee 


* * 
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"PROPOSITION A. THEOREM Fa 


1 (Z X& TY) to which the ime ne ih line (A uE. 
pendicular; are parallel to one another. 


Hypotheſis. | Th ofix | 
At is Lt he *2 U TY. 1 5 1 the 
| 5 ww | E . 


n — F r 

. e Fo : 

| The planes XZ & TV produced will meet one another. D. 8 Bir. | 
| besass. 


© x. Produce the plines XZ & N N url thoy meet i Bc 5 
2. Take a point E in _ We . 8 
3. Draw EA & EB. | 


| 1 A3 is 1. to the plane T Y nne, 


this VA BE 1 L. 30. | 33 „ D. 3. 21 ki 
5 Likewiſe VB AE is a . pg, JA 3 
5 Conſequently, the A5 AE ha two " 10k 
4 Which poll. enk A1 1. 
6. From whence it follows that the lines A E & E B a0 wot meet "On TP 
another, no more than the planes TI & XK. P:. 1. B. 11. 
6 Der thoſe planes are ble. „ „ TT TT 
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PROPOSITION XV. -THEOREM XL 


P two ſtraight lines (AB& AC) Gtuated: in the ſame plane (A Y, and 
meeting one another (in A), be parallel, to two ſtraight lines (DE & DF) 
meeting one another, and ſituated in another Ts vo 2); ; thoſe * 
(A X & 18 will be parallel. | en 


bent, Hypothefs. "i | Fed e 
AB 2 AC ſituated in the plane A x The FO: AX in which are the Lines 
& meeting each other in A, are plle. tw AB ACis plle. to the plane DZ 
DE & EF meeting each aber in D, & in aubich arethe lines D E Y D F. 


. tuated in the Plane D Z. 


„ Lp aan, 
: 034 8 the point A. let fall upon the plane 52 the 1 
AG. 41.28.23. 
2. Draw G H:plle. th to DE, E'S TL pile. ge e, F. 31. B. 1. 
| DEMONSTRATION. !- . 
| Becavsr the: lines GH & GL are _ to DE & DF. 
(Prep. 2 | 
- They will be alſo | le. to AB &AC. 5 e . 9. 1 
And G L being plle. to A C. e | l 


2. The V CA GTA GL are E21. 
BZBut VA GL is a l. (Prep. 19. ä ä 
| Conſequently, VCA G is alſo a L. 

| It may be demonſtrated after the ſame manner that v B A Gi is a . 

| * | Therefore, G A is J. to the plane A X. | | 5. 4- 5. 11. 
"= But G A is alſo .L to the plane DZ (Prep. 1). 7 

| 8 6. Wherefore, the 98 = Xi is plle. to the plane D Z. P. 14. B. 11. 


Which was to be demonſtrated, 


Page B. 1. 


22 * 


PROPOSITION XVI THEOREM x. 


I: F two parallel planes (Z X & Y P) be cut by another plane (A BD C), 
the common ſections with it (CD & AB) are parallels. 


7 * Hy otheſis. Theſis. | +3 ; 
J. The planes GX & PV are plle. | The common ſections C D GAY -. 1 
II. They are 2 the plane ABCD. are plle. 5 _— | 
DEMONSTRATION. | __. . 

If not, 


The lines A B & CD being produced will meet ſome where. 


Preparation 


Produce them until they meet in F. Poſ. a. B. x. | 


BR. ECAUSE the Qrraight lines B AF&DCF meet in F. 
1. The planes PV & Z X in which thoſe lines are, will alſo meet one 
another: (B AF being entirely in the * 7 Y, & DCF entirely 


in the plane Z X). P. 1. 
2. Which is impoſſible (Hyp. 1). 8 
3. Wherefore, AB & CD do not meet one another. 785 
4. Therefore, AB & CD are plle. HY, D.35.B. 1. 
OS | Which was to be demonſtrated. 
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PROPOSITION XV. THEOREM Av. 


F two ſtraight lines (AC & BD) be cut by parallel planes (XZ, PV & QM): 
they ſhall be cut in the ſame ratio, (that i * AE: EF SBF: FH & c). 


Hypotheſis. | Theſis. | 
J. A'CY BD ave two firaig ht lines. AE: EG=BF: FH. 
H. Cut by the plle. planes X 25 PY& QM. | 
Preparation 


1 Join n the „ alſo G & H. | 

w AH which will paſs thro” 7 the plane PV in the Poſ i. B. . 
oint J. t 
3. Draw EI&X IF. 


DEMONSTRATION. | 
B ECAUSE the ile, planes Z X EPL are cut 1 by the plane of 


[ | the AABH. 


1.ABis le. to IF. : | P.6 Bar. 
2 yy , EI is plle. to G H. | 
3. Conſequently, AI:TH=BF: FH. . 
4. And, AI: IHS AE: ECG. Nh 6 23.6 
4 ur AE: EG=BPF: F H. P. 11. B. 5. 
Which was to be demonſtrated. 
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' PROPOSITION XVI THEOREM WL 


F a ſtraight line (A B) is perpendicular to a plane (Z V: every plane 
(as 2 * paſſes thro? = line (A B) ſhall be be perpendicular to this 
plane | | 


Hypotheſis. - : " Thefis. 
ABis = to the plane Z X. | plane 6 QE) which * thry 
5 = AB is L to the plane 5 
| Preparation.” 

1. Let a plane QE thro? A B, which will e cut the . 

2Z X p E 2 pa N. 3. J. 1. 
2. Take in this ſtraight line E F, a point D at will. 
3- From this point draw in the plane GE, the line DC 

plle. to A | P31. B. 1. 

DEMONSTRATION. 


| ECAUSE the freight line A B is. L. to the plane 2 X. &DC 
is plle. to AB (Hyp. & Prep. 3). | 


1. The line DC is I. to the lane ZN. : | A 8. B.11. 
2. Conſequently, CD is alſo I. to the common ſeRtion E F. D. 3-B.u1, 

- Therefore, the plane E Q in which the lines AB & C D. are, is L | 
to the plane Z X. D. 4. B. 11. 


And as the ſame demonſtration may be applied to any other plane 
which paſſes thro' the L AB, we may conclude, 
'F That every plane which mew thro? this line is L. to the plane Z X. 


Which » Was ts he demonſtrated. 
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PROPOSITION XIX. THEOREM Wl. 


I F two planes (C D & E F) cutting one another be each of them pe perpen- 
dicular to a third plane (Z X); their common — (AB) ſhall be perpen- 
dicular to the ſame plane (Z. X). 


| Hypotheſis. | Theſis. 
J. The planes C 5 & EF are L to the plane Z X. The. common ſection A B is L 
II. They cut one anather in A B, | to the plane Z X. 
DEMONSTRATION. 
B ECAUSE CB, the common ſeQion of the plane CD with the 
ne XZ is alſo in "the plane X Z. P. 3. 1. 
. may be erected at the point B in CB a L (P. 11. B. 11.) 5 
which will be in the plane C D (Hp. 1.) | P.18. B. 11. 
And. becauſe the line F B the common ſection of the planes FE. 
& X is alſo in the plane x Z. 3 442.17; 
2: There may be erected at the ſame point B & at the ſame ſide with | 
the foregoing another IL which will fall in the plane F E. P.18. B. 11. 
But from the point B only one L. can be raiſed. P. 13. F. 1 1. 


3 Conſequently, thoſe I. muſt coincide, that is, thoſe two lines muſt 
form but one which is common to the two planes. 
But thoſe planes have only the line AB in common ( Hhp. 2. 7 

＋ Therefore A B is L to the plane X Z. 


Which was to be demonſtrated. 
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PROPOSITION XX. THEOREM 2 
L Ir three plane angles (CAB, BAD&DAC) form a ſolid angle A: any 
two of thoſe angles (as BAD & CAB) are N than the third (C AD). 
Hypotheſis. Theſis. 
The three plane V CA B. at Y CAB+d> VI. 
mend the: FF Ky „ 
DzMONsTRATION, 
1 | CASE I. 
| When the three angles CAB, d, & Hy x 1 are equal. 
ECAUSE the YCAB, dGc+baree 1al. LEED 
1. It follows that Y CAB * 45 be > Y c+6. Ax.4. B. . 
GA 5 4 


When of the three angles CAB, 40 c+btwo as CAB 
d are equal, & the third c + b is leſs than either of them. 5 


ECAUS E ABIS Ves. 93 , Arq B. J. 
1. Y CAB+ yd will be much > Ve -b. Wa AY $50 | 
n was to be demonſtrated 


The ELEMENTS Bock xl. 


* a, 


* Rr . 


A4 8 
** 
CT eee 
C A 8 E III. 
When the three angles are unequal, & C + c is PE CA B or 4. * 
| Preparation. 
"+ 4M At the point A in A C make V B V CAB in the plan | 
CAD. P23. B. i. 
2. Make AE=AB, . 
3. From the point C draw thro' B the fright il 71 
4 From the pins C&D aw CB Bl rl 
| HE ABCA & CAE 8 B& AE equal N 
The fide C A common & / b = C AB ( Prep. 1). | 
1. Conſequently, the ſide B C is = to the fide CE. g 4M. 
But in the A CBD the ſides CB-+ BD are > CD. . Bad; 0.1. 


Therefore, if from CB + BD be taken away the part C B, 
from CD a part = to CE. 
2. The remainder B D will be > E D. | Ar. 5. 3 
In the ABAD&EAD, the fides AB & A E are == (Prep, a). | 
& A D common. 
But the baſe B D is > the baſe E 4 (4s 2). 
3- Therefore, Vd is > Vc. Y. Pas. Bu, | 
If therefore, VC AB be added one ide, & its equi wy 9 me 
bother. I 
4 v CAB+dvillbe> yB+cor CAD. | | Ax. 4. B. 1. 


Water was to be demonſtrated, 
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. PROPOSITION XXI. THEOREM XIX. 
Aru. the plane angles (B A C, CAD& DAB) which form a ſolid 


angle 97 are lefs than four right an es. 
potheſis. 15 8 Theſis. 


The VBA C= CAD DAB The plane VAC CAD D. 2 


form a ſlid. VA N Ck F 
' Preparation. | | I 
I. In the ſides R A, AC, & AD take the three points B, C, D. IF 


2. Draw BC, BD & CD. Af. N.. 


3. Let a plane BCD paß thro' thoſe ine which will form 


1 the planes B AC, CAD &BAD, three ſolid Y; 


viz. the folid V B, formed by the plane V C B A, ABD 
& OBD; the ſolid V C, formed by the plane vB C A, 


ACD & B CD, & infine, the ſolid V D, formed * the 3 
enn AD BAB DBC. 1 | | Ate e, 
DEMONSTRATION, 1 


% 
* 


ECAUSE the ſolid V D, is formed by the ple CDA. 
"ADB & BDC. 
1. The VCD ATA DB are VB DC. . COTS 
2. Likewiſe, V ABD + ABCare > WY DBC © Po. B. 11. 
3. Ad YACB+ ACD are y B'CD. | 
4 Hence, the fix plane Y CDA+ADB+ABD+ABCHACB 


TAC are > the three plane y BDC +DBC+BCD. * 1 
But thoſe three I YBDC+DBC+BCDare=2h: A . 4 
5 Therefore, 5 plane WC DA + ADB + A 5 D + &c. are 1 


4 be. 


| But the nine v ye nl ABCA,CAD&DA B viz, the Fo 311 
dy mentioned (Arg. 5.) & the three remaining : B A O. C A D & „ 1 


DAB are together to 6 L. J. 22. A* 
If therefore the fix V CD A+ ADB ABDA BC+ACB Fob 
+ A CD which are together > 2 LE be taken away. | 5 

6. Ihe remaining plane y BAC + CAD + PAB will be < 4 "WW 10 _—_ 
But thoſe plane VB AC, CAD&D AB. form a ſolid YA, | 33 

7. Conſequently, the plane V which form a ſolid V A are 4. 

5 | Which was to be demonſtrated. 
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| PROPOSITION XXII. THEOREM XX. 
F 


every two of three plane angles be greater than the third, and if the 
ſtraight lines which contain them be all equal; a triangle may 'be made of 
the ſtraight lines (DF, GI & AC) which ſubtend thoſe angles. 


0 Hypotheſis. 55 | 
5 „ A A may ze made of the flraight 
are > the third, as b +a c, or a + aun G DF & AC, awhich ſub- 
c N B, orb + c> a. tend thoſe V : 


II. The fides HG, HI, DE, EF, AB & 
| BC which contain : thoſe V, are equal. 


DEMONSTRATION. 


The three given Y a, 5, c are either equal, or unequal. 
CASE I. If the v a, b, & c be equal. 


ECA USE the ſides which contain the v, are * ( Hyp- 2). | 

1. The ADE F, GHI & ABC are equal. * 4. B. I. 

£ Therefore DF =GI =AC. | 6 

3. Conſequently, DF + AC > GI. 4B 1 

4. Wherefore a A may be made of thoſe ſtraight lines DF, Ac & Gl. Tas. „ 
CASE. II. has {ages V a, b, & c be unequal | 


Preparation. _ 
I, Atthenentezofone ofthe V a B, make V ABl. = Ya. P23. B. . 
2. Make BLS DB. P. 3. B. 1. 
3. Draw LC & LA. 8 oth 1:5 Wb . 
Demons TRATIo Nx. 
Brcausk the two Va. c are > Y 6 (ip. B= H G 
= BC=HI (Prep. 2. U Hp. 2.) | 
1. The baſe L C will be > GI. | : DE OT P. 24. 1. 


But LC CL ATACWCJJ. 5 | P20. B. 1. 
2. Much more then G I is C LA AC. | | 
But LA =DF (Prep. J 
3. Therefore G I is DF AC. t. B. 1. 
4. n a 4 may de made of the raight lines DF, AC&GI, 
Which was to be SES 
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: ES XXIII. PROBLEM Il. 


O make a ſolid angle (P). which ſhall be contained by three given plane 


4 (ABC, DEF & GH, any two of them being greater than the 


third, and all three mn {y #804 PBFA ONS "leſs than | 


four right angles. 


Given. L e 2617 on "2 - mathe 
I. Three VY ABC, DEF&GHI, any tao f a -4 ja V P, . . 
which are greater than the third, as B T three plane N 
— YH, yB+H> VE, VE E % 
II. FT A FE of 
„ ' Reſolition. 2 1 
1. Take AB at will & — the ſides BC, DE, EF, GH& 11 
gcgqual to one another & to A B. E 3. B. 1. 
2. Draw the baſes AC, DF, & GI. Poſ.1. B. 1. 


. With thoſe three baſes AC, DF & GI make a A EAN at 0 1. 

that NM be =GI, NLS AC, & LMS DF. P. 22 8 
4. Inſcribe the AL MN in a OLM N. | N 5. B. 4. 
5. From the center O, to the v L, M & N. draw the ſtraight lines LES 
7. Cut OP ſo that the [J of L O-the OI of 


LO, ON& OM. 

6. At the point O, 8 6 i e Paz, Bat 
. | 

8. Draw the e N P, N A PM. : 

| Mm Eo 
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. 6 4 4, K 1 
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Me Fan | 


BCAUSE'PO:is. tothe plane of the OL MN care. 60 
1. The AP O L will be right angled in O (Ref. 5. G8.) 


hn Lon the [of P Or-the of O Lis tothe of LP, 547. 3. 1. | 
(451. 


; 1 w_ . 
(1 


ſin 


tk P04 tle 0 f0L-=0.48, (Re, 


4, Therefore the Daf ABis=t0 the Daf LP, & 


ig. Likewiſe PN & P.M gre each =to AB. 
4 But N Min S 10 Gl, NL AC, SLMU=DF, (R ef. 
5. Conſequently, A NM is = to the AG HI, A 


* A 


AABC, ALPM=ADEF, YNPM= vB, VLPNG P. 8.8. 1. 


= VB, & VNLPM Z= VE. 
But thoſe three 1 7 ov: LPN&LPM form a ſolid W P. 
6. Therefore a ſolid WP has been n by the three given 


plane WB, E & H. 
| TOY | . Which was to be done. 
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PROPOSITION XXIV. THEOREM XXL 


Ihe 


FS; 1 . 


1 os un 1¹ Ty bb 
rech eien 


th geo Ea BB. 
u plans ; 
& FG; Wie 


' fort. us hath, 


Preparation. 
Draw the 2 diagonals EH & AG, alſo AC & D H. 
DEMONSTRATION. 
Becauss, the plle. planes — & CF are cut by the plane 
AB | 
1. "The line B A is plle. to EC. 1 P.16. B. i. 
2. Likewiſe C H is plle. to GB. 
W DI plle. planes B D & CF rang: alſo cut «by the *. 
D 
3. The line D G will be plle. to FH. | 
Likewiſe AE is plle. to BC & DF ple. t to „GH | 
And becauſe thoſe plle. planes ¶ Arg. 1. 2. & 4.) ) —y the oppoſe des | 
of the quadrilatera al figures AECB&DFH F 
5. Thoſe quadrilateral figures AECB& DF H 85 are D. 3 6. B. 8 
6. Likewiſe the other oppoſite planes BD& CF; AF © pars are | 
And ſince AB & BG 415 to EC & CH, each teach (Arg. I 9, 
7. AB G is = to VE | 
But B is to EC &K BGS H. . 
8. Therefore the AABG i= s 0 de AEC H. c 
But the pgr. B D is double of the AAB G. p.41. B. {7 
And the pgr. CF is double of the AE CH. 5 CA. B..) 


But thoſe pgrs. have each an V common with the equiangular A, 


9. Conſequently, the pers. BD & C Fate & M. D. 1. B. 6. 


10. It may be demonſtrated after the ſame manner that the pgr. BD is 
= & ov to the pgr. CF, & pgr. AF is & oy to the pgr. BH 
11. Therefore the TT planes of a FF are = & pers. 
| Which was to be demonſtrated. 
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parallelepiped (A H) ; the oppoſite ples (BD * P BE * 
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PROPOSITION XXV. THEOREM Ti. 


Ir A rallelepiped (BED C) be cut by a plane (K IML) parallel to 
the . planes (EFB & CDH it divides the whole into two 


Parellelepipede (viz. the Sg BEMK & KM D O, which ſhall be to one : 


another as their baſes - when & KLH O). 


Hypotheſis. E - Thebs, © | 
The SBE DC i divided into two 7) The = BM: = MC = _ TOO BL.: 
BM & MC, by a plane K M. llt. to the. | Pr” LG 
uf te planes E& CD) * 


8 


I, dense B C both ways, as alſo FH. 1 Poſ.2. B. 1. 
2. In B C produced take any number of lines = to BK & 
CK: as BO & TO each. = to BK & CW = KC. .. 
3. Thro' thoſe points T, O & W, draw the ftraight lines T U, 
= bo & WX plle. to BF or CH, until they meet the other 
4 The produced | in the points U, P & X. wa B. 1, 
hro the lines TU, OP & WX let the lanes TR, O 


"a WY paſs, plle. to the planes BE & CD, which will meet 
the ny Al DG in SR, NQ & VL; 


| DeoNsTRATION, 


Burcavs the lines B.O & PO, are each = to BK & CW 


= KC (Prep. 2.) & the lines OP, U WX plle. to B For CH, 
meet F H 8 in the points, £ U & X (Prep. | 


3 


4- 


6. 


The: TP & BP arezto the BL; & per. CR KH. Bas B. 1. 
Fegg or A Al being plle; & the plane 
NP lle. to the plane A F ; moreover the lines SA & RE being | 
plle. to the lines B T or FU. | 
e ſolid OE B will de a = & vg to the BE Mk. Due Br 
It may be demonſtrated after the ſame manner that the ſolid T RAO 
DP BEMK; alfo the folid CDYW is =& c to. 


But there are as maity equal O QE B, &c. as thiare are equal pgrs. 
OF, TP, &c. & thoſe =4 together compoſe the T E: more. ' 
over there are as many equal pgrs. O F, &c? as there has been taken 
ſtraight lines, each = to B R, which together are =to TB. 
Con —— the I E is the ſame e 1 of the B EMR 
that the parts (IJ O, O BY of the line T'B taken together, are 
multiples of the line B K. 

. Likewiſe the FJ CD YW is the ſame inultiple of the £7 KMDC. 
that the line WC is of the line K C. 

Therefore according as the TREB is >, S or S the i 

B E MK, the line T B will be Sor S the line B K. 

And according as the 7] CD Y W i is >, r K * 


the line C We will be >, == or < the line K C. 


7. 


- . 


Conſe 45 the S B E M E. . B K: KC. D. 5. B. 5. 
But B C = baſe BL: baſe K P. 1. B. ö. 
1. B.. 5 


Therefore £7 B E MK: 2 Enns baſe BL: baſe KH. P. 11. B 
i 3 Which was to be demonſtrated, 
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PROPOSITION XXVI. PROBLEM i. 


T a given point (A) in a given ſtraight line ( B), to make a fold 
angle equal to a given ſolid angle (F). 


Given. . . 45 wt 
I. A point A in a ſir br line AB. At the point a ſolid a =tot ; 
II. A ſolid * . frei | 5 ſolid ww db 
7 FOR 
7. r any point J in one of the ſections about the ſolid . FR 
fall a L IL upon the op _ plane G FH. 1 P. 1 1. B. 11. 
2. Draw LF, L G, LH, HI& GI in the * which form the 
MC Y. 1 i AV IMA 
3. In the given ſtraight line A B, take AM= F G. . . 1. 
4. At the point A, make a plane Y MAD = the plane W G P H. P.23. B. 1. 
. Cut of ADF H. #. 3.8. 1. 
4 In the ſame plane M A a make a =uw V M AE= to o the plane 
SGF L | | Fa: B. 1. 
7. Cut off AE=PFL, 3% FP. 3-#: 1, 
8. At the point E, in the plane MADrrefidhe LEC. P.12. B. 11. 
9. Make EC=LI, © . 
10. Draw A C. VV „ Pelli. B. 1. 
eee IDS 


Draw ME, E D, eo eee. MAD,CAD & MAC. 


— * 


* 
„ 
87 
* 


$ NC, Sr 


i, * 
"0 r He Yoo II VV MB BU” 
HY 2 ” RE * 


B. 
's. Therefore FI= AC. 
5. It may be demonſtrated after the ſame manner that GT is MC. 


TATE 0G 


4 Fe | DEMONSTRATION. 


ECAUSE in the AGFH & MAD, the fides F G & P H 
are == to the ſides AM & AD, each to each, (Ref. 3. * 


GF H is = to Y MAD, (Ro; 4) 2 

1. GH will be = to MD. 2 p. B. | 

2. Likewiſe in the AGFL & AME, GLis=to ME 3.4 2 
Therefore if GL be taken from GH & ME from M D. „ 
3. LH will be = to. ED. Ax.3. 2 
And fince in the AL HI & E DC, E D is S to LH, LI= 1 
FEC tbe Y DEC HL I are L, (Arg. 3. Reſ-g.8D.3.B. 11), Br 

4 TH will be= to ©D. | 1 4 3. 1. 


Likewiſe in the AF LI & AE C, LI is S to EC, & LFK 
AE, baſides VF NL & VAE C, are .-, (Ri. 7. 9 & P. 3. a, * 
4 4+.4 J. 


Since then the three fides HI, FI & FH of the AI F H ar 
= to the three ſides DC, AC & AD, of the ACAD (An.. E 5). 


7 VIFH will be=to y CAD. F. g. B. . | 


3, Likewiſe A G F Lis =to the AMAC&\Y GF I'=y MAC. 
, 3 the plane V G F H being = to the plane VMA d, 
e 
'The . — VIFH= to the plane Y CAD (Arg. 7). 
And the lane G F127 20: lane Y MA C, re. 8 
Beſides the plane VGF H, IF H. & GFI, form a lid VF. 
And the plane VMA D, CAD&M AC, ſimilarly lituated as theſe 
already mentioned, form the folid Y A. 


9k It follows that the ſolid Y A is = to the ſolid V F. D. 9. B. 11. 
Which was to be done. 
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PROPOSITION XXVII. PROBLEM p. 


| 7 O deſcribe from a given ſtraight line (A B), a parallelepiped Tk 5 
& ſimilarly ſituated to one given (H N). | 


Given. , : Sought. . 
1. A flraight line AB. | Fram AB to deſcribe a ED A F, & 
II. The HN. 5 nn rad Ae 
| Reſolution, | 
8; Mt the point A in the line AB make a ſolid V CA D B, = - 
to the folid y H, or LHMI. 26 P26. B. 11. 
2. Cut A C ſo that HI: HLS AB: AC. | "Ro 3 8 
3- Alſo A D fo that HL: HM = AC: AD. LE ach 
4. Complete the pgrs. AE, B D& BC. | A.. J. 1. 


7 5- * the ED AF. 
: Pen rn ATION, 


HE three grs. AE, BD & BC being cv & Gailarly W 
with the three er H G, MI& LI of the E H N, each to each 
(Ref. 1. D. 1. B. 6). | 
As alſo their 5 Fol ones. P.24. B. 11. 
1. Conſequently, the fix planes or 8. Which form the SA P, are 
| 9, & — 45 ſituated to the fix planes or pgrs. which form the 


ven DD HN 
2. herefive the E AF deſcribed from A B, is ſimilar * ſimilarly 
fituated to the given 5 H N. D. . B. 11. 


| Which was to be done. 


— —— — 


— 
— — — — — — 


PROPOSITION XXVII. THEOREM XXIL. 


| | F a parallelepiped (A B) be cut by a plane (FCDE) paſſing thro? the 
_ diagonals (F C 2 ED) of the oppoſi ite planes (B G & AH): it wa be 
cut into two equal parts. | 


| Hypotheſis. Theſis. 

The D AB is cut by a 1 The plane FD cuts the FD AB into 

77 ng thro the diagonals tao equal parts. 
{the oppoſite E B G 8 A ll. | | | 

DEMONSTRATION. 

WE the lane F A is a pgr. | | P24. B. 11. 

1. The ſides EF & G 7 | P.33. B. 1 t. 

2. Likewiſe CD & GA are & plle & 7 Ker, 

3. Conſequently, E F is = & plle. to CD, Ax. 1. B. 1. 

4. Theretore EDis=& plle. to F C. P.33.B. 1. 

5. From whence it follows that FCD E is a pgr. D.35.B. 1. 
But the pgr. B C G F is = & plle. to the pgr. HDAE P44. Bat. 

6. Conſequently, the ABCF & FGC are = & c to the AHDE Eg B. 1. 
Moreover, the pgrs. FEAG& GADC, are = & e tothe pgrs. | 
BHDC&BHEF, each to each. P.24. B. 11. 


7. Therefore all the planes which form the priſm B FD are & c 
to all the planes which form the priſm D F G. 
8. Therefore the prim BP D or BHEDCFis = & c to the 


priſm D F G or DEF C GA. p.10. 1.11. 
9- Conſequently, the PRO FCD E, cuts the = AB into two 
ts. 
1 9 Which was to be demonſtrared. 


Nn 


Ss 
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PROPOSITION XXIX. THEOREM XXIV. 


ARALLELEPIPEDS (HB & K B) upon the ſame baſe (BD), and 
of the ſame altitude (A , the inſiſting ſtraight lines of which (A E, AI; 
B F, BL; DH, D K; CG, CM) are terminated in the ſame ſtraight lines 

„ OF K) i in the plane ve oppoſite the baſe, are equal to one _—_ 5 5 

3 
J. 7 B & HB ba bave the ſame baſe B D. SHB SR. 
II. They have the ſame altitude A E. 5 5 85 . 


| III. The inſiſting lines AE, Al, Ac. of which, 


are terminated i in the Linea LF, GK. 
DEMONSTRATION, 


. Wal. the ers. KC or KMC, & HC or HGD, 
have the ſame baſe 5e. & their oppoſite fides K D, MC, & DH, 
. CG, are terminated in K G which is plle. to D C (Hyp. 3). 


s. The pgr. KC is = to the pgr. HC. P.35. B. x. 
Therefore if from thoſe equal pgrs. be taken away the common 
_ trapezium HM CD. 
The remainders, vis. the AK HD & MG e will bo equal. 43.1 a S- 
Likewiſe ATE A is = to the ALFB. 


EIA? 


— —— — MF or MGFL. 
Becankk t they are each = to the pgr. DCBA eis the Per. HMLE, 


D. zo. & P. A. B 110. 
But hb Vlave G B or CF is to the ts HA or DE, & the 


| r ane K A or ID. P24 Bin. 

J Conlkhpently, t rim HA K is = 16 HO Sue e 
Therefore i equal prifmas the part EAD be added. 8 

6. The priſm HAKD + part HM 
GBMC++ HEMCBLEAD: 


But prim HAK DA part HMCBLE 
And ebe CG Feen 
ich 


CB AD is = priſm 


LE 

ADS SKB. | | 

AD=@ HB. | d Axa B. 2+ 
5 Ax. I. B. 1. 

as to * ms | 


7. Therefore the E K B is = &D 


Which w 


| 
1 


5 5 
. | —— — nag | — . h eo : 


PROPOSITION XXX. THEOREM . 


Faser LELEPIPEDS (FGHED CBA &IMLEKBCA) upon 
the ſame baſe (AB CD) and of the ſame altitude, the inſiſting ſtraight lines 
of which (AF, AI; DE, DM; BG, BK; CH, CL), are not terminated 
in the ſame ſtraight lines in the plane oppoſite the baſe, are equal to one ano- 


ther. | 
. penn i . Tbeſis. 
J. The HA & L. A are upon the ſame haſe AC. FHC SIL CA. 
II. They bave the ſame altitude. | N 5 
III. The inſiſting ſtraigbt lines A F, Al, c. are not 
5 in the ſame ſtraight lines. 


— — _— — — —  _—— - — - - — 


Preparation, 


1. Produce LK & F G until they meet in P. 

2. Produce I M until it meets FG in Q. | Peoſ.2. J. 1. 
3- And E H to O. 1 5 n 
4. Draw QA, PB, OC & ND, Poſ.1. J. 1. 


| DEMONSTRATION. - 


Brau E the F HCA & QO CA have the fame baſe 

their inſiſting ſtraight lines A F, AQ; DE, DN; 
BG, BP; & CH, CO are terminated in the lines FP & EO. 
1. The F HCA is=to the QO CA. 1 Hag. .. 
2. Likewiſe the S QO CA s8= to E&JYJILCA. 5 | 4% 
3. Therefore the DFHCAis=to the JILCA. Re BESS 


Which was to be demonſtrated. 


7 
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& PROPOSITION XXXL THEOREM XXPL, 


(t ARALLELEPIPEDS (KI&N Z) which, are upon equal baſes 
Ho &Nq ), and of the ſame altitude, are equal to one another. | 


Hypotheſis. | Theſis. 5 
J. The EDKIE N 2, have their k 441 
The KH &Nq - 
I. They bave wy fame — oY 
' DEMONSTRATION. n 
I. 


If the inſiſting lines AG, Ec. of the K1; & the ning lines 
CM, &c. oF the NZ, are L to their baſes; or if the 
inclinations of the inſiſting ſtraight lines A G & * C are the 
ame. 
| | Preparation. 5 
P | | Poſ.1. B. 1. 
RODUCE NF, & make FQ = AH. . 
At the point F in F Q: make the plane \ QF 3 = _ VHAK. P.23. B. 1. 
Make FR=AK. 


Complete lkewiſe with the lines F Q&F D; FR& F. D, the pgrs . 
Q TDF& DFR. | 5.31. B. 1. 
Complete the D DS. 


G 

4 5 
4. Complete che pg r. FQSR. - 1. 
5 

6 


7. Produce the ſtraight lines F q & RS until they meet in V. Poſ.2. B. 1. 
8. Thro' the point Q, draw X N plle. to V F.. . 1. 
9. Produce C q. until it meets X in the point V. 

10. Complete the 2 ZQ&V D FX. 


ECAUSE the lines FQ& FR. are = to AH & AK. 
(Prep. 1. & 3). 

And the WMF RU S to the VH AK (Prep, 2). P.36. B. 1. 
1. The pgr. FS is = & c to the pgr. KH | {5 1. B. 6. 
2. It may be demonſtrated after the ſame manner that the pgrs. 
* FT&DR en 66 the AI, & AL. 


PU O ˙—.mm “ 
* 7 2 r * * 2 a q 4 | 


5 FF A : 2 | * - a 
© Os q | 5 4 — 5 AS o 
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i » 3 $ bx A _ þ 
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1% 2 
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: - 5 1 » 
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- * ” . "I _ * eee ere 2 Ns 4 bt at; > Wo * 3 — * 1 N 8 " 5 * 
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6 er 


ET eating ſince the three pgrs. F 8, F T, D R, of the EDD 8 


are = & co to the three pgrs. A E, AI, & AL, of the K I, 155 
(Ang. 1 & 2). fy 
And the remaining pgrs. of the 7 DS, likewiſe thoſe of the ED *: : WE 
+ KI are = & os to thoſe already mentioned; each to each. P.24. B. 11. : 
3 The D 8, will be =& c to the K I. = D. 10. B. 1 1, | 
The 7 DX & DS, have the ſame baſe D Q, & theis inſiſting lines 42 
_FV&PR, &c. are in the ſame plle. A VS. &. = 
4- Conſequently, Ds is S to R + DX P. 29. B. 11. 
But the D ðS is to the E KI (Ate. TY On. e OTE. oo 
5. W the ED DX is alſo = to the KI. Ax. 1. B. I. 


* cut by the plane F Z, = to the plane MN. 1 
6. Conſequen e baſe Nq: baſe q Q MF: 2 2. Pas. 8 11. 
2 x is cut by the ok, DQ. Ae to the plane Z Y 

7. — the baſe F X: baſe Q DX: E 2 Q. 5. 2 B. 7 | 
But the pgr. FXis = to the pgr. F'8. £.35. B | 2 
And the pgr. F S is = to the pgt, HE (Ar, eas 3 

8. Conſequently, the pgr. F X is = to the pgr. AK 7 Ax. I. B. ep 
But the baſe HK is = to the baſe q N 1 10%. n 


9. Hence the baſeqN = to the baſe E | 
But the baſe q N: baſe q Q 7 MPF: 2 Q (Arg. 60 1 
And the baſe q Q: baſe FX 2 N DR. (Conp. Arg. 70 | | 4 

10. Hence the baſe q N: baſe FX MF: @ DX Aas. B. c, - ; 
But the baſe q N is to the baſe FX (Ar Foe bb he os | 

11 Conſequently, the g MF woe IDE 9 3 BY 4 5. 

+ But the DX & & K I are equal. (arg: 9 
12. Therefore, the & MF is= co the K Arx. l. . 
Which — to be demonſtrated. | 
CAS E. IL 


| Tf the a lah of inclination of the inffting ſtraight lines, 
AG &c. of #7 KI ate not equal to the angles of inclination 
of the inſiſting ſtraight lines C M. &c. of the M F. 


[ J P ON the baſe K I, make a 2 having i its inſiſting frraight "FA 
either I.: or equally inclined with the inſiſting ſtraight lines of 
the TD MF, & in the fame direction as thoſe of K 1 
And conſequently, which will be equal to it (P. zo. my 11 ). 
The remainder of the conſtruction, & of the demonſtration, 'are- 
the ſame as in the foregoing caſe. 


C O R O L L 4 R Y. 
E DUAL parallelepipeds which have the ſame altitude, have equal baſes. 
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PROPOSITION XXXII. THEORE BM Ln. 


p. ARALLELEPIPEDS (BD & EP). which 28 * ahitpdes 
(BC & P O), are ta one anather g their baſes (AK&E 


Hypotheſis. 


7 BCS FO, t EE Fo 4 1 G. 
Sf pour N = = hf 7K 


| Preparatin. 


I, Praduce E F to M. bt ; Poſt. B. I. 
2. Upon FG with F M, n 
which will be in the fame direQion with the pgr. EG. 
So that the pgrs. E G&F 1 togethery form the pgr. EL. P. 44 B. 1. 
4 Fn the (== FI. 


Druoxs TRATION. 


B ECAUSE the baſe F L of the ED PI, is = to the baſe AK 
of the BN (Prep. 2): 


1. The F lis to the B D. 15 . 
2. Conſequently, Srl! Sep kr. Mats TY 98 
But, S FI: EP baſe FL: baſe E G. | P.25. B. 11. 
And the baſe F L is = to the baſe A K (Prep. 2). EE 
3- Therefore, ED BD: EP baſe A K : bale EG. 1 2 & 7. 


Which was ta bs demonſtrated 


4 k 
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"PROPOSITION xxXIII THEOREM E. 


JIMILAR parallelepipeds (EB & FH) are to one another in the 
wiplicare ratio of their homologous ſides (A B&H). | 


Hypotheſis. TY efts. 
The DJ EBt& FH are vo, & the | 7 SE B 2 the EN PH in the | 
fides AB & G H are homologous. * © $875! rand * A *. to G H, or as 
Preparation. : 
0 : 196-4 1. 
t. Produce & B & make AR GH. . 
2. From A R deſcribe the RL =& c to the f H, 
ſo that the lines AC & AI; en the ſame | 
ſtraight line. ; * 2 t. 
3. Com . the (=D 4 AO, ſo as to form 3 £7 RI. th 


01 
4. Complete likewiſe the 2 A P. f 10 as as fo Seas with &7 oa, 
endeten | 


Du ONSTRATION. 


HBeoihug the ED EB & & RL, are 09 (Prep 5 
1. The pgr. A M is c to 
2. Conſequently, AB: A Cs = A | 1 
3. And alternando AB: ARA 7 4 
» Likewiſe AB: AD == AR K. 175 n 
8. Andalternando A : AR == AD: AK. . 656 HAR. 
And fince ARis=to GH (Prep. 1 
6. The three ratios AB: AR, AC: AJ, & AD: AK, are ual 
to one another & equal to the ratio of A B to G H. 
But the DJ PB is cut by the plane A E (Prep. 4). | 
7, Conſequently, the baſe CB: baſe QA = &Y BE: SAP. P. 
And the baſe CB: baſe QA AB: AR, 35 
8. Therefore AB : AR=EIBE: SAP. P. 
| Which was to be demonſtrated. 
* See Cor. 2: of this propoſition. 
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The 20 C is cut 8 dune K D (Prep. 4) 
9 Conſequently, the baſe RC: baſe AM = FDA: [= OA. - 
And, the baſe RC: baſe AM=AC:AL _ P. 
10. Therefore, AC: AI FAP: SOA. P 
Infine, the E OK being cut by the plane A M . ON 
11:It may be demonſtrated after the ſame manner. OY 
That AD: AK AO: SAN. 
Baut the three ratios AB: A R, 3 AI, & AD: AKare= 
do the ratio AB: GH (Ar 
1 2.Conſequent] i the four k.“ A P, A O, & A N form a ſeries 
of maguitudes i in the ſame ratio (AB : GH). P 
13. Therefore, they are proportionals. | D. 
0 
D. 


14. .Conſequently, the (0 B E is to the 1 AN in * e rati 


: 8 
K * . 
wo * LP 


COROLLARY J. 


ROM this it is manifeſt, that if ant raight lines be continual pro at. 

as 'the frft is to the fourth, ſo is the paralle r. d deſcribed from the f. to the 

ſimilar & ſimilarly deſcribed parallelepiped from the ſecond ; becauſe the fir. rag 
line has to the fourth, the triplicate Patio of — ꝛubich it has to the ſecond, . | 


*COROLLARTY IL. „ #7 


/ . L ak fimilar parallelepipeds (D. IX. & xxx. B. 11 ), fmiler a- 
rallelepiped. (A 2 F H) are to one another as the cubes of their homologous des 
(AB 2 GH) (expreſſed * ABD: G H®); becauſe they are in the” trip icate 
ratio of _ __ f es. 
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PROPOSITION. XXXIV. THEOREM XXIX. 


HE baſes, (pgrs. AC& I L) and altitudes (GB & IR) of equal pa- 
rallelepipeds, (A D & IV] are reciprocally nag! ; and if the baſes, 
(pgrs. AC& IL) and altitudes 2250 B & I TAR n n 
the parallelepipeds are equal. 2 | 
__ Hypotheſis. en: ES © Theſis.) 
= ADS LY, | | BaſeAC: baſe IL Eat. IR: GB. 


15 DeMONSTRATION. 


paclllep ds may be either. 


ven | 
c A 8 W. 1. eg on on 
CASE 2. Of EA altitudes 47 and equally inclined on Weit baſes: 


CASE 3: Having i different inclinations. : as if one was ＋ to the 
baſe, and the other oblique. 1 N 


CASE L 


When the a have the Ga altitude: that i bs, I = =GB. 


B ECAUSE the given E are equal, & have the ſame altitude. 
1. Their baſes are equal (Cor. of P. 31. B. 11). © 
2. Therefore, the baſe A C: baſeTL altitude IR: altitude GB. b. 6. BA 5. 


CASE II. 
When I Ri N GB. 


1 


£ ART 


* 2 4 * hh Li, ids A*. * 
: 9 1 * * 2 
N — * 


LY 


J. 


. 14. nnn 1 | 
3 8 the alt. RI, cut off the part PI = to the alt. B G. 
] Fe point P, paſs the * PON * plle. to ; (he 
aſe 


B E c AUSE the a e A D & IN hiv as ſame wad 


tude. (J. Prep. x). 77 
The DAD: IN baſe AC: baſe I * 1 * 3.757. 


But the A Dis = to WL (Hy 2). 


2. Therefore, DAD = IN= VEIN - 4 6 B. 6. 
3. Conſequently, IV: IN _ Dc : baſe I L. . a 
The l V is cut by the — PON = Prep. 9 i 
4. Therefore, PV: SIN baſe P'S : baſe B. 11. 
5. Therefore, componendo IV: IN =wfeKR. baſe K r. p 720 'B. 5. 
But the baſe K R: baſe KP=RI: N | 1. B. 6. 
6. Wherefore, IV: INR R 1. Px. Rs SUE TIES. . Fe * 
But, IV: IN = baſe AC: baſe IL. (a TR 
And PI = GB (I. Prep. 1). i 
7. Conſequently, baſe A C: baſe IL I R: B G. f P. 11. B. 5. 
n 
Wben abe 0 IW ka different inclination from n. AD. 
. Il. Hegaratius | 
Deſcribe. a Sof the ſame altitude _ the ED. 1 . ha 
"ing the ſame inclination as the 9 AD. 
ECAUSE the deſcribed has the ſame baſe & as ſame 
| altitude with the JD AD (II. Prey . | 
1. This will be = to the given ED IV. #38 B.11. 
But this deſcribed V is in the reciprocal ratio of its bafe, & of 
its altitude with the ED AD (Caſe II.. 
2. Therefore, the = I V will be alſo in reciprocal ratio with the 


SA. | P. 7. B. 5. 
8 | Which was to be demonſtrated. | 


— 


8 3 
: £ 5] 
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Hypotheſis. | 55 |, Then. 
Baſe IL. baſe A C S alt. GB: alt. IR AD, = IV. 


II. DaonsrR ATION, 


2 7 K preparation is the ſame as for the foregoing caſe. 


"I, 2d ink” have the ſame altitude (7. Prep.1). 
baſe. II.: baſe AC. „ XY Tf} 


1. The IN: HE 
But the baſe IL: baſe AC = Alt. GB al. IR. (us. 8 My 
2. Therefore IN: AD Salt. GB : alt. IR. 13 
And as PI is B G. (I. Prep. 1). | 
3. The JIN: AD Salt. PT: als IR, E. 
But PI: IR pgr. P K: pgr. KR. ö 
And pgr. K P: pgr. KR= N Iv. P32. Bun. 
4- Therefore the JIN: ED A IN: lv. P. 11. B. 5. 
But the IN is the firſt & thi rd ti terms of the proportion, 
- + Coney, GEENA = tothe IV. - Pla. By, 
| Which was to be demonſtrated. 


The ads of the firſt and third caſe in this ,. are the ſame, for 
1 reaſon we have 4 N25 FRY | 


| W us has been Gran 1 256 29% 30, 31, 33 2 34, 
concerning parallelepipeds, is alſo 2 2575 reſpedt to triangular priſms ; becauſe 
ſuch a uf ar is the half of E perallelopiped ; ; (P,"28, B. 11.) from whence wwe 
may conclu 

I. If a triangular riſa be cut by a plane plle. ta the oppaſpte planes; the two priſms 
| dine) rom thence, will be fs ove anti ber as the parts of the ber. .» baſe of the 
ewhole priſm. 
II. Triangular priſms which have the Same, or equal baſes, && "OM equal alti- 
tudes, are equal. 

III. Triangular priſe ms which have the ſame altitude, are to one another as their 
baſes, 

IV, Similar triangular priſms, are to one another in the eriplicate ratio, of their 
homologous fi 2 

V. Equal triangular priſms, have their baſes and altitudes recipnocally proportional, 
& COT priſms wwhoſe baſes and altitudes, are reciprocally proportional, are 
equ 


„ — 4 Os — — 4 * s ya — - 
4 nip we ITY OI; r ** * — g 
r 2 a 
2 * 7 1 I 
A ” : 


ER EF M Ai ROE AG. 


| 774 ITH the ſame properties priſms, are e, whoſe oppoſite planes are 


polygons. Since it has been demonſtrated, (P. 20. B. 6.) that thoſe oppoſite & 
ſimilar polygons. may be divided into the fame. number of ſimilar triangles ; there - 
fore if thro? the homologous diagonals which form thoſe triangles, planes, be 
paſſed : thoſe planes will divide the polygon. priſms, into as many triangular 
riſms as there are triangles in their Sopofith J 
But what has been obſerved in the foregoing remark, is applicable to thoſe 
triangular priſms. ves gt we may conclude (P. 12, B. 5.) that polygon 
2 i VOICE Hh AE PT NOSE TIT ff = 


priſms are endued with the ſame properties, ©... © 


— 0 


WF 
: „ 5 
2 

. 


a 7 | 

: SI 3 : | 

| 3 HE . 3M | | 
2 „ . 
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PROPOSITION XXXV. THEOREM XXX. 
I F from the vertices (A & H) of two equal plane angles (BA C&-IHT), 
there be drawn two ſtraight lines (A D & HK) above the planes in which 
the angles are, and containing equal angles (VB AD S VIHK & 
VV DAC SVK HL), with the reſpective ſides of thoſe angles, (viz. AD 
with AB & AC; HK with IH & HL), and from any two points (D & K) 
in thoſe lines, (A D & H C), above the planes, there be let fall the perpen- 
diculars (D E & K. M), on the planes of the firſt named angles (B A C & 
JH L), and from the points (E & M), in which the perpendiculars meet 
thoſe planes, the ſtraight lines (A E & H M), be drawn to the vertices 
(A & H), of the angles firſt named: thoſe ſtraight lines (AE & H M), ſhall . 
contain equal angles (D A E & K HM), with the ſtraight lines (AD& HK) 
which are above the planes of the angles. 4 - : 
| n HEY Theſis. 

J. Above the planes of the equal BAC AIHL, & from VDAESV KHM 
their vertices AH, there bas been drawn AD & HK, r 
containing VBAD A DAC=YyIHK N KHL, each to each. | 

II. From the tawo points D K, in AD & HM, there has been let 

fall the LD Et KM, on the planes B AC&@IHL.. 


III. From the points E M, where the L. meet thoſe planes, 
there has been drawn A E MH, to the vertices AN H. 


| Preparation. 
Make AF = HK. | 


» Ty 4 IS... * . 4 
* +4 
4 '” EIS 
- - n 5 8 Jo) * 
N J N IN * 
* „ I * 
Cs Ltd. * 
WW eee eee 6 3 
„„ — * 
1 * <=", wo AWW IN Tt * 
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1 
Draw FG, plle. to D E, until it meets the plane BAC in G. 1 8.3; 
From the point G, in the plane B A C, draw C G, L to 
AC; & GB, L to AB. i 
From the point K in the plane IH L, draw I'M, Lto 
HI; & ML, L to HL. EE | P. 1 2. B. 1. 
Draw B F, BC & FC; IEK, IL & LK. . 


— 
* 


A *» VI. ID im 


DEMONSTRATION, 


1. The line GF is L to the ſame plane BAC. 
And the VF GB, F G A & FG 
2. Conſequently, the of AF is æ to U of FG + DQof GA. 


3. Therefore, the[JofAFi=toOFG+QABR+ 
4. Conſequently, the N AF is alſo = to the QBF +Q AB. 


6. It may be demonſtrated after the ſame manner that VFC A, is a * 
7. That alſo the V KI H & K I. H, are l. 
In the AF CA & KLH; the line H K is S to A F (Prep. 1.) 
the VAC F e N are L (Arg. 6. & ».), & the VF AC 
v KH L, (Hyp. 


to each. 

9. Likewiſe A B is = to HI & BF IK. 

10. Conſequently, in the A BAC & IHL; the baſes BC & IL are 
equal and the V AC B & AB CS to the VHLI& HIL, 


Therefore if thoſe equal V, be taken from the four L. ACG. 
AB G, HL MX HIM. 


11. The remaining will be equal, vis. V BCG = = VILM& 
Y CBG = Y LIM 
* v4 the AGBC & IMI have their baſes BC & IL equal 
or 4 V at thoſe baſes are equal, each to each, (Arg. 


In the ABAG& HIM AB is = to HI (Aeg. q.) BG IM. 
(An 12.) & the * (Prep. 3-& 4): 


55 


8 


5. Therefore, V AB F, is al. P. 48. B. 


each to each. F. . B.. 


8 F G is ple to D E which is L. to che plane BAC. ett) 


P. 8. B.11. 
© ave 1 D. A 
P47. 1 
But the DIY of A G is = to [of AB + DO of BG. Prep. 3). & P. 47. B 
36. Ar. l. B. 
* But the N GB F G are = tothe L (Frep3). P.47. B. 


— 
. 


| P. 26. ® 6. 
8. Therefore the Lies AC&C F are = to the ſides HL & L K, each 


— 


\ 


Ax. 5. B. I. 


1 BG & CG will be = to the ſides I M & * 36 B. 1. 


of EUCLID. 


is r AGS HM P. 4. B. 1 
But the [UI of AF (=D 42640 GF) (4re. 2.) is = to' the ( 

O of HK (OU HM+13 KM) (Ap. 1. 25 47. B. 1.) be- 

cauſe A F is = HK. / Prep. 1). 

Ik therefore from the LI A F be taken the L G A, & from the Un 


H K, the DU HM = DOG A, (Arg. 1 3. P. 46 B. 1. Cr. 3). 
0 The remainder, vis. the LI of G win be = is mu O of KM. Ax.3.B. 1. 
15.Conſequently, G F = KM (Cor. 3. 7 46. B. 1) | 
Infine, becauſe in the two A AGF & HKM, the ſides AF, 
AG . HM & K M, excl to each, 
T Prep. 1. | 
ae race DAEK=w te y KHM, P.8.B. 3 
Which was to be demonſtrated. 


COROLLARY. 


1 from the vertices A & H of taub equal hs angles B A In L, 4 be 

elevated two equal firaight lines AF & HK; containing with the reſetive ſides, 
3 Ea ; each er & there 
e let fall from thoſe points F & K (of thoſe elevated ſtraight lines) the perpendi- 
culars F py I ao bin r 6 will be 


equal. (Arg. 15), 
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PROPOSITION XXXVI. PROBLEM XXXL 


I; three ſtraight lines (A, B, C) be proportionals, the parallelepiped (D N), 
deſcribed from theſe three lines as its ſides, 1s equal to the * paralle- 
lepiped (E I, deſcribed from the mean proportional (B). 


Hypotheſi ER | | Theſis, | 
J. The bag lines A, B, & Care proportionals that The Eli = to the SN. 
e, Af; 5 . 


II. The DN, is de ſcribed from thoſe three kam 
B, LC. 
III. The equiangular E I, is deſcribed from the 
mean een B, that is, EFSFG=FH=B. 


| DeMONsTRATION. 


\ SAY DE:EF= EForFH: KI. (Kp. a}... 
And the plane V EFH is = to the plane. DKL (App. 3). 

1. The pgr. D L, baſe of I DN is — 5 the pgr. EH, baſe of EI P.14. B. 6. 
Moreover, the plane W GFE&G FH contained by the elevated | 
line FG, & the ſides-E F & FH, bank — = to the plane YMKD, 

& MK L, contained by the elevated line K M. 8 DK, & K Ly 
each to each, (Hyp. 3.), & F G =K'M, (Hyp. a. . 

2. The J. let fall 24 the point G, on the baſe E H, 
be = to the . let fall from the point M onthe baſe "DI 
(Or. of P. 35 B. nn). : Os, OO 

3. Conſequently, EI has the fame altitude Lich ins 2 D . 4. B. 6. 

But the baſe E Hof EI is = ern 

(Arg. 10. 55 f 

4. Therefore Elis S to the DN. 9 . 


"Which . was to be demonſtrated. 


Off EU C1210. 47 297 - 
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PROPOSITION XXXVII. THEOREM XXX. 


Ir four ſtraight lines (A, B, C, & D) be proportionals, (that is, if, 
A: BS C: D): the fimilar and ſimilarly deſcribed parallelepipeds, from 
the two firſt (A & B), will be proportional to the ſimilar and ſimilarly deſcrib- 
ed parallelepipeds, from the two laſt (C & D); and if the two ſimilar and 
ſimilarly deſcribed parallelepipeds, from the two lines (A & B); be propor- 
tional to the two other ſimilar and ſimilarly deſcribed parallelepipeds, from 
the two other ſtraight lines (C & D); the homologous ſides. of the firſt 
(A & B), will be proportional to the W One! * & * of the 
laſt. 


Hypotheſis. DET (== 5+". 
J. A: B= C: D. | | 24 SB =S. 
3 From A E B there has been dt bende. 1 N 
II. Alſo from C 2 


: DEMONSTRATION. 


Brcavsr the Oe A is og tothe EP B ( Hyp. 20. 

1. The SA: B = A | 533. B11. 
1 Likewiſe, the. £97 C: ID. Cs: "of Cor. 
But the ratio of A to B being = to the ratio of C to D ( Hyp. 1). 

3. It follows, that three times the ratio of A to B is = to three times 


the ratio of C to D, that is, As: BS Cs: D®. | A6. B. 1. 
4. Conſequently, the A: S3 = = C Sb Fir S. 


2 The ELEMENTS | Book XI. 
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I. The A is 03 to the B. . A:B=C:0p 
7. 4 0 is 6g to the D. | "58 Hh 
m The 9A: B Ee . 


II. Duos TRATION. 
Brcavss the A is eu to the B (Hp. 10. 


. The ED B=A*: B“. P.33. B. 11. 
Les 8.85 8 the EDD. (Hypi al. | WY 
2: The g D = C* | P. 3 3. B. 3 
But the E A: DDE D Wo. * | | 
3. Therefore, A“: BY = C®:: | On 17 
| 4. Conſequently, A:B=C: 5. Ar. 7. B. 
Which was to be dentanfrated. 


REMARK. 


I. Because the tHan gular „% 5+ the bal its | - 
. 28. B. 11. ), it follows ( ES. „ J, that the 24. is ale 


imilar triangular priſms. 
| I. It may be alſo applied to 'n lee polygon Kale * they may be divided 
by * into hon; ang * K. 34. B. 1 * e 


of EUCLID. 


PROPOSITION XXX VIII. THEOREM XXXII 


IE two planes (AZ & AX) be perpendicular to one another ; and a 
ſtraight line (C D) be drawn from the point (C) in one of the planes (AZ) 
N to the other (A X): this ige line ball fall on the common 
| 1 


| | Theſis, 
be plane A | / 1 the AK: Tze line CD 4. n . 
* Z = * |  fituated in the Pry to the plane 
AX, falls on the commen Ladin AB. 


| DzMONSTRATION, 

If not, | 
There may be — e which will not fall on the 
common ection AB. | 


Preparation, 
"wp the point C, let fall on AB, | in the plane AZ, | 
a = E D. P12. B. I, 
ECAUSE CDis Lto the common ſection A B (Prep). ; 
1. CN will be L to the plane AX. D. 4 B. ri. 


| But E C is | to the fame plane. (Sup. ). 
2. Therefore, from the ſame point C, there has been drawn. to the 
«An two LEC & CD. 


hich is impoſſible. P13. B. 11. 
- Conduently,. the CD let fall from the point C, of the plane 
A, to the plane AX (which is perpe to it) paſſes thro 
their common ſection A B. 


Which was to by demonſtrated. 


— i IE Ho WI — 
* 


wo — * 
ho —_— ” « *- 
WWW nn - En AR 
4.5 £ »; * if - : 4 . 
BB 
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The ELEMENT Ss 
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PROPOSITION XXXIX. THEOREM II. 


1 if the ſides ( D, AB; G F, AH; FE, HC; 
E D, & BO) of the oppoſite planes, (F A & EB; FC & GB) be divided 
each into two equal parts, the common ſection (M S) of the planes (IP & 
L R), paſſing thro? the points of ſection (K, P, O, I & L, Q, R, N) and the 
diameter (FB) of the parallelepiped {A E) cut each other into two equal 
ports in the point (T). 
| Hypotheſis. - Theſis. 

1. In the AE, having for diam FB; the The common ſeaion M S of thoſe planes, 

fides D G, AB, Tc. are biſected in the & the diam. F B, cut each other into 
points K, P, Oc. tab equal parts in the Point IT. 
II. The planes KO & LR, Have been pa 

"ory the points, K, 20, I, & L, Q. R, 


Prepa ration. 
Draw 8 B, SH, F M, & MD. ; i. B. 1. 
„ | DEMONSTRATION, Ol | 

T HE fides HQ &SQ being = to the ides BR& SR (Hp. 10 8 
And the A 4 P. 29, B. 1. 

1. 'The baſe HS of the SQ will be = to the baſe SB of the a 
ABS R, & WIS 3 P. 4B. 1. 
But the Y RSH & HS Q. together, are 2. . 1. 
2. Conſequently, V RSH RSB 2 = . . 1. 
3. Wherefore, VH SB is a ftraight line. | * I. 


4. It may be demonſtrated after the ſame manner, that FD is 


ſtraight line. 
Moreover, B D being = & bu. to A G & A G = & plle. to FH. 75. 
FE. 


. The line B D will be = & plle. to F H. 


6 And, 3 F D is = & plle. to HB. „„ 
From whence it follows, that FB & MS are-in the ſame m_ 5 
F DBH. F. 5. ate 
But in the AF MT. & TS B, the ſides FM&SB are equal, f 
rend Gef = Key to the AHS O, HS 8B), 5 
(Arg. 1). Moreover, VS TBS VF TM, & VF MT = Pig. Þ T7 
TV 198. P. 29. B. 1. 
8 Therefore, MT = TS, &FT=TB (P. 26. B. 1.) that is, the 
common ſection MS of the planes KO & LR, & the diameter 

F B of the * cut each other into two equal parts, in 


the point 
| * Cr A Which was to n 


= I = 
| we | 


„r e 9 — 


5 ce 214415 
, by 


© 
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| PROPOSITION XL, THEOREM XXX 
| F two triangular priſms (F L & E) have the ſame altitude (LI&AE), 
and the baſe of one (as C L) is a parallelogram (F J), and the baſe of the 


other (E C) a triangle (A B C); if the parallelogram be double of the triangle, 
the ft priſm (L F) will be equal to the ſecond (E C). 


Hypotheſis.  Thefis. | 
J. In the priſms FL& EC; the alt, LI The priſm F L is == to the priſm E C. 
#5 = to the alt. A E. | | 
II. The baſe of the priſm L F is @ por «44 

e the baſeof the priſm ECA AB 
u. The pgr. F 1 is double the KB C. 


Preparation,” 
Complete the 7 N I&B D. 


ECAUSE thepgr. F I, baſe of the priſe FL, is 1 of the 


AAB C, baſe of the priſm EC (thy. 41 9. | 
And the p II B O is alſo double af e AA Fo . 
1. The pgr. FI is == to the pgr. B O. | : 


Moreover, the altitude LI bein = to 5 altitude A F (the. I 3, 
2. The BD is = to the E7 P.31. B. 11 
The given priſm LF is the half of the ND. 5 
And the priſm E C is the half of the B D. P. 28. B. 11. 


3. das Re = priſm F L is 5 to the priſm EC. | Ax. 7. J. * ; 
| Which was to be demonſtrated. 


' 
| 
| 1 
| 1 DaMoNs7RATION, 
| 
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7 7 * ; 5 1 6 4 
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PROPOSITION & "THEOREM J. 


| PA: polygons (ABCDE & FG HI. 1 5 in circles | 
are to one another as the ſquares of their diameters (EL 5 


J gur, BCD E@FOHIK. Tis ACK! feb rH =w/0 
1am of the an 3 


II. They are r in „ K diam. eas diam. G Mz. 


| Preparation. £ 
1 Ia the @ AC day ALB ous Jiu FN E 
2. In the aw r. 
g * TTY” 
B $ erer kin 
E CAU E the pol: gons ABCD IH are to 
Anh the WA or E is = to VGFR, EAE: pic OY 
D. 1. B. 6). | 
1. Rü. AE i ui N the AFGK. P. 6. B. ö. 
2. Wherefore, AA BE i to AGF K, & a= Vi 4 
G 


But * PO VEBA, of a, & V r VOR or 4. TE B. 
Conſequently, WEL A is =to VGMF. | 1 1 
And, becauſe, in the two A A 15 * G GF M, the ene o VE 
DFP to the twö GMF G FM of 2 
ſecond (Arg. s 
5. The third v E= 1 AEAL v be = td tlie thüd 
FG M of the AF MG. | | P.32. 
6. Therefore, EL: AR = GM: GF. F NT 00S. of 
7. And alternando EL: GM=AE: GF. - P16. 
But AE 581 are ; homologo ous ſides of the pol) Yeons ABD & PHR. 
Beſides, E L & GM are the diametets of Ne © 1 m which thoſe 
lygons are inſcribed. 
8. 1 ABCDE: ; polyg; FKIHG=EL*: GM». Paz: B, 1. 


Which. was to be demonſtrated. 


6. 
I, 
1 


Fw 


I. E M M A. 


I. from the greater (A B),. of two unequal fnagtites (AB & O), a : 
be taken more than its half (viz, A H), and from the remainder H B) more 
than its half (viz. H K), and fa on: there ſhall at length remain a magni- 


tude (K B), leſs than the leaſt (C), -of the propoſed OE 


„ . 
9 


FDireparation. | e en$e” 

|. Take « e ET of the leaſt C, which may Ga ; | 
AB, & be >2C. en 
2. From AB, take a part H A > the half of A B. . 5. 


From the remainder H B, take H K > the half of H B. 
4. Continue to take more than the half from thoſe ſucceſ- 


De MONSTRATION. 


B EC A Us E the magnitude E I is A multiple greater than twice 
the leaſt magnitude C (Prep. 1). 
If there be taken from it a magnitude G I = C. 
. The remainder E G will be > the half of E 1. 
But E I is > AB (Prep. 1). ] e 
Conſequently, the half of EI is > the half of AB. P. 19. B. 5. 
Therefore, G E will be much & the half of A B. „ OE 
But H B is < the half of AB His 2). ” „%́ù SS AE CL ci 
Much more then G E is > H B. . 
Therefore, E F, the half of E G, is < the half of H 5. 
And K B is S the half of H B (Prep. 3). 
6. Conſequently, . | 
And as the ſame reaſoning may be continued until a part (E F) of 
the multiple of the magnitude c be attained, which will be rad | 
to C (Prep. 4). 
% (KB) of ih that the AG c will be > the remaining part 


) of the greater A 
Which was to be demonſtrated. 


n 
0 


8 
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— — IEEE E—U— — 


a = 
—— — ——-—— ———Uñ—ä4 wv et . r* . ˙-;m;ͥwö e ˙ 


| 


PROPOSITION] 1. THEOREM II. 


Circits (AFD & I LP), are to one another as * 
their diameters (A E & I N. 4 : | | | 

„„ TSS. __ 
In he cireles AF DE IL P there bas n OSILPSA EZ: IN, 
been drawn the diameters AE & IN. RRQ, 5 2 


DzMONSTRATION, 
Tf Rt: 
AE is to I Nt as the OAPDi won ſpace T (which 
| is < or > STS) 


£ Suppoſition. 


fot T be < r by the ſpace V. that in T+v 
= © FL-Þ;*- | 
J. Preparation. F 


1. In the © LIP deſcribe the UI LN P. P.6.B. 4 
2. Divide the arches IL,, 8 iy. K PI into two equal 
P.30. B. 3- 


5 Bra in the points K, M, O 48 52 
pa lines I K, KL, LM, N, NO, OP, 5 fg < | 
Poſt r. 1. 


| 4. Theo 1 point K, draw SR leg Lt 7 ve P.31.B. 1. | 

| 5 E which will form the rgle. pond EY 

6. Inſcribe in — © A DFa polygon & to the polygon of _ 
the 10 LP | 


<Q q 


t. 


2. 


+ 


hk 


5 


6. 


The ELEMENTS 
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Be CAUSE the D deſcribed about the G I LP is > the 


itſelf. | 1 

Half of this [7 will de > the half of the OIL P. 
But the inſcribed 1 L NP is = to half of the cicumferibed LJ 
(the fide of the eircumſcribed U — to the diameter, & the 
£} of the diameter = [LI+QOLN=2DL 1 We 
Therefore, the U LIP Ni is > the half of the LP. 
The rgle. SI is > the ſegment LK I (Prep. 5. & Ax. 8. B. 19. 
N A Wd the half of the rgle. S I is > the half of the ſegment 


The AL K is = to half of the rgle. S I. 


Therefore, the & LK I is & the kaff of the ſegment L KI. 
It may be proved after the ſame manner, that alf thy- A L MN, 


- 


£ 


19. 


* 


N OP, &c. are each > the half of the ſegment in which it is 


placed. 


Wherefore, the ſum of all thoſe triangles will be > the ſum of the 


half of all thoſe ſe 


Continuing to divide the ſegments Kh, fL, &c. as alſs the ſey- | 


ments arriſing from thoſe divifehs. 
It will be proved after the ſame manner. - 


Wi S are 


ments, ate eber > | the half of the ſegments in which 
1 5 78 


That the triangles formed by the ſtraight lines drawn in thoſe KY | 


Therefore if ſtom the O LEP be mken more than its half, 4 
che IL NP, & from the remaining ſegments (L KI, IGP, &c.) 


9- 


De taken more than the half, & & en. 


CV. | 

But the @ LP is = FV (i. S.. 
Therefore, taking thoſe ſegments L 1 I, &c. boa the O1 I. P. 
And the ſpace V, from T + V. (which is N thoſe ſegments). 
The remainder, viz. the polygon IELMNOPYQ will be > T. 


But the polyg. ADFK : polyg ILOQ = Qof AE: O of IN. P. 


There will at leagth vemaia- ſegments: which together, will be 
1 | | Lie. B. 


12. 


Ax. 5. B. 1. 
1. J. 12. 


of EUCLID. 1 


| AndtheDof AE: of INS O 3 T. (*% | 
| to. Therefore the poly. ADFH : polyg. L0Q=@ ACEG: Fo Par. B. N 
But the po gon A 5 F Hi K ® A ES. ä Ax. 8. B. x. 
11 Conſequent , the poly Fg d CF, | | P. 14. B. 3. 
But the po ygon IL * % I (45g: 9 
12 Therefore, | T wil be > & < the polyg: I 180 (Arg. 9 110. 
13 · Which is im flib le. | 
14. There ore, T is not < OILP. 
| bs F _ whence it follows, that the [7 of the diameter (AE) of a 
Ach Nas the rt O(ACET) e er oa (IN) of another @ 

LP), as the firſt © (ACEG) to a ſpace < the ſecond © UL 


Il. Suppofition. 
Lat the ace T be > the d. IL, 


- 32 Th Preparation, 
Take 
I” 3 $0, 
| AE:LlfIN=@ACEG:T | 
16. 9rd of IN: U of AE. e 4. B. 5 
But T: G AC | : V. (II. Prep.) 
| Moreover, "T4 * Oh £4 7 A - 
en 5 8. 14. B. 8. 
on Befides T wes E of IN: 8 of A E (Arg. _} -: e 
And T Ei V. (l. N 
18. Therefore, the { I AE=O@ILP:V. P18 . 
But VC © ACEG. (Arg. 17). 
And it has been demonſtrated 25 15), that the [J of the diameter 


n 
[4 5 ef a O (IL P), is not tothe iI of the diameter of another 
4745 v4 z as the firſt O (ILP) to a ſpace S the ſecond 5 


19. „Hd Vis not < the © I'LP. 
20. Therefore, T is not > the @ ILP 
Therefore, 8 being neither < nor > the 0 ILT. 
Ar I Y 
2 2 this OIL P. | | 
28-Conſequently, the AN GILP =0 of AE: Cor IN. P. 7. t., 
Which was to be demonſtrated. 5 


COROLLARY. 


on IR . are to one anther as u, ene in them (P. 1. B. 12. 
'& . | | 


SEES ee 


* ' ' 7 y * 
2 4 : : | 
- a 4 £ Fo Y 
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' PROPOSITION Ul. THEOREM II. 


E, VERY pyramid (A B CD) having a triangular baſe (A C D), may 
be divided into two equal and ſimilar priſms, DEFLG& GLFHCE), 
and into two equal and ſimilar pyramids, (L GIA& L FHB), which are 
ſimilar to the whole pyramid ; and the two priſms together are r than 


half of the whole pyramid (A B C D). 
Hypotheſis. Theſis. 


ypo | hl 
ABCD is a pyramid whoſe baſt J. The part 10 K IS is a priſm = 0 ts 
ADC re A the part G LEECH. 


II. The part ALGI is a pyramid = 2 0 to 
= the part BL F H. 
III. Thoſe pyramids AL GI&@BLF H are 0 
to the pyramid AB CD. 


IV. The priſm IDEFLG&GLF CHare to- 


: FOE | gether >> than the —.— of the gyr. ABCD. 


J. Preparation. 
1. Cut all the ſides of the pyramid A B C D into two equal 


parts, in the points L, F, H, E, G, & I. P. 10. B. 1. 
2. Draw the lines L F, FH, FE, GE, G1I&IL, =—_ 
L G, & LH. | Poſ-1. B. I. 
DEMONSTRATION. 1 


ECA Us E in the ABCD the ſides B D & B C are divided 
into two equal N in the points F& H (Prep, 1 ) 


e DF. | 20: D. '6. 
- Conſequently, F H is plle. to- C. ”y PN a 
. Likewiſe, FE is lle. r | 8 . : 
Therefore, FECH is a pgr. | Dc B. s. - 
It _—_ be proved after the ſame manner, that LFE G& LGCH | | 
are p 
. enen plle. to EC & G C. (Arg. 2. C TH 5 
6. The planes 7 ng thro? L F H&ECG will be MM P.rg. B. l. 
7. Tbergfore, GE CH F will be a priſm. D | B 
8. Likewiſe, L FEDIG ll be allo a 8 13. 3.11. 


But thoſe two priſins have the ſame altitude LG, & the eps gr GE 
- which is the baſe of the * LD is double of the AC 


'} of thepriſmLC. n 24, 
_ 9 Therefore, ths priſm L 7 is == to the priſm LC. P.40. B. in. 


Which was ta be demonſtrated. Is 


| * » ECAUSE the fide BD is cut into two equal parts in F. that 
X* FE & DE * plle. to B C& FH, each to each. (Prep. 1. & 


A.. 2. yg B. 
TE A E BE W 0 AB FH | ; „ 
11. The AF ED &JL G are alſo equal. Coons ot os EY. 
12. Therefore, ABFH = ALIG. Ax. 1. B. 1, 


And ſince the other ſides of the pyramid A B 0 D are divided into | 


two capes 1 
It ma ly proved that, 
113-48 Ly 3s ts: the ALAL ABLH = AG. 
ALF HSS AA GL. 
14. Fro whence it follows, chat thoſe pats BLHF&ALGI are . 
ar] F n Yr T nn 
Wich was to be demonſtrated. IB. 7 e 
HE line F H, is plle. to DC. (Arg. 20. "i BO? 
herefore, ABFHis AB DC. P. 2. B. 6, 
"5 Likewiſe all the N which farm the pyramids BLH & AEGT | | 
are co to all the triangles of the whole pyramid A B C D. h | 
16. Therefore, the pyramids B L H F * A LG I, are to the _ 


rn AB (© 5 
Which was to be demonſtrated. 111. 
II. Freparation. 
Dray G H& E H. 


1 HE line B H being = to HC (1. Prep. 125 EA 
7:4) SVECHSgVFHB . 29. B. 1). 


Na the AECH is = tothe BFI 85 #4 Þ..4- 
18. Alſo the AHGC & GEC are = & c to che ABLH& . 
LH F. | D.13.B.11. 
19. Therefore, the pyramid LFH B is = tq the pyramid HGEC: 'D.ro. B. 11. 
But the pyramid E C H G is only a part of the priſm ECHFLG. | 
20. Therefore, the priſmE CHF LG is > the pyramid EC HG. Ar. 8. B. 1. 
21. Conſequently, this priſm EC HF LG is alſo >the pyramid LFHB. P. 7. B. 5. 


The priſm IL. G ECHF is = to the priſm 7 I þ & the 
yramid LF HB to the pyramid AI GL (An 
herefore, the priſm E F L Yo FD is alſo > 405 0 EL 
pen Therefore, the 118 priſms EC HF LG & EF 1 1D eder, 1 
will be the to pyramids BL F H & LATG together. Ax. 4. B. * 
24. From whence it follows, that the two priſms EC HF LG & 
EF IL. * together, are > the half of the given pyr. AB CD. 
Which was to . n Iv. 


— 


. The E LE M E N „ 


.. ⁰¶ SY 3 eb ee per tO IR. . 
7% 9 EY . 4 oy 


—ͤ—k— — 
DC —U— . III CIIEg — — —— — — — — — . 


PROPOSITION W. THEOREM W. 
Te there be two pyramids (A BCD & E F GH) of the ſame altitude, 
upon triangylar baſes (ABC & EF O), and each of them be divided into 
two equal pyramids ſimilar to the whole pyramid, (viz. the pyramid ABCD 
into the pyramids DL K M ANT1L,' and the pyramid EFGH ino 
the pyramids HR QS & RE PT); and alſo into two equal priſens, (vis. the 
pyramid A B CD into the priſms LB & LC, and the pyramid EF GH into 
the priſms RF & RG); and if each of thefe pyramids (D LK M, ANFL, 
HRQS, & REP I) he divided in the ſame manner as the firſt two, and 
ſo on. The baſe (AB O,, of one of the firſt two pyramids {AB C D), is to 
the baſe (E F G) of the orher pyramid (E F G H), as all the priſms gon- 
tained in the firſt pyramid (AB C P), is to all the priſms contained in the 
ſecond (E FG H), that are produced by the ſame number of diviſions. 
Hypotheſis.. Theſis. ; 
J. The triangular pyramids ABCD& EFGH, The ſua of all the priſens contained 
have the ſame altitude. | | in the pyramid AB CD is es the 
II. Each of them are cut inte tao equel priſms ſum of thoſe contained in the pypa- 
LB & LC; aloRF RG, N into tug mid EF GH, being equal in num- 

' equal gyramids ſimilar to the whole pyramid. ben; as the baſe A Yo of 1777 
III. Each ef thoſe pyramids LDMK,LNIA,RTPE. rawid ABCD is to the baſe EF Fo 
RQ H, are ſuppoſed to be divided in the of the pyramid EF GH. * 
lan manner as the firſt tas, & ſo nt 


T4 DEMONSTRATION. 

Br CAUSE the pyramids ABC DR EF G H have equal al- 
titudes, & the priſms LB, LC, RF & RG have each the half of _ 
this altitude, | [p. 1. g B 3. B. 129. e ee 

1. Thoſe priſms LB, LC, NF & RG have the ſame altitude. Ax. 5. B. 1. 
The lines B C& FG are cut into two equal parts in the points | 


* 


* A. 128. SS tf > £8 © $6 2 
of EUC UID. 
/ | BE: $#.:. You Fo ©&- » # b 

* 


e ˙w—! . ⁵˙Mm . R4 


; - / 4 
nt I CB: co SGF: GV. . 7 _ bf "7 
3: Confequently, AABC: ATOC=AEFG: ATV P.22. B 
4: And alternando AABC:AEFG=AITOC:ATY G P16. B. ge 
5. Moreover, baſe IOC : baſe TVG = priſm LK KMCOI : 18 IL 
_ priſm RQSGV.T. „P. 38. B. 
6. And priſm I. K OB NI: priſta LK MC GI = pita R n — 


| prifin RQSGVT (barssg the ſame be (Ang. 1.) & being 


equal taken two by two (Hyp. 11). P. 7. B. 6 

7 Conſequently, priſm LB + priſm L GC: prifin L — = priſin RF 7 

eim RG: priſm RG. P18. B. g. 
8. 1 priſm L B + pri L 25 priſm R F + binn! RG 

= priſm L pr RGS. 16. B. 5. 

But priſm LC: priſm RG = baſe I 0 c: baſe TVG (Arg. 55 | . 


| And bebe i OO: beſe T VG = baſe AB C: da EFG ( 4), 
g+ Therefore, the erl. LC:'pi RF -þ pt. RG be 


ABC: baſe E | 
| EPTR, be off yramids LEMD&LINA;z alſo RS H & 
2 * be d need ai er the ſame manner as the pyramids / BCD 
Por proved after the fire manner : 
LO. 5 — 25 bak ptr reſulting from the firſt baer LEMD | 
| & ANIL, will _ the ſame ratio to the Ale n 
ſtom the laſt R 8 H & EF T R, that the baſes EA 
have to the baſes R Qs K EPT D. trt. & Arg. 9). : 
And it has been pom nn op that the baſes L K M& AN I. are 
each = IOC; tio R QS&EPT, cath L V . 
Moreover, AABC: AEFG= Al qc: A TVO HA O. 
11. Wherefore, the ſum of all the priſtas contained in the —_ 
ABC is to the ſum of all the priſms contained in ns r pe 
EF GH, er is to the buſe E FG. > £26) R. J. 8. 


Which was to de duelle 


P. 1 t B. 5. 
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PROPOSITION v. THEOREM V. 


YRAMIDS(ABCD&EFGH) of. the ſame altitude; which 
have triangular baſes (A ” c & EF G): are to one er as their baſes, 
(ABC&EFG). 


H ypotheſis. | AT 35 Tbeſßs. bet 
ny The pyramids ABCD&EFGH 7 Pyram. AB CD. pronEF GH= 
baſes the A ABC&EFG _ Pr AS 4 2% Ef. | 
II. They have the Jane altitude. | 
Dessous n Arlon, 
If 1 
Pyramid AB eb pyramid EFGH > baſe ABC: 
baſe EN G. 1 A. 
” a Preparation. T 


r Ad, 
ſeo that X: pyram. EF GH = baſe ABC: baſe EFG. 
2. Divide the pyramids A B CD & „ as directed in 


4 3. P. 14 


B E 0 AUS E the two priſms denen from the firſt diviſion, are 
> the half of the prtans AB CD; & the four following, reſult- 
ing from the ſecond diviſion, are > than the halyes of the pyramids 
reſulting from the firſt diviſion, & fo on P. 3. B.12. 


1. It is evident, that the ſum of all the priſmms contained i in the 


mid ABCD, will be > che og X, n * 2 ; 
the pyramid men » 4 Lem. B. 12. 


5 + » * 5 
s 1 4 


But all the priſms chateined in the r AB CD, «th to all 
the priſms contained in the pyramid E F G H, as the baſe ABC 5 4 
fi is to the baſe EF G. P. 4. Bit: 
168 the ſolid X: pyramid EFGH = : baſe A BC bete E F 6. 13 
reg. 1. 3. 
= onſequently, all the priſms connined i in the man Ag cÞ are — ; 
| all the priſms contained in the pyramid E 8 H. as the fold „ 
K. is to the pyramid E F G H. Pi. By: 
But all the priſms contained in the pyramid AB 2 D, are > the | 
| ſolid X. Ae AEM LIST 2 ; . 1 ; 
4 There l. önnen the ppm EF WII e e 
> the;pyra 1 rin 9.0 14. B 
Fn 105 FRA! cies Mu, CIT a "Ax.8. I. 
5: Conſequently id (as & which-is C the pyramid {JAB „ 
cannot 23 2 (gan re p F G E, which be «do, i] 
baſe A BC, 1 to T3 baſe F425 
And as the ſame. demonſtration holds for any other folid Hier Þ 
Ap pi and E F 'GHE=b Ne 
3 KS AOL WU 5 7 122 * * 
COROLLARY i 
Przatuips: b F 2 8 which have hal ee for their 
baſes : are query ( $:)- by 
. = nee 13. 35 F353 It: Hir „ Deieg 571 14 
"zh PET?! 2 coroLnmer Ii 71 531 ni 04 | 
2212 (16 TT enen SIRE einigen ve 
I DUAL ng nebigh N. equal | eme 51 their e. : have the 
ſame altitude. a 0 lane M al a. N. S U 405 4 
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* | " PROPOSITION VI. E REM Ph 


'Y R AMI DSF GIL M & AB CDÞ)- bf che ſame tb, 
' which have polygons F GHL 5 * 3 1 C 7 for their ab are. to,one 
another as their on | $9 5 


8 Bei 4% 


efis. © 11 5 
J. — F GH. ABCD, feta fs ra 1387 IDF 
Bae = for their b Li AB 2 IN e OCW 0 
TI. They ave the ſame altitude. 


e "Preparations. © 
13 Nixida, the baſes EIL H 8 ABC. ita, hel. 4 
by drawing the lines GT, H e "+ 7 
2. Let planes be paſſed thro” pelt lines & che vertices f 
the pyramids, which will divide eachoofq choſe pyramids 


into as e ee, as each baſe contains ne ＋ 
"0" EE 1. 5 * „ 1} 2 8 s 
Wess DrNrONS TN A To. nene 
+4317 1 


ECA USE the n midsTL HM & A B DE have 

the ſame altitude. (Hyp. 11. Prep. 2). | 
1. The pyramid IH IL. M: pyr. A BD E = baſe HIL : baſe ABD. F p. . 5. 
2. Likewiſe, pyr. GI HM: pyr. AB D E = baſe HIG: baſe ABD. * 
3. Conſequently, 2 yr. IH L M + pyr. GIHM : pyr. ABDE = 

| baſe HIL -+ baſe HI G# bag AD. -, XS F-24. . 3. 
4. Moreover, pyr. FIG MAH r ABE —bat ri «baſe ABD. P. 5. B12. 
5. Therefore, pyr. 115 NP r. FIG M 

AB D E = baſe H I Li EHS FIG: baſe ABD. P24 B. 5. 

But pyr. IH L Mapp parts: EHM R 1 EGM are to 

te of yr. MF GHH -& the balg #1 1 L ERH [1'G + b fe J Ax. i. B. 2. 


= baſe FIL H. 4 
6. 8 pyr. MFC 1 . Al baue FILHG 


„ 


baſe AB D. * 
It may be ous after the ſame manner, that | 
. Pyr. MF LI: pyr. BDCES|aſfe FILHG: baſe BDC. 
& Therefore, yr. MF G H LI : pyr. ABCDE = baſe FILHG 
: baſe ADCB. P. 25 B. 5. 
| Which was to be demonſtrated. | 


n cc ENCE BY 17 


*, 
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PROPOSITION VII. THEOREM: D 


VER Y triangular priſm (AD E) : may be divided (by planes paſſing 
through the AB CF & BD F) into three pyramids (A CB F, BDE F & 
DC BF) that have triangular baſes, and are equal to one another. 


Hypotheſis. 5 1 3 o Theſis. | + 35 £72 
The given priſm A DE Op | The priſm AD E may be divided inte 
triangular ale. 2 TR, three equal tHahpular thramid;, 


ACBEF, BDE F, DCBF. 
Preparation. 1 85 


Le „ TO. | 
2. From the point F in the pgr. A E, draw the diag. B 80 Poſ.n. B. 1. 
3. From the point B in the pgr. C E, draw the os C 

4. Let a plane be paſſed thro CF & B F, alſo thro'BF & BD. 


DEMONSTRATION. 


| Bec AUSE AD is a pgr. cut by the diagonal CF. (Prep. 17. 
1. The AAC F baſe of the pyramid A B C F is to the ACF D, 
baſe of the pyramid B CF D. | 3 BD. 1. 
But thoſe pyramids AB CF & BC FD, have their vertices at the | 
oint B. =Y N = . N WO 'CP B.12 
2. Therefore, the pyramid A B C F is = to the pyramid B CFD. 0 = 8 
Likewiſe, the pgr. E C is cut by its diagonal B D. " Prep. 3). 1 8 
3. Therefore, the A CB D, baſe of the pyracnid Br BS to 
the AB D E, baſe of the pytamid DEF H. 
And thoſe pyramids B CF D, &c. have their vertices at the 1 N | 
4- Conſequently, the pyramid BCDF is = to the pyramid BDEF. FP. 5. B. ia. 
But the pyramid A B C F is alſo = to the pyramid BC DF. X Cor. 1. 


(Arp. 2). : 3 | 1 
5. Therefore, the pyramids A B CF, BC DF, & BDE F are equal. Ax. 1. B. 1. 


FP. 4. B. 1. 
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6. Coachs the triangular priſm. (AD E) may be divided into 


| meow triangular pyramids, 
Which was to be demonſtrated. 


COROLLARY L. 


| Leer O N this 5, it is . t, that every grand which has a triangular baſe, is the 


ird pars of a 11 which bas the Jon baſe, & is of an equal altitude with it. 
COR 0 L L ART I. 


E, VERY framid which has a polygon fer baſe, is the third part of a priſm awhich 
has the ſame baſe, & is of an _ altitude with it ; . nce it may be oi into priſms 


hawing n . x OA 
| c 0 R 2 L L AR Yr II. 
P RISMS ls equal —_— are to one ET as their baſes becauſe pyra- 


| mids upon the ſame baſes, & 7 of the ſame altitude, are to one amber as | their 


baſes: (P. 6. B. 124 


0D WE L'FD: 
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PROPOSITION VIII. "THEOREM VIII. 


81 MIL AR pyramids (A BC D & EF GH) having triangular baſes 
(B DC & FG H): are to one another in the triplicate ratio of that of 


their homologous ſides. | . 
Hypotheſis. „ Theſis, | i 
The (0 pyramids ABCD&E - G H have The pyramid ABCD is to the pyramid 
triangular baſes DB C SGF = E EFH, in the triplicate ratio o * tg 
W are B D & F F G, that W 
nene Jas 
1. Produce the planes of the A B DC, ABD&ADC; 
complete 18 grs. DR, DQ & DP. P.31.B. 1. 
2. Draw PO&OQ plle. to 2 AP, & produce them 
to O. P.zi. B. l. 


3. Join the points O & R; & 5 will be a which will 
| have the ſame altitude with pyramid A B CD. 
4. After the ſame manner deſeribe e MH. 0 
5. Infine, Join the points Q & P, alſo M & N, homologous 
to the points B & C; alſo F & H. 3225 
0 
* DEMONSTRATION. 


133 the pyramids A B C D & EFGH are 03 (Hp. ). 
1. All the triangular planes which form the pyramid A BCD are cu 
to all the — lar mow which form the pyramid E F G H, 


each to each. D. 9. B. 11. 
2. Conſequently, AD: BD=EG: GFP „&c. D. 1. B. 6. 
3. And the plane W A D B is = to the plane WB G F. P. 5. B. 6. 
4. Therefore the pgr. DQ is cu to the pgr. M G. D. 1. B. 6. 
5. Likewiſe, the p 8. DR& GI; DP, & G N are wv; as alſo their . 

oppoſite ones A O, EL; R. MI. | P.24. B. 11. 


NY 


_ CO I Pr TO A eat? on be REY 9 R 7 
* n "Wes x xx 
? . N 
— * 1 1 — 


The ELEMENTS 


p , — 3 * . 
4 4 EI" — 
—  - — — — 


6. d eee N e e 
7. Therefore, AR: EIS DBU: F Gs. | 1 
And ſince the lines QP & BC; MN& FH, are diagonals ſimi- 
larly drawn in the equal & plle. pgts. OA & RD; EL& IG. 


( Prep. 509. | | 3 | uo 
8. The parts BOAPCD&FMENHSG vill be warm: 15 9. B. 11. 
t | | | g 


1 
„ "x" 


each equal to the half dF its . | N 28. B. 11. 

| | - | „ . 
9. Conſequently, the priſm BP Q C : priſm FNMH = BDs® : FGs. K iT B. i : . 
| | | | Rem. 1. 


| But the pyramid A B DC is the third part of the priſm B QPCfP. 7. Buy 
& the pyramid EF G H is the third part of the priſm FMN H. I Cor. . 
10. Therefore, the pyramid ABCD: pyramid EFGH = BD5 : FG®, P. 15. B. 5. 
| . | Which was to be demonſtrated. 


„u. 
F. O M this it is evident, that ſimilar pyramids which have polygons for their 


baſes, are to one another in the triplicate ratio o their homologous fides, (becauſe 
they may be divided into triangular pyramids ; which are ſimilar, taken two by two. 


ng 


of EVCLID. 8 


PROPOSITION: IR. THEOREM IX. 


I HE baſes (ABC&EFG), and altitudes (B D' & F H), of equal 
pyramids, (ABCD& EF G H), having triangular baſes, are reciproeally | 
proportional, (that ze, the baſe AB C: baſe E F G altitude PH: alti- 
tude B D), and triangular pyramids (A BCD & EF G H, of which the 
baſes (ABC & EFG), and altitudes (B D & Ln are e reciprocally pro- 
portional: are equal to one another. 


N need ; | Theſis: 5 
L Thi ee {7 BEGH are tri Baſe-ARC:: * -»— - — DEMPEPR 


II. The _ ABCD! is = to the e EFGH. Pr H : altitude BD. 


7  Priparation. 
Complete the BO K having the ſame altitude with - 


the pyramids ABCD & EF GH; as affe the priſms 
BAPNC ie lo, OE 3 


1. Deuons rn Arion. 


| Rete * * PNB & LIF, have the ame baſe & & 
altitude with the given pyramids ABCD&EFGH. (Prep) 


5 Each priſm will be triple of its u (1 that is, the. priſm PNB 


triple of the pyramid ABC 


& the rann * 
ee F G H). $ 2 a | 


2. Conſequently, the priſm PNB'is S to the 78 rifm L. I F. « 6. '3. 1. 
But the N BO is dauble of the, priſm N B, & the 7 F K 
double of the priſm LIF. P.28. B. 11. 


3. Therefore, the B. O is = to the Ark Ax. 6. B. 1. 

be the equal P (BO & F K) have their baſes and altitudes re- 55 
F proporrional (that i is, baſe B Q: baſe F M= = altitude 5 

OY titude B P). | 

of Ant thoſe Hate each ſextuple of their pyramidt, 1 1, the 


BO is ſix pyramids A B CD, & the KF fix pyramids 
E F GH. * 1. G30 | 


. P OAPI oY oO III FEooIT eerie 
4 
«nana 24 * 


eee T —⁵gö 7, 


Per = 


— 


5 * 8 * + ae a BY 7221 N 


ret F * 3 
. 1 — 


— + 
3 K ————— 2 „„ Py 


— 
— ³ ¹mA ] ͤe ee e ä —ů— ĩ˖ — —— — —— ̃ — : — — 
— —— — 2 — - — e353 


W the baſe of the is; ABC Di is the half of the baſe) 
of the B O. P B. 5 
And the baſe of the pyramid EF GH i is the half of the baſe ( Mt ay 
of the . FK. 
4 e PC: baſe EFG = al. FH: alt. B D. ben B. 1 | 


P. 11. Sh 8. 
| N Which 1 was to be demonſtrated. a 5 
Hypotheſis. hege. 


J. The pyramids ABCD AEF GH are triangular. The n pyramid gain i= 


I. Baſe ABC : baſe ES al. FH : alt. BD. ts the triangular pyramid EF GH. 
II. DEMONSTRATION. 


1 the AAB C: AEFG=FH: B D. (Hp. 2). 
And the pgr. B Qis double of the n C, the pgr. F M double, 
of the AEF G "ox Þ; 

1. It follows, that the pgr· BQ: pgr. F M = FH: "my P. 
But E B O has for baſe the pgr. B.Q, & for alt. B D. "ME | 
And F K has for baſe the pgr. F M. & for alt. F H. wy 


2. Conſequently, the DJ B O is = to the DJ F K. P.34. B. 11. 


But the . BO & F K are each double of the priſins P N B & | 
LIF. x: 3.18, Bi. 
And thoſe ns PNB&LI F are each triple of their pyramids 11 75 B. 12. 
ABCODSEEFGCOH. - NC. 
3. Therefore, the 2 pyramid A B CDi is 2 to the triangular | 
meu” E F G H. = Ax. 7. B. 1. 
| Which was to be demonſtrated. 


COROLLAR YT 


F - AL POR pramids have their baſes and altitudes FE WAS ly 3 


tional ; & poogen grande Whoſe . EC; altitudes are ae . 


are equal. 


PROPOSITION xXx. THEOREM X#: 


very coe (BRO) is the third part of the cylinder (fi GFE 
AB-D C) which has the ſame baſe, (BD CA) and the den altitude (B * 


with it. 

f 25 Hypotheſis. Theſis, 
The cone B RC, & the cylinder HF A D 8 The i RC is equal to the third | 
3 oy baſe BDCA, & the ſame part of the cylinder HF CABD. 

titude 


DaMoONSTRATION, 
If not; T 
The cone will be < or > the third part of the cylinder, by 
a e = 2. 


"= 8 uppoſition. 
mp moe = cone BRC | 1 
4. Preparation. | 


I. In £53 e baſe AB Do of the cone & cylinder, . 
4. About the fame bake deſcribe the LIP O QS. & OP 


3. . ares erect two (7D the ſirſt FHB C, u the 
“ inferibed T & the ſecond, on the circumſcribed N, b will 


touch he ſuperior baſe with its plle. planes, in the points H, G, F, 
& E, * having the ſexe anttude with ts & the cone. 
ET. S 
ie have omitted a part of the Sreparation in the figure to avoid eue. 


6. F. 4. 
7. B. 4. 


* * E * * n 
* nd 4 * 
8 . ) 8 > > » 
= „ 64 » „ 888 2 8 l 2 3 
* : s 0 ar * x 5 
8 he ELEMENTS Book XII. 
I 2 „ . : % p I. 8 2% es «> 1 * ; 4 
« , i . e * 0 * py 
» — * 5 8 5 ; 
2 - = G 
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. 


H 
| P;: 22 4 
1 : 7 
5 ö . 
ph 
| | | | 1 XT ag 


CC —_ — 
— p — — 77 i” — non. WI on 


— 
4. As the arches ATC, Cd D, bin, & B 4 M. in T. 45, K.. P.30. B. 3. 
F. Draw A T, & TC, &c. Po,. 1. B.. I. 
| & Thro' the point T, draw the tangent ITE, which will cut ug 4 P. 17. B. 3. 
D C produced, in the points I & K & complete the p . Ar 
7. Upon the pgr. AK, ereck the ALFK, & upon the 
. "FCK « the priſms E T I. ETF, & TFK, big all 
the ſame altitude with the cylinder & cone. 
8. Do the ſame with reſpect to the o ons AaB,Bb B, &c. 


ECAUSE the D POQS is cribed about, & the I 
B D CA deſcribed in the ©. | ! 8 
1. The UPO Qs is double of the U CA. | P. 47. B. 1. 
s having the ſame an e ( 4 . 


— 
2 


And the ¶ deſcribed upon thoſe ſqus 
2: Therefore, the 7 upon POQS is double of the Y upon BDCA.: P. za. 


But the upon POQS is the * cylinder. | Ax.8. B. 1. 
3: Therefore, the Gon BCA i S the b alf - 2 ſame cylinder. P. 19. B. 5. 
And ſince the & T A © is the half F the p 21.403 8. i 


4. The priſin E T E, deſcribed — * this TA 15 will be the (P28. B. 11. 
half of the O u n the pg. AK 1234 1 
The ED deſcribed u on the pgr 1. A k is > the —_— of the ( Rem.1.Cor.3. 
cylinder, which has for baſe t ſegm ent ATC. 1 Ax. 8. B. 1. 
5. y, priſm E T F — — upon A T AC is > half of 0 
the element of the cylinder which has for baſe ſegment ATC. P. Mp4 „ 
6. Likewiſe, all the other priſms deſcribed after the ſame manner, Wil! 5 
de > the half of the correſponding parts or elements of the cylinder. 
Therefore, there may be taken from the whole cylinder more than 
the half, (viz. the upon the U BDCA), & from thoſe remain- 
ing elements (viz. CF E A T, &c.) more en the Tor ; og the 
R a . 


of EUCLID. 


7. Until there remains ſereral elements of the cylinder which together 5 
© will be < Z- Len. B. 1. 
But the cylinder is = to three times the cone B RC bh Z. (Sup. ). 
* Therefore, if from the whole cylinder be taken thoſe elements (Arg. 7 4 
And from three times the cone B RCA ＋ Z, the magnitude Z. | | 
: 8. The Yip. 2 (viz. that which has for bale the polygon 


AA Bb Dd ) will be > the triple of the cone. Ax. 4. B. 1. 


But this priſm is the triple of the 1 of the ſame baſe & alti- E 7. B. ia. | 


' tude (viz. of the pyramid T AA BS D4C TR). ; 
9. Conſequently, the pyramid ABDCR is > the given cone. Ax. . B. 1. 
But the baſe of the cone is the © in which this polygon AB  * 

is inſcribed, (& which is conſequently > this polygon), & this cone 
has the ſame altitude with the pyramid. 
10. Therefore, the part is > the whois, #7. a of. 
11. Which is impoſſible. Ax.8.B. x. 
12.Conſequently, the cone is not < the third part of the ode: 
| II. Suppofition 


Let the cone be > the third part of the c Nu by the 
2. that is, the cone == the third part of. the cylinder - * 


II. H. eparation. 


- inde the given cone into — in the ſame manner - 
' that the 887 WAas divide in the firſt ſuppoſition. 


F from the given cone be taken the pyramid which has for baſe the 
. DABD & (which is greater than the half of the whole baſe of 
- the given cone, being the half of the circumſcribed U, Ag. 1. & + 
58 being > the baſe of the cone, Ax. 8. B. 1. ), & from the 
remaining ſegments, the p e correſponding to thoſe ſegments, 
(as has en done in the cy inder Arg. 7.). | 
13. (There will remain ſeveral elements of the cone which together FTI 
will be CZ. Len. B. 13. 
Therefore, if from the cone thoſe elements be taken which are 
Z, & from the cylinder + Z, the magnitude Z, 
14. The remainder, viz. the pyramid A a Dd C TRi is = to the 
third part of the cylinder. | 42.6. B. 1. 
But the pyr. Aa BDC TR is to the third part of the priſm, P. 7. B12. 
which 5 for baſe the ſame 1 Aa BV DAC T, & the ſame alt. 5 2. 
15. Therefore, the given cylinder, is to this priſm. Ax. ö. B. 1. 
But the baſe of the given linder i is > the baſe of the _ ſince 
. - this ſecand is inſcribed in the firſt, (I. Prep. 4. If 50. | 
16. Therefore, the part is = to the whole. BY 
17. Which is impoſſible. | A8. B. . 
18. Therefore, the third part of the cylinder i is not Pe cone. | 5 
2 it has been demonſtrated (Arg. 12. ), that the third part of the | 
linder is not > the cone. 
19 8 the cone is the third part of the cylinder of the fame 


” baſe & altitude. 7 
Which was to be demonſtrated. 1 


n 


— — 


nun ü  — —— 


05 PROPOSITION XI THEOREM XI 
ONES hp NL TS and cylinders ESE SY = 
S TK H) of Th ſame altitude, are to one another as their baſes. | 


Hypotheſis, _ . Theſis. - 
The cones EABDF & HGKIM, as like- L Cone EFB : cone HMK = baſe bab 


douiſe the cylinders QRBE A STKH - : #aſe HG K I. 


bape the ſame altitude. U. Glad QRBE : cylinder STKH = 
baſe E KB chaſe? HGKI. 
DEMONSTRATION. 1 5 


If not, The cone E F B: Z (which is no or > the cone 

HMD = bebEABD : baſe HG K I. Y 

Il. Suppoſution. 
Let Z be < the cone HM K by a magnitude X, that is, let 
the cone HMK Z + X. | 
J. Preparation. 

N ©GHIK baſe of cone H M K; deſcribe [7 GHIK. P. G. B. 4 
5 Divide the cone into pyramids (as in II, Sup. of P. 10.). $ 
3. In the baſes of the cones EFB & HMK, draw diam. EB x —_ 
4. In the © E ABD baſe of the cone E F B, deſcribe a pol 
to the polyg,H hGgKLI:H, & divide it as the cane HK K. 


ECA USE the cone HM K has been divided into pyramids, (Prep. 2 © 
If thoſe pyramids be taken from the cone (as was done in the fore - 


going propoſition. Arg, 13.). 
1. The ſum f the + ot - es will be < x. Len 7 W 


Therefore, if thoſe elements * taken from | the cone H M K, & the 
magnitude X from Z + X. 


* 


. a . 
- * . ; $2 7 _— 8 N * £ * £13 1128 
; 3 5 4 - R 7 & | ” 1 8 1 9 «54; 6 7 + 
A | „„ Ao} WA - 11 L 2 hi þ 
' . - : * + 
— MP] x 


3 The remaining | ppramid H 4 G KLIIMwillteSZ: . 
5 But thoſe polygons inſcribed in t 8 SEA B D & HGKI are W. (Prep. 4). 
bs b 5 SAE DB: © GHIK = polyg. C de a: polyg, Gr 45 


1 5 


| But, OAEDB:@©GHIK =coneRFB: Z. (Sup.). 
And the eee e e Ado pyramid H= GAK EIL 
8 e ee polygo pole > P. 6. J. 1 1. 
4 Conſequent! 1 Dd Ee Aa CP: pyram. Hh GeKLIiM | 
| = cone E B 2.11. B. 3. 
Du the pramid B BoAoBCPio< gene EF EH Ax. 8. B. 1. 
„Therefore, the pyramid H Gg KLI:Mis<Z. - Hin 


But this pyramid is > Z. (Arg. 2.) | 
„Therefore, it will be > & < - of (Are. 2. U 6). 
Which is im 1 | EET Erith 
Therefore, t fition of Z < the cone H M K is falſe. | 
io. Wherefore, the bete of the cone E F B is not to the baſe of the 
cone H MK (the cones having the ſame altitude) as the cone E FB 
to a magnitude Z < the cone H MK. 


EL Su 2 3 


Let Z be > the cone 
Take a r ma ait x uch that Z : cone E F B = cone 
HMK : N | 
Brcaust 2 is > the cone NM K. PA Paw; Ft * 
11. The cone E F B is > X. PI. B. 3. 


But the cone EFB: Z =baſe E ABD: baſe HG KT. (Sup.). T4 B. . 
12. Therefore, baſe HG KI: baſe E AHD S = Z: cone EFB. O-. 
13. Conſequently, baſe G HI K: baſe A E BD cone HMK -X. P11. B. 4. 
But it has been demonſtrated ( Arg. 10.0, that the baſe of a cone is 
not to the baſe of another cone, having the ſame altitude, as the 
frſt cone is to a magnitude I the ſecond. | 
14. Therefore, X is not < the cone E F B. 
But X is < the cone EF B. (Arg.10.). 
I .Conſequently, X will be < & not < this cane * B. (Arg. 11. 140. 
16 Which is — 8 
I From whence it follows, the ſu ion of 2 the cone 
7 H MK is falſe. - | pon * cons. 
Therefore, the magnitude Z being neither < nor > the cone 
HM K. (Arg. q. G 17.). : 
18.It will be = — Nh cone HM K. 18 
Hence cone EFB: cone H MK = baſe EAB D: baſe HGKL. N. 2. B. 5. 
p B Which was to be demonſtrated. 3 
EECAUSE the cone EFB is the third part of the cylin. QRBE | 
And the cone HM K is the third part of the cylin. HS T K. Pio. 213 
30. 8 B E: cyl. HS TK = baſe EA B D: baſe HG Kl. P. 18. J. 5. 
das was to de demonſtrated. 11. 


* — 
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PROPOSITION XII. THEOREM XI. 


IMILAR cones (BFE & LOM), and cylinders (BabE & 
L cd M) have to one another the triplicate ratio of that which the diameters 


(CD & IH of their baſes ach 7 gat &LTHMR), get 


Hypotheſis, | Theſis. 
The cones BFE & LOM, . the: 1 The cone Bk; is to the cone ie LOM in the 
ah Bo BOL, = are co. eee to IH; or as 


II. Theol. B 4 6 E is tothe ol: LAM. * 
the triplicate ratio of C D te I H; or as 
CDt: ER, *- + I 6 1:27 


| DEMONSTRATION. 


If not, 
The cone B F E is to a magnitude 2 (which i is < or > the | 


cone LO M. as CD? : 1 Hs. 


L. Suppoſition, 


Let Z be < the cone E OM by che N 5 that 15 
the cone LOM= Z +X. | 


9 — 


— — — — - 
j . 


I. Preparation. 5 
1. Divide . M into pyramids, as in the foregoing 1 | 4 l 


propoſition. | f A i 
2. In : e baſe of the cone B F E deſcribe 4 polygon W to the Y; | |, 
| = gon of the baſe of the cone L O M. „ „ 

e two cones draw the homologous diameters IH& #7 2 } 

* ed; alſo the rays LN & B A. | . i 


| B E C A US E- the cone L O M has been divided into be 

IF thoſe pyramids be taken from this cone lin the ſame manner as | 

in the foregoing propoſition. Arg. 1.).” | 1 

1. The ſum of the remaining elements will be C X. | . 4¹⁴⁰ 
Therefore, if thoſe elements be taken from the cone LO M, & the | | 

rt X from the magnitude'Z + X. 
fre remainder, viz. the pyramid LTGHM SRIO will be > Z. tis 5. 14 
7 the co cones have their axes & the diameters of their baſes | 
rtional. Die A1. 

* the cones BF E & LO M are W. (he). EEE 


3. Conſequently, CD: HI FA: ON. td 
- "WW; ED HSA N. 15. B. 8. 
4. Therefore, CA: IN= FA: ON. %% . 
5. And alternando CA: FA = IN : ON. 16. B. 5. 

The AF AC & ION have the dn (krebs. 30. | | 
And the fides C A, AF; IN, ON about thoſe —_ angles * 8 
, JE i 1 5 
6. Iiherefore, the 8 F Ac is c to the AI ON. 1 1. B. 6. 
7. Conſequently, CF: CA =TO: IN. * 6. 
8. Likewiſe, the AB CA is c to the ALIN. (3 BAC n 
= WViENTI). (F. 3. "ff 
9. Therefore, :C&;;BC.= IN &L, P.4 K 6 
But, e (42 25 
10. Conſequently. CF: BC S IO: IL. 22. B. 5. 
In the A CAF & BA en Sto B A (D. 5 0 Þ 
A F is common, & VC AFS VB . 5 30 | 
11. Therefore, the baſe B F is r to the baſe CP. 7 . 1. 
12. In like manner, L O is r to O I. 
But, CF; BC= UP 18 br 100. 
13. Therefore, BF: BC SHA 7. B. . 
14 And invertendo, BC: BF = I L OL. P. 4. B. Se 


15. Conſequently, che three ſides of the A B F C: are proportional to Cor. 
the three ſides of the A L OI. „ 
16. From whence it follows, that thoſe AB F + & IOL are 0. | P. 5. B. G 
17. It may be demonſtrated after the fame manner, that all the tri- 8 
angles which form the pyramid BD QF are e to all the 1 8 
. which form the aan LHS O, each to egch. 


. The ELEMENTS. 


— PFE UNITED 2 4 ap" rr PL nao iatrocere. "Ds 46 nr — hs 
* * — * P 


— / 


1045 as he baſes of thoſe * are e 00 pot ONS, (Prep 1.0. | 
18. The yramid B D Q is i to the pyramid I. $0. D. Br. 


But thoſe pyramids being co. | 
19. The pyramid B 42 Þ 8 LH SOS CB=: 11. 12 8. B.1 2. 


But, 1 1II. ( 9.) Ta.. 
20. Therefore i invert. B . : C A= = I L; : 1 N. 1a 4. B. 5. 
| or = 7 2 

21 And alternando, BC : L I = CA: IN. „ #116-B: g: 
22.Conſequently, BC: LI = CD : IH. . 11. 8. 3 
23. Therefore, three times the ratio of B C to LI is S to three times 2 P.11. B. 


the ratio of C D to I H, that is, B C: LIS = CD53 :IH*®. 

el l * D QF: pyramid LHSO. (4. 5 
24. 4.Conſequettty;" wack "Natal 'LHSO = ==CD®:] PII. B. 5. 

But theboneB T E! 2 — the? FR. us.) -* | | | 
25. Therefore, the pyram. BDF: pyram. LHSO == cone BF E: Z. Pt. B. 5 


But the pyramid BD QF being C cone BEF. A8. B. 1. 
26. The ee. LH s O will be alſo < Z. f P. 14S. 1. 
But the pyramid LHSO is > Z. (Arg. 2 et 


9. 
2 .Confequent| , the pyram. LHSO will be < & > Z. 4 2. © 26 
28.Which i is rns ra F » 4 


HMSRIO 


29. Therefore, the ſu n of 2 < the cone LO M or LT” 8 


— I P0000 


30. From whence it follows, that the cone 8 P E is not to- a magni- 
tude leſs than the cone LO M, in the triplicate ratio o of the diame- 
ter C D to the diameter 1H. 


* 


| 1. Fuppoſttion | 
Let 2 be > the cone LOM _. ; 


1. Preparation, 


* 
* — 


Take a magnitude X, ſuch that Z : cone B F Ke = ns 


LOM 


Brciust Z is > than the cone LOM. 15 Sup). 
3¹. The cone B F E will be > X. 


2. Therefore, invert. I Hs: CDS Z: cone BFE. 
But Z : cone B FE cone LO M: X. (11. Prep.) 
33 Conſequently, I H* : CD* = cone IL OM X. 
And it has been demonſtrated (Arg. 3o.), that a cone is not to a 
magnitude leſs than another cone in the * ratio of the dia- 
meters of their baſes. | | 
34. Therefore, X is not C the 0 B F E. 
But X is < the ſame cone. 
35-From whence it follows, that X Col 
< at the ſame time. 
36. Which is impoſſible. 


But C De: I H* cone BF E: Z. (Sub. ). { 


P. 1 1. B. 8. 


7 < the cone, & will not be 


37. Therefore, the ſuppoſition of Z being > the cone L 0 M. is falſe. . 


Therefore, the magnitude Z being neither nor > the cone 
LOM. (Arg. 29. & 37.). 1 

38. It will be equal to it. 
39. Conſequentiy, the cone B F E : cone 15 oM SD- 1 Hs. 


P. 7. B. 5. 


Which was to be demonſtrated. 13 


The cylinder B a 5 E, being triple of the cone B F E. 
And the cylinder Lcd M. the triple of the cone L OM. 
40. The cylinder B a 6 E: cylinder Le AM = CD53 : I Hs. 


Which was to be W 11. 


( 


T 


- 


P. 10. B.12. 
Pas. B. 5. 
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PROPOSITION XII. THEOREM XIII. 


F a cylinder (ABD C) be cut by a plane (H G) parallel to its exreile 
plans (B A & DC) : It divides the cylinder into two cylinders (A BH G 

G H DO, which are to one another as their axes, (EK & KF) (tbat , 
the cylinder A B HG: cylinder G HD C = axis E K: axis K F,). 


| Hypotheſis. Theſis. WR. 
The cylin. A D is cut by a plane HG, Clin. AH: 1 85 mn 
lle. to the ght planes AB & DC. axis F K. 


25 | Preparation. 


I, "ROTO the axis E F of the cylinder AB Dc both ways 
towards N & M. Foſa. BF. 1. 
2. In the axis N M produced, take ſeveral parts to E K 
&FK; as EN == E K, & F X, &c. each = F K. P. g. B. 3. 
Thre' thoſe points N, X & M paſs the planes SR, TY | 
& V Q, plle. to the oppoſite — BA & DC. 
From the points N, X & M, deſcribe on thoſe ** the 
OSR, . ry, 0 I TO A & DC. eta. EP 
Compare: the cylinders SA, CY & 


| DoMoNsSTR ATION. 
Bei A U SE 4 axes FX & X M of the cinder DT & TQ. 


are equal to the axis F K, of the cylinder G D. (Prep. 2). | 
1. Thoſe cylinders D T, TQ &G D will be to one e as their 


is 


baſes. P. 1. B12. 
But thoſe baſes are equal. (Prep. 1 
2. Therefore, thoſe cylinders T & GD are alſo equal. P. 14. B. 5. 


But there are as many equal —— CY, TQ &c. which toge- 
ther are equal to the cylinder G Q, as there are So FX, X M, &c. 
each equal to the axis K F, „ Which together are equal to M K. 


3. Conſequently, the cylinder G Q or GH Q is the ſame multiple 

of the cylinder G H D C, that the axis KM is of the axia K F. 
I It may be demonſtrated after the ſame manner, that the cylinder 

RS H & is the ſame multiple of the cylinder A B H G, that the 

4 axis N K is of the axis E K. 1 1 

5. Therefore, according as the —_— GHQV is >, =, or < the 
cylinder G HD C, the axis K M will be >, =, or < the axis F K. 

And according as the cylinder RS H G is >, =, or < the cylinder 

- ABHG, the axis NK will be >, =, or < than the axis EK. 

6. Conſequently, cylinder A B H &: cylinder G HEDCS4aER - * —... 


« 1 


— — 


PROPOSITION XIV. THEOREM AIST. 


1YLINDERS (NOAB & IKHG), and cones (BEA & GFH) 
upon equal baſes (BA& G H): are to one another as their altitudes 


—ͤ——— Pw O_o OS} > TOUS outta n_ ED > 


(C E & & D F). | | 
| Hypotheſis 1 Theſis. 
The aki NOAB & GIKH, as J. Cylinder NOAB: onde LK H G 
alſo the cones BEA & G FH, have = CE:aqCDF. 
equal baſes: II. Cone BEA: cone G FH =alt, CE 
| 1 D F. 5 
Preparation. 


1. In the axis of the greater cylinder A ON B, take a part 
PC io the altitude of the cylinder G-1 KH. „ 

2. Thro' the point P, paſs a plane L M, plle. to che baſe BA, 
which will divide the cylinder A ol B insg two in- 
ders, via E AML EL MON. ; ls | 


'DeMonsTRATION, 


B ECAUSE the cylinder B N 0 Ai is cut by Aa plane * to its 

baſe, (Prep. 2.0. 5 

1. The cylinder NOML: c Under I. MAB = PE |; 13. 2.18, 

2. Conſequently, cylinder NO ML * L M AB : cylinder LMAB 

ePE-+PC:PC. P.18. B. 8. 
But the cylinder NO ML L MA is = to the cylin. B NO A, 
PE+PC=EC. rn; x. 
Moreover, the cylinder LMAB is = to cylinder IGHK,&PC 
=D F. (Prep. 1.). 

3. Therefore, che cylinder B N OA: cylinder IGHK = alt. E C 

alt. 1 | P. 5. B. 1. 

Which was to be demonſirated. | 

The cone BE Ai is the third part of the cylinder B N OA. | 
And the cone G F H the third part of the cylinder G I K H. j F. 10. B. 12. 

+ ren hack the cone BEA: cone G F H alt. EC: alt. DF. P. 15. B. 5. 

| 3 was to be demonſtrated. „ 


— * 


* 


00 
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| PROPOSITION x XV. THEOREM ; - 


"HE baſes (AE & G C), and altitudes (C F & Oo L), of the equi 

df cer (ABDE& GHIK), and cones (ACE & GOK): are re- 
ciprocally proportional, (that is, the baſe A E: baſe G K = alt. L O : alt, 
CF). And the cylinders and cones whoſe baſes a0 altitudes are 2 | 


proportional: are equal to one another. Tv eee Ae 
; Hypotheſis. - Theſis. 12 * 
J. The c Dl, ABDE &'GHIK are equal Baſe A E baſe GK = * 1 LO; 
*. The cones AE 47 8 G ha K are equal. all. C E. | 
| Preparation, 8 
1. From the greater L Q, cut off the altitude LN = the 8 
altitude oh. P. 3- B. x, 


2. Thro' the point N, "pull a lass PM le. to the oppoſite 
planes of, the elder H I K G. P 9p | 


8 5 I. DEMONSTRATION. SS 


B EC A US E the cylinder GHIK & PMKG IE the fame baſe. 54 
1. The cylinder > theo cylinder PMKG S alt. LO: alt LN. N14. Biz. 
But the cylinders ABD E & G HI K are equal. (Hyp. 1. ). 

2 Conſequently, the cylinder A B. D E : cylinder P M Ki G = alt. 
LO: alt. LN. P. 18 B. [ 3s 
Moreover, the cylinders A B D . * PM K G have che ae. . 

titude. (Prep. 1.). 

3- Therefore, the cylinder A B D E cylinder PMKG= baſe AE 0 

: baſe G K. P. 1 1. B. 12. 
But the cylinder A BD E: cylinder P MK G = alt. LO : alt. ; 
. L N. (Arg. 2.) . 
And the all LN is S to the alt. G F. (Prep. 
| 4 From whence it — that baſe AE: baſs G K S alt. LO SCI 11. B. 5. 
e F. | P. 5. B. 5. 
Which was to be demonſtrated.” 
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334 The ELEMENTS 
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r ; ; 
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» 


theſis. 


Hypo ; * ++ Fhefis. - 
Baſe GK : He Eat CF: ale Lo. J. Gyt. ABDE & = 1 GHIK: 


I. 


TI. The cone ACE is == to the L 
IL DemonsrRATION. i 


Breavss ue 1 cylinders GP MK & ABD E, have. the ſame. 


altitude, C Preb. 2). 
The cylinder GPMK: cylinder A B DE = baſe GK date A E. P11. 3.12. 


But the baſe GK: baſe AE= alt. CF : alt. LO, (Hp). 


3: 


5 But the altitude L N is = to — altitude C F, Prep. 1). 
From whence it follows that the c bre GP MK: eylinder 


But the cylinder G PMK: cylinder ABDE alt. CF: alt, LO. 


Conſequently, the cyl. GPMK : cyl. ABDE = alt. CF : alt. LO. P.11. B. 157 
Moreover, the cylinders GP MK & H IK G have the ſame baſe. 
Therefore, the cyl. Fur: cyl. H IK G Salt. LN: alt. LO. P. 14. B. 12. 


G HI K S altitude CF : altitude L P. 7. Z. 5. 


(Arg. 2). 3 


{ Thereford the cylinder G PM K : cylinder AB D E = cylinder 
 GPMK: cylinder GHIK. P.11. B. 


; Fe, the cylinder A B D E is = to the cylinder GHIK. P.14. B. 8. 


Which was to. be demonſtrated 1. 


| The cons ACE& GO K being each the third part of the eylin- 


ders A B DEN GH IE. ie i. 
And thoſe cylinders being equal (Arg. 6). | 
1 The cone A CE is = io the cone GOK. Ax. 7. B. 1. 


* was to be demonſtrated. 11, 
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PROPOSITION XVE PROBLEM Z 


WO unequal circles (ABCI& DEF) being given having the ſame 
eenter (G) : to deſcribe in the greater (A B C1) a polygon of an even num 
ber of equal ſides, that r not meet the leſſer circle (D EF). 


Given. „ Sought. 


7 cel O ASI DEF hav Fo deferibe in the greater © ABI « 
2 G. Fe — r 57 Che 
; 1 { RS EF. 


# 


@ 
r * 


n 


* 


1 9 - 
z * p x / : 
, 4 Of & a 2 A 1 * "x 4 C 4 o 7 
4 « aluti : , : B : 
a > a 3 < 1 * 1 OS # 4 
7 lution,” . * 1 
4 a 2 3 * » 4 . 2 
? 0 : b 5 . 
2 0 5 WS „ : * 9 j + + ” * 
7 8 
4 g PL ; 


1. Draw the cameter 40 u. N ABI which will ee . 
duet the O of de G DF inthe point E. . 1 

2. Thro the point E, draw the tangent HET to the ( 6 N i 

'@ DEF ' produce i it until it it meets the O of the J 5. 3- " 

5 © ABI in the points H & I. J. B. 1. 2 

| | 3. Cut the ſemi © eee e — por. ger b. 8 4 

ö 41 Divide the a arch B C into two — 
: | until the arch K Che < the arch HC. Ae ia. 1 
5 | 5. Draw the chord K C & apply 1 it around in the 0 „ 4. 1 
. Runs e . „ * 


: ** 4 4 ** ” 
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2 25 1 
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© Fromithe point E, let fall the L. K M upon the - diumeter P.11. 2 4 
De 5 AS, rb it until it meets the O in - b | 
WE $} £23115 4 24650 Jos Bit 2:5 "aha > — 


. 


* . 


os DEMONSTRATION. = 65 
Bee, CAU 8 E the e fomi © ABC, i is divided into bd edu parts | wo 
at the point'B. -{Ref. 3;). » as 
And the diviſions have dota continued until the arch KC has been 
attained. (Ref. 4. ). 
1. It follows, chalets arch K C will meaſure. the O, an even number 
„ 7 7 15 without a remainder, (becauſe i it meaſures the ſemi O. 
Re is 
2. 2 4 14 the line KC (chord: uf the arch KC) will * the 
_ of a polygon, having an even een of equal _ inſcribed. 
= in the O. | | 
* M.0oreover, the two VHEM& KME 3 ing two Lc Reſ.2 2. & Prep). | 
2 3 "The fide.K Mor KL is plle. to H E or .. B. 1. 
But the line H is a tangent of the ODE F. is E. (Rf, 29. I, 
[3 Conſequently, K L. does not meet the © DE F. s I -D.35.B. 1. 
r is KI. (P. 15. B. 34 becauſe K C * remoter from 
the center than K L. {Prep.). -; w 2.7 124 
j Much more then K C will not meet oh © DEF. San ÞP, 16. N. 1. 
1 And fince the other ſides of the polygon inſcribed in the © ABCI 
* are each to K C. (Ref. 5. ). 
== 6. It may be demonſtrated after the ſame manner, that they do not 
meet the © DEF. 
7. Conſequently, there has been deſcribed in the © AB CI, a poly- 
gon having an even nuinber * equal ſides, which does not meet the 


ODE F. 
| Which was to be done. 
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not meet 


ns the two fides K C 
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is . to the diameter A C, 


W q 

— : 1 
— 2 

X 5 | 
* 0 ED ; 
4 * * * 33 
% . 4 — , * 
2 — ; {A 0 . N 
2 3 : 
$ 8 3 2 — > Mt (F . * 9 
N . * 4 - = * F — ! 4 * : , 88 „ | 
& . 2 "Ly S / 1 —— — — p 7 . a 1 £ 


G 0 Ed 


- which 
h 


hic 
. 


* 4 * d 
* F p % b, — 4 
g A 8 9 —— 7 ? 
. _ Ah We 8 ; 
+ ** yo Y 
— * 3 1 7 * F * . _d 
2 : 4 N 5 
- Py A ” . 
e wt _ of . oa 
=Q WV * 4 4 
1 4 W ® _as ' 
.kJ * — * : _ Fs » ; 
Le jt x * . 
MS 
* * 
7 — 2 = * p 
* ed” * <4 — 
* 3 * SR 
A : . : 1 — * 8 
oy ny 
.* 2 LN 8 
88 \ . ; 5 
+ — 8 a 
{ . 4 — - . . 
mY » 4 : 9 | 
— £ . N ö a „ * £ — * 0 
5 * 44 
* 90 . N 
5 8 * 
J. U 
5 , 
% © s * 
— 
* 
, 
* 
, ; 0 


PROPOSITION. XVII PROBLEM . 


WO ſpheres (K O N 8. GFE A havidg the fame center (I) being 
given: to deſcribe in the 2 2 N). 8 polyhedron (K CSP T 6 | 
VRO oo the ſuperficies of which n the leſſer ſphere. 
7 | Given. 's KPTHVO 7 

t * EH. 4. 4 VO Ce. deſcribed 
200 concentric Jpheres LON GF 22. — by ſc 


IF; The Tre of e polyhedron muff 


"WU nt Jauch the leer ſphere G F E H. 
'Reſebrtion, x | 
1. Cut the ſpheres by a plane K B N D paſling thro' their center. x 
2. In the © ABCD, draw the diameters AC & BD, interſecting F Poſ.s. B. 1. 
each other at right angles. | P.12. B. 1. 
3. In this greater O ABCD, deſcribe the polygon CKLMD &c. | 
ſo as not to meet the Laer SGF EH. N P. 16. B. 1 2. 
4. Draw the diameter K I N. Ws 
1 the center I, erect on the plane of O ABC D, the L IO, C P. 12. B. 12. 
& produce it to the ſurface of the greater ſphere in O. Poſ.2. B. 1. 
6. Thro' IO, & the diameters A C, B BD, & K N, paſs the planes 


AO BOD, &K ON _ -- 
7. Divide the arches AOC & KON into an even number of 


parts in the points P, Q, R, 8, T, & V. & c. ſo chat each of 


 __ thoſe parts be equal to C K. 
155 -_ the " MI lines SP, EG 


INE - 


4 Thoſe planes K O N & C OA, are I. to the plane of this G. P. 18. B. 11. | 


1 L B - 
1. From the points P & 8, let fall the I. PX & 8 upon 3 
the plane of the ABC DPD. | P.12. B. ig. 
2. Draw YX. ; 10 
DEMONSTRATION. . 
EC AUS E the planes K ON & CO A paſs thro I O. (Ref 6). 
And thatI O is 1. to the plane of the © ABCD. (Ref. 5.). 


But the points P & S are in thoſe puns COA&KOMN. 
And from thoſe points have been 
2- Conſequently, the points Y & X are in the lines KN & C 
| In the AC XP. & K VS; VPXCis S VS V K. (I. Prep. 14 
Moreover, V PCX V SKY. P.27. B. 3), & CP = KS, 2 


3 Thereſore, the ſides P X & X Care to the ſides SY & * K P. 26. B. 1. 

But the rays KI&CI are equal. 9.15. B. . 
Therefore, if the equals X ci & YK be taken from them, - | | 

4. The remainders, viz. IX & VI will be equal. - Ax:3.B. 1. 
Conſequently, IX: XC =TY:: YE „„ Lts a iy AT 2 

8 From whence it follows, that XV is plle. to K C. . 8 Fl 


But P X which is = to 8 Y (Arg. 3.) is alſo Ton the fame baue 

with 8 Y. (I. Prep. 1 3 

Therefore, P X is alſo plle. to Y 8. . 6. Kit. 
. Likewiſe, SP is =& plle. to & . i. 
But XYis plle. to K C. (an 60 | 8 


9. Therefore, SP is alſo plle. to K C. bs P. 9 B. 11. | 


10.Conſequently, the ſides of the quadrilateral Fgure KSP C are in 
the ſame plane. a # 7. K 11. 


11. It may be demonſtrated after the ſame manner, that the ſides of the 


a my Oy. * * 


4b ad 68 fa 


3 ED; oe bt he he 2 
7 n bo; 5 
: Le 811 5 „ 
” y 1 17 8 
n . h 
Cy RET, 9 N * 
* IE 5 S 
3 SAD « 


| ** It ma E after the 9 manner, that SP i is > Te, 


quadrilateral figures TQP 8, VR QF, & of the A ROV, are 
each in the fame p 
12.And as it may be demonſtrated in this manner, that.the whole ſphere 
is incompaſſed with ſuch like quadrilateral pc and triangles. 
13. Conners there has been deſcribed i in the greater ſphere a po- 


lyhedron R CKTV O, &c. 
Which was to be demonſtrated 1. 
II. Preparation. © 
1. From the center I, let fall on the plane K SP C, the L IZ. PI. B11. 
fs 1 2 C, 28, &ZK; SI&PI. Poſ.1. B. 1. 
3. From the point K, & in the plane AB CD, let „ | 
| L Ke on the diameter CA. n 
BrcausE! in the A KCl, the line IX is ple. to KC. (Arg 6). 
14. IC:CKa IX: XF P. 2. B 
But IC is > I X. | | |  Ax.B. B. 
15. Therefore, CK > XY. P14. B. 
Bur. PSI SSA. (Arg. 8.). | n 
16.From whence it follows, that C K is alſo > P'S. Ot: 


1 * VR 


e FP 2 
38. 210. 


« 3-8-0. 
5 © NS 
$1 7 5 
* = L/ £ 4% 1 5 

1 4 : 7 

> EO 1 . 5 

* y* 4 2 7 2 - 5 

4 2 4 1 N * x 
| * w , * ES « 


The M12 P. 12 c. 12 K. 212 8 are L. (Il. Pi DB). D.. B. I. 
&ICSs=—=IP=IS=IK. D. 15. B. 1. 
Moreover, I Z is common to the AIZ P, 12 C, | L K, & 128 P. 47. B. 1. 

18. Therefore, Z PZ CSK = 28. P. 46. B. 1. 

* Conſequently, the © deſcribed from the center Z, at the ditagce Cor. 3. 

Z P, will paſs thro” the points K, S & C, & the quadrilateral „ 

figure RS PC will be deſcribed in a O. D. z. B. 4. 

But the four ſides of the quadrilateral figure were equal ; thearches © | 
which ſubtend them will be fo alſo, & will be each a quadrany of 

the O. (P. 28. B. 


But K 8, C K & C , are re equal (Ref. 7.) &CK is > SP. (Arg.16.). 

20. From whence it is manifeſt, that the three ſides K 8, C K, 8 Er, 
ſubtend more than the three quadrants of the O; &, conſequently, , 
CK (which is = to K-S & CP) ſubtends more than a quadrant. * P. 33. B. 6 

21 Conſequently, the Y CZ K at the center is L. 

22: Hence it follows, that the UI of K C is U of Z C + DofZK.P.rz. B. 2 
But the D of Z C is to the . of Z K. (P. 46. B. gangs, 
Becauſe, Z C is to Z K. (Arg. 18). . | 17 

23. Therefore, the IJ of KC is > the double of the IJ of ZC.. | | W | 
— TOTS E CATD +v DIE, &Y DIA | 
being a l.. Ref. 2. E | 
Moreover, more vient VIKC. P32. B. 5 | 

4 fur VI R CK VIK Care 3 1. : | 
But VIC 4 ©. GI Bi.) becauſe KIis =to CL D. 5. B. 1. | 
2c. Therefore, 2 VI CK 3 > a * * ESC CK > half ot a — ea B. x3 
26, Wherefore, ima em „the VC is < half a l. 
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Bu WICEh> hKf.l.. è Y. ˙⁊mn;· 
27.From-whence it follows, that in the & CK, the fide K o, oppoſite 
to the V KCoorKCTis > the ſide Co, oppoſize to they CKo. P.18. B. 1 
| 9 uently, the M'of K C (which is == to the U of K % the | + 
 Þ lot ©. . P. 47. B. 1. is C2 L of Ko. „„ 2407 Bs. 7 by . 

_ And it has been demonſtrated (Arg. 23.) that the of KC is 

the double of the LIZ C. „ 3 
29. Wherefore, 2 [J of Ke will be >2 of Z C. 


30. Hence, the O] of K o is > the I of Z C. | 2 
But the U of IC is r to the [] of I 8 F 
And the Uf IK (= to the U of IC. P. ig. 1. & 1 P.47. B. x. 

P. 46. B. 1, Cor. 3.) is to the [] of Ie ＋ he «ik ro 

31. Therefore, U of! Z ＋ Jof Z Care Sto U of I ＋ of K o. AH. B., 1. 

Therefore, if fro 1 


ne ſide be taken the Q of Z C, & from the 
bother the UU Ke, (bich enn oo Ca rs i oa 
32. The remainder, viz. the [] of IZ will be > the DU of To.” A. N. 1. 
33. Conſequently, I Z is > Io. . 2 1 
But the line K e, (which is L to the diameter A C. II. 1 1 

without the ſphere E F G H, & cannot meet it. N16. B. 12. Cor.), 

that is, Io is > I G. ER 8 

And I is CI2Z. „CCC 

4 much > 1G) does not meet the 


„ 


4. Much more then I Z, (whic 7 
fſurface of the ſphere EF GH. | 12171 
8. Wherefore the plane K SPC, in which Z is the point neareſt the 
center I, does not touch this ſphere EF GH. | x 3 
36. It may be demonſtrated after the ſame manner, that all the other 3 
planes which form the polyhedron do not meet the ſphere EF GH. 4 
37 Gooſe uently, there has been deſcribed in the greater ſphere KON 3 
* KP TRV O, &c. whoſe. planes do not meet the ; 


oly 
leſſer ſphere. | Which was to be demonſtrated. 11. 


compoſing the firſt polyhedron, are to all the pricing 5: the ſecond polyhedron in 


_ PROPOSITION XVIII.  THEOR EM AVI. 
JPHERES (ABED & HIL K) have to one another the triplicate 
ratio of that which their diameters (AC & KT) have. 
Hypotheſis. | | ala... 
AC is the diameter of the ſphere A BC D, Sphere AB CD: . 
& K I the diameter of the ſphere HIL K. AC: KI. 


| | DemonsTRATION. | 
Abs 4 1 the ſphere A B C D will be to « ſphere 
LK SAC: KIs. 
1 Suppoſition. 


Let the here VR T be < the ſphere ABC D, ſo that 
the ſphere W R T.: ſphere HILK = AC* : KI, 


* Preparation. 


1, Place the ſphere VR T fo as to have the ſame center : 
with the ſphere ABCD, as EFG (which is = to the | 
| ſphere V N T. e bs 

2. In the greater by: here ABCD deſcribe a polyhedron the . 
 ſuperficies of which does not meet the leſſer ſphere EFG. P. 1. B. 12. 


3. In the ſphere HIL K deſeride A OW iv to that i in 
the ſphere AB CD. 2 


8 = polyhedrons ABC D E K HII. are ev. 
rep. 1. H 2 
„. The polyhedron A BCD : polyhedron K HIL = AC*: 1 K 1. lex 15 


4 
* 
% 
1 


i e VRT ſphere HIKL a= AC* :1 KIs. 8 4 
1 ere VX T is S to the ſphere il 5 
2 J that t . Hl. . 


ED ad 


K 1 7 * | Po; t . 4. | 1 : 
ſphere F 4d. B. . 3 
'Therefare, the ſphere EF G (or its equal VRT) is alſo > the 4 -- 9 


* 


+ 


* 
. 


8 {5 


* 


polyhedron A B CD. | 

5. Conſequently, the part will be > the whole. eee G 

6: Which is im er en I, | 1 3 

7. Conſequently, the cube of t 8 . (ac) of: 4 Ty 1 
is not to the cube of the diameter (KI of another 42} 1 
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* 
* 
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F; , ten % 85 2 
. 8 * 1 * . K * 5 
7 A»; BY N J. 6 : | 6 2 1 
4 , A \ £ tf : 
1 * . 4 0 a 4 ; ; : a - f 5 7 "4 
+, , - ; ** 7 W 
4 8 *% ; * £7 » 28 
** * 9 " K - 95 1 —*; 
i 4* 6 $43 3 
2 g + 3 2 
* 7 * - *% 7 FR F » fe - Ca 
— — 1 2 
9. J + f « — 1 2 > > 
bt PP © os 4 2 0 3% 7 7 . 2 y 2 be 
n „ 5 Mt F 7 , Fe ; ' {v4 
7 5 1 . * f ; , : Wu - 1 be S *; 
Y * ö $ . 1 2 N \ 1 5 * 28 8 74 9 
« 7 * * 4 a % 14 * * j? 
* 8 , 5 
3 : ; 
X - 
4 * : 
— 6 . < * * * > - , 4 / * . . * 4 
4 
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f ene here | 


SAC: KI“. 5 = 


F a 


1 e 1% reXZY : ſphe 
| ante here An c p. ſphere? KTA KI. (Il.Prep). i 
8. te A ag XZY: ſphere? ILEz = here A B CD : ſphere | | "0 


2 


er wo 
. 


Bu rhe ſphere X Z N is the ſphere AB C D. 
9 Conſequently, the ſphere H 


: IE is al >the: 
Baut it has been that 


1 FL meter (A C) of a ſphere {+ B 
meter (K I) of another {p 3 e 
to a ſphere. leſs than H 
10. Therefore, the ſphere 
haas been proved 4g; 31 
11 Nee the ſphere 
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